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Abstract: A Plithogenic Logical proposition P is a proposition that is characterized by many degrees of 
truth-values with respect to many corresponding attribute-values (or random variables) that 
characterize P. Each degree of truth-value may be classical, fuzzy, intuitionistic fuzzy, neutrosophic, or 
other fuzzy extension type logic. At the end, a cumulative truth of P is computed. 
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1. Introduction 


We recall the Plithogenic Logic and explain it in detail by showing a practical application. 

A Plithogenic Logical proposition P is a proposition that is characterized by many degrees of truth- 
values with respect to many corresponding attribute-values (or random variables) that characterize P. 

It is a pluri-logic. 

We denote it by P(V1, Vz, ..., Vu), for n 2 1, where Vi, V2, ..., Vn are the random variables that 
determine, each of them in some degree, the truth-value of P. 

The variables may be independent one by one, or may have some degree of dependence among 
some of them. The degrees of independence and dependence of variables determine the plithogenic 
logic conjunctive operator to be used in the computing of the cumulative truth of P. 

The random variables may be: classical, fuzzy, intuitionistic fuzzy, indeterminate, neutrosophic, 
and other types of fuzzy extensions. 

P(V1) = t1 or the truth-value of the proposition P with respect to the random variable V1. 

P(V2) = #2 or the truth-value of the proposition P with respect to the random variable V2. 


And so on, P(V:) = tn or the truth-value of the proposition P with respect to the random variable 
Vn. 

The variables V1, V2, ..., Vi are described by various types of probability distributions, P(V1), P(V2), 
..., P(Vn). The whole proposition P is, therefore, characterized by n probability distributions, or n sub- 
truth-values. By combining all of them, we get a cumulative truth-value of the logical proposition P. 

Plithogenic Logic / Set / Probability and Statistics were introduced by Smarandache [1] in 2017 
and he further on (2018 -2020) developed them [2-6]. 

They were applied in many fields by various authors [7-27]. 

The Plithogenic MultiVariate Analysis used in the Set theory, Probability, and Statistics is now 
used in Logic, giving birth to the Plithogenic Logic. 

Plithogenic MultiVariate Analysis is a generalization of the classical MultiVariate Analysis. 


2. Classification of the Plithogenic Logics 


Depending on the real-values of 1, tz, ..., tn, we have: 
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2.1. Plithogenic Boolean (or Classical) Logic 


It occurs when the degrees of truths f1, tz, ..., tn € {0,1}, where 0 = false, and 1 = true. 


2.2. Plithogenic Fuzzy Logic 


When the degrees of truths t1, tz, ..., tn are included in [0,1], and at least one of them is included in 
(0, 1), in order to distinguish it from the previous Plithogenic Boolean Logic. 
Herein, we have: 


2.2.1. Single-Valued Plithogenic Fuzzy Logic, if the degrees of truths t1, tz, ..., tn are single (crisp) 
numbers in [0, 1]. 

2.2.2. Subset-Valued (such as Interval-Valued, Hesitant-Valued, etc.) Plithogenic Fuzzy Logic, when 
the degrees of truths 1, tz, ..., ft: are subsets (intervals, hesitant subsets, etc.) of [0, 1]. 

2.3. Plithogenic Intuitionistic Fuzzy Logic 


When P(Vj) = (t;, fi), when t;, fi are included in [0,1], 1 <j <n, where tjis the degree of truth, and fj is 
the degree of falsehood of the proposition P, with respect to the variable Vj. 
In the same way, we have: 


2.3.1. Single-Valued Plithogenic Intuitionistic Fuzzy Logic, when all degrees of truths and 
falsehoods are single-valued (crisp) numbers in [0, 1]. 


2.3.2. Subset-Valued Plithogenic Intuitionistic Fuzzy Logic, when all degrees of truths and 
falsehoods are subset-values included in [0, 1]. 
2.4, Plithogenic Indeterminate Logic 

When the probability distributions of the random variables Vi, V2, ..., Vi are indeterminate 
(neutrosophic) functions, i.e. functions with vague or unclear arguments and/or values. 
2.5. Plithogenic Neutrosophic Logic 


When P(V;}) = (t;, i; fi), with t;, i, fj included in [0,1], 1 <j <n, where tj ij, fiare the degrees of truth, 
indeterminacy, and falsehood respectively of the proposition P with respect to the random variable Vj. 
Similarly, we have: 


2.5.1. Single-Valued Plithogenic Neutrosophic Logic, when all degrees of truths, indeterminacies, 
and falsehoods are single-valued (crisp) numbers in [0, 1]. 


2.5.2. Subset-Valued Plithogenic Neutrosophic Logic, when all degrees of truths, indeterminacies, 
and falsehoods are subset-values included in [0, 1]. 


2.6. Plithogenic (other fuzzy extensions) Logic 


Where other fuzzy extensions are, as of today: Pythagorean Fuzzy, Picture Fuzzy, Fermatean 
Fuzzy, Spherical Fuzzy, q-Rung Orthopair Fuzzy, Refined Neutrosophic Logic, and refined any other 
fuzzy-extension logic, etc. 


2.7. Plithogenic Hybrid Logic 
When P(V1), P(V2), ..., P(Vn) are mixed types of the above probability distributions. 


3. Applications 
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3.1. Pluri-Truth Variables 


In our everyday life, we rarely have a “simple truth”, we mostly deal with “complex truths”. 
For example: 
* You like somebody for something, but dislike him for another thing; 
* Or, you like somebody for something in a degree, and for another thing in a different 
degree; 
* Similarly, for hating somebody for something in a degree, and for another thing in a 
different degree. 
An egalitarian society (or system) does not exist in fact in our real world. It is too rigid. The 
individuals are different, and act differently. 
Therefore, in our world, we deal with a “plitho-logic” (plitho means, in Greek, many, pluri-) or 
“complex logic”. And this is best characterized by the Plithogenic Logic. 


3.2. Types of Random Truth-Variables 


The truth depends on many parameters (random variables), not only on a single one, and at the 
end we need to compute the cumulative truth (truth of all truths). 

The random variables may be classical (with crisp/exact values), but often in our world they are 
vague, unclear, only partially known, with indeterminate data. 


3.3. Weights of the Truth-Variables 


Some truth may weight more than another truth. 

For example, you may like somebody for something more than you dislike him/her for another 
thing. 

Or the opposite, you may dislike somebody for something more than you like him/her for 
another thing. 


3.4. Degrees of Subjectivity of the Truth Variables 


In the soft sciences, such as: sociology, political science, psychology, linguistics, etc., or in the 
culture, literature, art, theatre, dance, there exists a significant degree of subjectivity in measuring the 
truth. It is not beautiful what is beautiful, but it is beautiful what I like myself, says a Romanian proverb. 


4. Generalizations 


Plithogenic Logic is a generalization of all previous logics: Boolean, Fuzzy, Intuitionistic Fuzzy, 
Neutrosophic Logic, and all other fuzzy-extension logics. 
It is a MultiVariate Logic, whose truth variables may be in any type of the above logics. 


5. Example 


Let us consider an ordinary proposition P, defined as below: 
P = John loves his city 

and let’s calculate its complex truth-value. 

Of course, lots of attributes (truth-variables) may characterize a city (some of them unknown, 
other partially known, or approximately known). A complete spectrum of attributes to study is 
unreachable. 

For the sake of simplicity, we consider the below five propositions as 100% independent two by 
two. 

In this example we only chose a few variables Vj, for 1 <j <5: 

V1: low / high percentage of COVID-19 virus infected inhabitants; 

V2: nonviolent / violent; 

V3 : crowded / uncrowded; 
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Vz: clean / dirty; 

Vs: quiet / noisy, 

A more accurate representation of the proposition P is P(V1, V2, V3, V4, Vs). 

With respect to each variable Vj, the P(Vj) included in [0, 1] has, in general, different truth-values, 
for 1<j<5. 

Suppose John prefer his city to have (or to be): low percentage of COVID-19 infected inhabitants, 
non-violent, uncrowded, clean, and quiet. 

P(Vj) is the degree in which John loves the city with respect to the way the variable V; 
characterizes it. 


5.1. Plithogenic Boolean (Classical) Logic 


P(V1) =1 
P(V2) =0 
P(V3) =1 
P(V2) =0 
P(V5) =1 


Therefore P(V1, V2, V3, Vz, Vs) = (1, 0, 1, 0, 1), or John loves his city in the following ways: 
"ina degree of 100% with respect to variable V1; 
= ina degree of 0% with respect to variable V2; 
= ina degree of 100% with respect to variable V3; 
= ina degree of 0% with respect to variable V4; 
«ina degree of 100% with respect to variable Vs. 
The cumulative truth-value will be, in the classical way, the classical conjunction (A,), where c 
stands for classical: 
1 A, OA, 1A¢ 0A, 1 = 0, 
or John likes his city in a cumulative classical degree of 0%! 
The classical logic is rough, therefore more refined logics give a better accuracy, as follows. 


5.2. Plithogenic Fuzzy Logic 


The 100% or 0% truth-variables may not exactly fit John’s preferences, but they may be close. 
For example: 
P(V1, V2, V3, Va, Vs) = (0.95, 0.15, 0.80, 0.25, 0.85), 

which means that John loves his city: 

= ina degree of 95% with respect to variable V1; 

= ina degree of 15% with respect to variable V2; 

" ina degree of 80% with respect to variable V3; 

" ina degree of 25% with respect to variable V4; 

" ina degree of 85% with respect to variable Vs. 
Using the fuzzy conjunction (A;) min operator, we get: 

0.95 Ag 0.15 Ag 0.80 Ap 0.25 Ag 0.85 = min{0.95, 0.15, 0.80, 0.25, 0.85} = 0.15 

or John likes his city in a cumulative fuzzy degree of 15%. 


5.3. Plithogenic Intuitionistic Fuzzy Logic 


P(V1, V2, V3, V4, Vs) = ( (0.80, 0.20), (0.15, 0.70), (0.92, 0.05), (0.10, 0.75), (0.83, 0.07) ), 
which means that John loves his city in a degree of 80%, and dislikes it a degree of 20%, and so 
on with respect to the other variables. 
Using the intuitionistic fuzzy conjunction (Aj) min/max operator in order to get the 


cummulative truth-value, one has: 
(0.80, 0.20) Aye (0.15, 0.70) Aye (0.92, 0.05) A; (0.10, 0.75) Aye (0.83, 0.07) = 
= (min{0.80, 0.15, 0.92, 0.10, 0.83}, max{0.20, 0.70, 0.05, 0.75, 0.07}) = (0.10, 0.75), 
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or John likes and dislikes his city in a cumulative intuitionistic fuzzy degree of 10%, and 
respectively 75%. 


5.4. Plithogenic Indeterminate Logic 


P(V1, V2, V3, V4, Vs) = (0.80 or 0.90, [0.10, 0.15], [0.60, unknown], > 0.13, 0.79), 
which means that John loves his city: 
= ina degree of 80% or 90% (he is not sure about) with respect to variable V1; 
"ina degree between 10% or 15% with respect to variable V2; 
= ina degree of 60% or greater with respect to variable V3; 
= ina degree greater than 13% (i.e. in the interval (0.13, 1] ) with respect to variable V4; 
"ina degree of 79% with respect to variable Vs. 
Therefore, the variables provide indeterminate (unclear, vague) values. 
Applying the indeterminate conjunction (A;) min operator, we get: 
min{(0.80 or 0.90), [0.10, 0.15], [0.60, unknown), (0.13, 1], 0.79}= 0.10. 


5.5. Plithogenic Neutrosophic Logic 


P(V1, V2, V3, V4, Vs) = ( (0.86, 0.12, 0.54), (0.18, 0.44, 0.72), (0.90, 0.05, 0.05), (0.09, 0.14, 0.82), 
(0.82, 0.09, 0.14) ), 

which means that John loves the city in a degree of 86%, the degree of indeterminate love is 12%, 
and the degree of dislike is 54% with respect to the variable V1, and similarly with respect to the other 
variables. 

Again, using the neutrosophic conjunction (Ay) min/max/max operator in order to obtain the 
cumulative truth-value, one gets: 

(0.86, 0.12, 0.54) Ay (0.18, 0.44, 0.72) Ay (0.90, 0.05, 0.05) Ay (0.09, 0.14, 0.82) 
Ay (0.82, 0.09, 0.14) = (min{0.86, 0.18, 0.90, 0.09, 0.82}, max{0.12, 0.44, 0.05, 0.14, 0.09}, 
max{0.54, 0.72, 0.05, 0.82, 0.14}) = (0.09, 0.44, 0.82), 

or John loves, is not sure (indeterminate), and dislikes his city with a cumulative neutrosophic 

degree of 9%, 44%, and 82% respectively. 


5. Future Research 


To construct the plithogenic aggregation operators (such as: intersection, union, negation, 
implication, etc.) of the variables Vi, V2, ..., Vu all together (cumulative aggregation), in the cases 
when variables Vi and Vj have some degree of dependence di and degree of independence 1- dij, with 
di € [0, 1], for alli,j € {1,2,...,n}, and n 22. 


6. Conclusions 


We showed in this paper that the Plithogenic Logic is the largest possible logic of today. Since 
we live in a world full of indeterminacy and conflicting data, we have to deal, instead of a simple truth 
with a complex truth, where the last one is a cumulative truth resulted from the plithogenic 
aggregation of many truth-value random variables that characterize an item (or event). 
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Abstract. Medical diagnosis is a disease identification process that matches symptoms with diseases based 
on the symptoms of target patient. In this process, it is necessary to establish a similarity relation between 
symptoms and diseases so as to determine the correct diagnosis. Similarity measure theory is a beneficial 
way that is used to model this relationship mathematically under vary environment. In the literature, various 
similarity measures have been constructed in single-valued neutrosophic set setting. However, these similarity 
measures ignores the interaction between symptoms. To overcome this deficiency, we propose four new similarity 
measures by using the Choquet integral under single-valued neutrosophic environment that take into account 
both period and the interaction between symptoms. Moreover, we take advantage of the concept of 2-additivity 
to reduce the computational effort to obtain multi-period medical diagnosis results. We implement them to 
a multi-period medical diagnosis example existing in the literature. We also compare our results with some 


previous ones and we analyze the consistency of the results via some statistical methods. 


Keywords: Single-valued neutrosophic set; similarity measure; Choquet integral; medical diagnosis 


1. Introduction 


Neutrosophic set theory was proposed by Smarandache from a philosophical perspec- 
tive as a generalisation of the concept of fuzzy set (FS) and intuitionistic fuzzy set (IFS). A 
neutrosophic set (NS) is characterized by a truth membership function T, an indeterminacy 
membership function J and a falsity membership function F’' and each membership degree is a 
real standard or non-standard subset of the non-standard unit interval ]~0,1*[. Besides, there 
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is no restraint on the sum of the membership functions. The concept has various generaliza- 
tions such as single-valued neutrosophic set (SVNS) [24], interval neutrosophic set (INS) [25], 
neutrosophic cubic set (9| and single-valued neutrosophic linguistic set [30]. 

In this paper, we focus on two multi-period medical diagnosis (MPMD) applications in 
SVNS setting. MPMD is a process of decision making on a disease which evaluates the effect 
of symptoms on the target patients according to several different periods. The most important 
factor that discriminates this process from other medical diagnosis processes is the presentation 
of the solution algorithm by paying attention to the period variable. The symptoms of the 
target patients or the effects of the symptoms on the target patients may change, as period 
progresses. A medical diagnosis includes a lot of incoherent and incomplete data because of the 
patient’s imprecise data and the indeterminate information of the symptoms of the diseases. 
To solve the medical diagnosis problems in case of uncertainty, some solution methods have 
been proposed in the literature (1)4)[1.1)/15){1'7|/26}. One of these methods is the determination 
of the disease of the target patient with the help of the similarity measures. 

A similarity measure plays an important role to specify the degree of similarity between 
two sets such as F'Ss, IFSs and NSs. Similarity measures are frequently used to figure out 
medical diagnosis problems under neutrosophic environment (3}[28}[29]. The target patients 
and possible diseases are represented by SVNSs according to symptoms and the most accurate 
diagnosis is obtained by establishing a similarity between the target patients and the symptoms 
of the possible diseases. In a MPMD problem, period variable is also added to the problem. 
For example, Ye and Fu proposed tangent similarity measures for SVNSs and apply them 
to a MPMD problem. Later, Chou et al. introduced new similarity measures for SVNSs 
and applied them to the same MPMD problem. However, these similarity measures ignore the 
interaction between symptoms. A symptom may occur as a result of another symptom. In 
such a case, an interaction is valid between these symptoms. To overcome this deficiency, we 
propose new similarity measures for SVNSs based on the Choquet integral that considers the 
interaction between symptoms. 

The concept of Choquet integral (6) was presented by Gustave Choquet in 1953 as a non- 
linear continuous aggregation operator. A Choquet integral is characterized with a fuzzy 
measure which is able to model interaction between elements of a set or between criteria 
in real life problems. Actually, the concept is an enlargement of the Lebesgue integral and 
a non-additive extension of the weighted arithmetic mean. Although, a fuzzy integral has 
more complicated structure due to the lack of additivity in contrast to the additive integrals 
such as Lebesgue integral, use of a fuzzy measure and a fuzzy integral is more effective in the 
aggregation. In [16], it is shown that the Choquet integral performs substantially more orders 


than the weighted arithmetic mean and that the difference gets larger when the number of the 
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elements of the set gets larger. Moreover, it has been proved in that when the number 
of the element of the finite set increases, the probability of getting more optimal ranking in 
the Choquet integral increases compared to the weighted arithmetic mean. Actually, fuzzy 
measures and fuzzy integrals let us to take the preferences into account that are not contained 
in the weights in the weighted arithmetic mean [23]. The notion of fuzzy measure is defined 
on the power set. As a result, the process of fuzzy measure identification is complicated for 
a set with a large number of elements due to the exponential increase in the number of the 
subsets. To facilitate this situation, researchers have proposed various methods and many 
authors studied various fuzzy measure identification methods (see, e.g., (10][20][21}). One of 
these methods is the concept of k-additive fuzzy measure proposed by Grabisch (3). Whenever 
a fuzzy measure is k-additive, the notion of Choquet integral is expressed with the help of 
Mobius transform of the fuzzy measure. Moreover, the Mobius transform of a fuzzy measure 
corresponds to the correlation coefficients that indicate the direction and strength of the linear 
relationship between two or more random variables in probability theory and statistics. Thus, 
thanks to the k-additivity, the effort of fuzzy measure calculation can be reduced. 

In this paper, we focus on constructing four new similarity measures based on the Choquet 
integral with respect to a 2-additive fuzzy measure under single-valued neutrosophic environ- 
ment. Then, we give a MPMD method. We apply this method to a MPMD problem to 
demonstrate the effectiveness of the proposed method. The remainder of this paper is set out 
as follows. In Section [2| we recall the concept of SVNS. Then, we recall the MPMD methods 
of Ye and Fu and Chou et al. (7). In Section [3} the concepts of fuzzy measure, Mobius 
transform of a fuzzy measure and the concept of 2-additive fuzzy measure, the concept of 
Choquet integral with respect to a 2- additive fuzzy measure are recalled. In Section |4| we 
propose four similarity measures based on Choquet integral with respect to 2- additive fuzzy 
measure for SVNSs. Then, we propose the promised MPMD method. In Section [5| to indicate 
the effectiveness of the proposed method, we apply it toa MPMD problem from the literature. 
Then, the results of the problem are compared with some previous ones. Moreover, we give a 
consistency analysis of the results with Spearman’s rank correlation coefficients. In Section [6| 


we give a conclusion. 


2. The Concept of SVNS and Some Existing MPMD Methods 


The concept of NS is a helpful mathematical tool that models uncertainty and inconsistent 
data. However, the set theoretical operators such as intersection, union and inclusion cannot be 
defined on the non-standard unit interval. Therefore, it is not easy to perform the applications 
of NSs. To come through this hassle, Wang et al. presented the notion of SVNS. 
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Definition 2.1. Let X be a universal set. A SVNS A, of X is given with 


A, = {(6,T4, 0.14, ©), Fa, ©) :€€ x} (1) 


where T;,, 1, and Fj, are functions from X to closed interval [0,1]. The values Tj, (€), 14, (£) 
and F a (€) indicate the truth , the indeterminacy and the falsity membership degrees of the 
element € to the set A;, respectively. Clearly, the sum of the three values satisfies the condition 
0< Ty (€) + 14,(€) + Fy, (€) < 3. Moreover, the triplet ca (€), 14, (6), Fa, (€)) is called a 
single-valued neutrosophic value (SVNV). 


Ye and Fu proposed similarity measures 7, and T2 between SVNSs based on arithmetic 
mean and applied the similarity measure Tz to a MPMD problem. Let X = {&,...,&m} be 
a set of symptoms, let T = {t1,...,t 7} be a set of periods and let D = {Dj,..., Dy} be a set 
of diseases. For a patient P; with assorted symptoms, C;(t,) denotes the SVNV between a 
patient and jth symptom €; for 7 = 1,...,m in the kth period t, for k = 1,...,q (see, Table 2 
in (27)). It is represented as Cj (ty) = (Tj (tk), Lj (te), Fj(te)) in the form of a SVNV. Apparently, 
if g = 1, the MPMD problem is generally a single period medical diagnosis problem. Moreover, 
Ci; denotes the SVNV between the jth symptom €; for 7 = 1,...,m and the ith noted disease 
D;, for i = 1,...,n (see, Table 3 in [27)). It is represented as Ci; = (Tj;, ij, Fij) in the form of 
a SVNV. 


m 
Let weights of the symptoms be 0 < w},...,Wm <1 with > w; = 1 and the weights of the 
j=l 
q 
periods be 0 < w(t1),...,w(tg) < 1 with S/ w(t) = 1. The MPMD method is constructed 


k=1 
as follows: Firstly, the similarity measure between a patient P, and the noted disease D; for 


i =1,...,n in each period t, for k = 1,...,q is calculated with the help of the weighted version 


of similarity T> with the following: 


m 
Tv 
Too,(Pos te) = 1— 7 wz tan | (|Zj(te) — Tigl + Uj(te) — figl + Fite) — Fyl)]— Q) 
j=l 


Then, the weighted aggregation value M(P,, D;) for i = 1,...,n is obtained with the following: 


qd 
MP Dj > eG) Pats): (3) 
k=1 


Finally, the weighted values with respect to D; for i = 1,...,n are put in order and the highest 
value is determined as the most appropriate choice. 

Chou et al. constructed a MPMD method for SVNSs by motivating from Ye and Fu’s 
working [27]. They proposed two weighted similarity measures My and My2. Then, this two 
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similarity measures are used in the same MPMD with the help of the same algorithm of Ye 
and Fu (27]. 

In this study, our aims are to express new similarity measures, motivating by and 
with the help of the 2-additive Choquet integral that pays attention to the interaction between 
the symptoms and to propose a MPMD method. 


3. Some Basic Concepts of Fuzzy Measure Theory and Choquet Integral 


The basis of Choquet integral is inherently fuzzy measure. Therefore, we recall the concept of 


fuzzy measure. 


Definition 3.1. Let X be a non-emty set and let P(X) be the power set of X. If 
i) o(S) =0, 

ii) o(X) = 1, 

iii) A; C Ao implies a(A,) < o(A2) (monotonicity), 

then the set function 0 : P(X) — [0,1] is called a fuzzy measure on X (6). 


n 


n 
There exist 2” = > ( 4 coefficients to be determined on the power set of a set with n 


k=0 
elements. For this reason, the process of determining a fuzzy measure over a set with excess 


number of elements is quite difficult. Thus, Grabisch introduced a crucial kind of fuzzy measure 
which is named k-additive fuzzy measure to facilitate the process of determining a fuzzy 
measure on set with large elements (3). For instance, if k = 2, it is enough to determine the 


fuzzy measure of n(n — 1)/2 subsets so as to specify the whole fuzzy measure (see, [3}). 


Definition 3.2. The Mobius transform of a set function o on X is a set function m : P(X) > 
R defined by 


m(Ay):= S$) (—1)!41\42l0(Ag). (4) 


AoCAy 


A fuzzy measure o is expressed as: 


o(A1)= S> m(A2) (5) 


A2CAi 


for all Ay € P(X) whenever its Mobius transform m is given. As a result, the Mébius 


transform over singletons is equal to the fuzzy measure itself. 


Definition 3.3. Let X be a finite set and let o be a fuzzy measure on X. o@ is said to be 
2-additive if its M6bius transform m satisfies m(A,) = 0 for all Ay C X such that |A;| > 2 
and there exist at least one subset Ay C X with |A;| = 2 such that m(Ai) £0 [8] . 
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The following important theorem gives some properties of the Mobius transform corresponding 


to a fuzzy measure and they can be used in the fuzzy measure identification process. 


Theorem 3.4. [5y Let X be a finite set and let 0 : P(X) > R be a function. o is a fuzzy 
measure on X if and only if its Mobius transform m satisfies 

4) m(@) = 0, 

ii) S> m(A1) = 1, 


A1CX 
iti) N° m(Ag) > 0, for all Ay C X and for all € € Ai. 
€€AQCA 
Another crucial notion that is related to the fuzzy measure theory is the concept of interaction 


index (see, e€.g., (3}). The following theorem gives the relationship between the interaction 


index and the Mobius transform of a fuzzy measure. 


Theorem 3.5. [3V Let X be a finite set and let m be the Mobius transform of a fuzzy measure 
on X. The interaction index I satisfies 


|X\Aj| 


il 
(A)= 0 bani S* m(Ai U Ag) (6) 
k=0 AgCcX\Ai 
|Ag|=k 
for any Ay CX. 
From Theorem |3.5, we have 
m(A;), |Ay| = 2 
(Ar) = 4 ™2H) VI (7 
0, |Aj| >2 


whenever the fuzzy measure is 2-additive (3). Interaction between at most two criteria can 
exist whenever the fuzzy measure is 2-additive. That is, there is no interaction between more 
than two criteria when o is 2-additive. 

Let X = {&,...,,} be a finite set and let Jj; := I({&, &} ). 


(1) If J;; > 0, then there is a positive interaction between the criteria €; and €;, and when 
they come together, their severity increases. 

(2) If I;; < 0, then there is negative interaction between the criteria & and €;, and one of 
the criteria is more redundant. When these two criteria come together, their severity 
decreases. 

(3) If J;; = 0, then there is no interaction between the criteria €; and €; and they are 


independent from each other. 


Definition 3.6. Let X = {&,...,&,} be a finite set and let o be a fuzzy measure on X. The 
Choquet integral (6| of a function f : X — [0,1] with respect to o is defined by 
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(C) f Fda 2=S (FE) ~ FE») (Ee) (8) 
x k=1 
where the sequence {E(x}, is the permutation of the sequence {&};~) such that 0 := 


f(E@) < F(a) < FEay) SS F(Eqny) and Erp) = (Ea) €(e41)) + En) }- 


If the fuzzy measure is 2-additive Definition [3.6] is equivalent to following expressions: 


(Co-oaa) ff do =: So mif(&)+ SY) mymin(f(&), f(G)) (9) 
x 


&EX {Ei,6;} CX 
where m is the Mébius transform of a 2-additive fuzzy measure o on X and m; := m({&}), 
mag = m( {&:,&}) [13][14). 
From (7) and (9). we see that interaction indices are enough to calculate the Choquet 
integral with respect to a 2-additive fuzzy measure. Therefore, in Section [5] we use interaction 


indices. 


4, 2-ADDITIVE CHOQUET SIMILARITY MEASURES FOR SVNSs 


In this section, we propose four new similarity measures for SVNSs by using a 2-additive 
Choquet integral and we give some propositions associated with these similarity measures. 
Moreover, the proposed similarity measures are integrated into a MPMD method with the 
help of the Choquet integral. Motivating by |7| and , how we define the following similarity 


measures. 


Definition 4.1. Let X = {&,...,€,} be a finite set, let A, and Ay be two SVNSs of X and 


let o be a 2-additive fuzzy measure on X. Two 2-additive Choquet similarity measures are 


given with 
Wy ee (Ay, Az) == 1 — (Co-ada.) i ce do (10) 
x 
Wee) (Ai, Ag) = 1 — (Co-ada.) / ‘oe do (11) 
x 
where 


£2 ) mae (|Z, E\< 73, (€9)| : Ira, (Hie (é5)| Fa, (63) — F,,(&)|) » (12) 


73,6) = T;,(&))| + 24,6) = T,,(€5)| + Fr 4,() = F,,(6)| 
5 ' 
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for 7 =1,...,n. 


Definition 4.2. Let X = {€,...,€,} be a finite set, let A, and Ay be two SVNSs of X and 


let o be a 2-additive fuzzy measure on X. Two 2-additive Choquet similarity measures are 


given with 
Wy ee (Ai, Aa) := 1 — (Co-ada.) ( ie ik do (14) 
x 
woe (Ay, Aa) == 1 — (Co_aaa.) / fe do (15) 
Xx 
where 


Ff 4 (&) = tan [7 max (|75,(G) - 7a, | L4G) - 14,6] |Fa, @) -— Fa, )))] 
(16) 


f® - &) = tan [4 (74, G) - Ta, | + [La &) - La, 6) + Fa, &) - Fa,6)))], 
(17) 


for 7 =1,...,n. 


Note here that, if we consider additive measures, then we obtain the similarity measures 


of and [27]. 


Proposition 4.3. Let X be a finite set and let Ay and Ag be two SVNSs in X. The 2-additive 


Choquet similarity measure ee for i=1,2,3,4 satisfies the following properties: 
(Px) 0 < Wie) (4, Ay) <1; 

(Pa) WE?-044-7) (Ay, Aa) = WE?) Aa, Ay); 

(P3) A; = Ao if and only if eA Az) = 1, 

(Pa) If As is a SVNS on X and A, C Ag C As, then 


ee (A;, A3) < Wa ee (Aj, Ap) 
and 
wAC2-aaa.o7) (Aids) < WS, A3). 
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Proof. (Pi) Since T, I, F : X — [0,1], we have a, (Gj) = Tals 
£46) — Hal) | Fa) — Fal € Wl, So, we obtain ff Gh FE 2G) 01, 


for j = 1,...,n. Moreover, since the value of the tangent Bae is within [0,1] when 
3 : 

€ € [0,7/4], we obtain i acy i Ay) € [0,1] for 7 = 1,...,n. As the Choquet in- 

tegral is monotone, we have 0 < oe bi (Ay, Az) <1, for i = 1,2,3,4. 

(P2) Since f (e= fe i (€;) for any 7 = 1,...,n and k = 1,2,3,4, the proof is trivial. 


Aj Ag 
(Ps) If Ay = Ag, then Ts (&) = T4,(&), 1G) = 1j,(g) and Fy (gj) = F4,(&) 
for 7 = 1,...,n. Then, we have ie = 0 for k = 1,2,3,4 . Therefore, 
1; 
we obtain that Way 2-244) (Ay, Aa) = 1 for i = 1,2,3,4. Conversely, assume that 


WE-a44-7) (Ay, Ay) = 1, for i = 1,2,3,4. This implies f{"),(€;) = 0, for k = 1,2,3,4. Thus, 
we obtain |T; (:) — Tz, (&)| = 0, 24, (G) —1;,()| = 0 and [Fi (G) — F;,(&)| = 0, and 
tan0 = 0. Therefore, we have T’;, E)= Ty, (&;), ‘ra (= oa (€;) and ia G)= ie (€;), for 
j=1,...,n. Hence, A; = Ao. 

(Pa) If Ai © Ag C Ag then T, (€) < Ty, (63) < Ta,(&), La, (&) = 14, (&) = 14,(G) and 
Fy, (&) 2 Fy, (3) = Fy, (&), for all j = 1,...,.n. Thus, we have 


lrg, (Es) — Ta, (6)| S [a Es) — Ta, (6)| | Ta, (Gs) — Ta, (60)| < [Fa,(G) — Ta (6), 

Ira, (6) — Lag (E)| S [La G) — La (9) La (6s) - La, (€9)] < [La (6) - Lag (€)), 

Fa(G)-F oe Faso] /Fa(G~ Fal = [Fa 6) ~ Fa) 
So, we obtain f* i, Se) < fi i, area(s) and f\ . » (és) < iP 4,63) for k= 1,2. = since 


the tangent function is increasing within the interval [0, 7/4], we obtain ie 4,6) S f® i A. (6) 
1,443 


and i. 4 (&) < ie ra (€;), for k = 3,4. Therefore, from anata of the Choquet 


integral and definition of proposed similarity measures, we have Wy, 20449) (Ay, As) = 
Wy et Ae As) and We (A,, A3) < We? (Ap, Az), for i = 1,2,3,4. Hence, 
the proof is completed. 


Remark 4.4. In the proof of Proposition [4.3] we assume that 0 < (A) < 1 where A4 @, X, 


which is consistent with the nature of the decision making. 


Note that, the proposed similarity measures take into account the interaction between symp- 
toms thanks to Choquet integral. If we consider an additive measure instead of a fuzzy mea- 
sure, then the similarity measures proposed in Definition [4.1] and [4.2] reduced to the weighted 
similarity measures in [727]. 

Now, we construct a MPMD method by using proposed 2-additive Choquet similarity mea- 
sures. 
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Step1: Let X = {&,...,Em} be a set of symptoms. In this step, we will use the Mobius 
transform to construct a 2-additive fuzzy measure. We assume that the weights of the criteria 
are given and each weight is considered as the fuzzy measure of the corresponding singleton 
(criteria). The fuzzy measure o will be constructed with the help of interaction indices (see 
Subsection ; 

Step2: Let T = {t1,...,t7} be a set of periods and let D = {Dj,..., Dn} be the set of diseases. 
For a patient P, with various symptoms, SVNV between a patient and jth symptom €; for 
j =1,...,m in the kth period tx for k = 1,...,q is indicated with (1 Tite) (sore! rite) (5), F G): 
Moreover, the SVNV between the jth symptom €; for 7 = 1,...,m and the ith noted disease 
D,; for i = 1,...,n is indicated (Tp, (&), Ip, (&), Fp, (&)). The similarity measures between 
a patient P, and the noted disease D; for 1 = 1,...,n in each period t, for k = 1,...,q are 


calculated by using following formulas: 


L 


We 71) == 1 — (Co_aaa.) / is (€;) do (18) 
xX 


for | = 1,2,3,4 where 


FG) — Fo,()|), 09) 


Fn (Ej) = max ( [TI (G) — T.(&)) |G) - Tol), 


(&) - Ip,(&)| + | FS (6) — Fp, (&,)| 
3 9 


(&) — To.(&)| + 


(20) 


pe 


(6) — To, (€)| |G) — 1,6), | Fo” 


ae (€;) = tan E max (|z 


(E) — To, ()| + |G) — Io. G)| + [RO E) — Fo, €)])] - 
(22) 


FO) := tan -E ( T(t) 


Step3: We assume that a fuzzy measure 7 is given on the set of periods. We aggregate 
similarities obtained in Step 2 with respect to periods by using Choquet integral. We obtain 
the aggregated value ue (P,, D;) for each | = 1,2,3,4 by the following formula: 


q 
(C. a 0) (C a 10 C. —add.»F 
M\ ”(P,, Dj) : ae oaee = d (Wy; oa (te = Wy ss (ta) n(Ecx))s 


(23) 
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where the sequence nee is a new permutation of the sequence {ii hey such that 
Co_add.:F C2_add.,7 Co_add.:0 

= Wr aoe (t@)) < Wy ee (tay) < eae < A ae (ti) and Ex) = 

{t(e), t(e+1) ---9 t(q) J 

Step4: We rank all the weighted measures of MOP. for 7 = 1,...,n in a descending 


order and give a proper diagnosis relative to the maximum weighted measure value. 


5. MULTI-PERIOD MEDICAL DIAGNOSIS PROBLEM 


In this section, we implement the proposed method to a MPMD problem from the literature. 
Then we compare our results with those obtained by Chou et al. and Ye and Fu (27. 


5.1. Illustrative Example 


Example 5.1. Let us consider the set of symptoms and diagnoses as follows, respectively: 


S= { €:(Temperature), (Headache), €3(Stomach pain), €4(Cough), ;(Chest pain) \ 


p= { Dy, (Viral fever), D2(Malaria), D3(Typhoid), D4 (Gastritis), Ds (Stenocardia) \ : 


Each diagnosis D;, i = 1,2,3,4,5, is given as a SVNSs (see, Table 4 of [27]) and the patients 
P,, Po, P3 and P, that have all the symptoms are represented with respect to t,,t2 and ts 
periods as SVNV (see, Table 5 of (27]). 

So as to use the proposed Choquet integral based method, let us construct a 2-additive fuzzy 
measure o. For this purpose, the weight of all criteria is taken equally. We use the Mobius 
transform to determine the fuzzy measures of the remaining two element subsets. We also 
know that whenever measure is 2-additive, the Mobius transform of subsets of two elements is 
equal to the interaction index (see Equation [7). As the sum of the Mobius transforms (fuzzy 
measures) of singletons is equal to 1 we have from (ii) of Theorem 3.4] that the sum of Mébius 
transforms of subsets of two elements should be equal to zero. 

Now considering interaction of the symptoms we assign Mobius transforms (interaction 


indices) to the sets of two elements (see, Table|I). 


TABLE 1. Mobius Representation of o 
m({E1, €2}) = —0.06 | m({£1, £3}) = 0] m({Er, €4}) = —0.12 
m({E1,5}) = 0 m({£2,€3}) = 0| m({€2, &4}) = 0 
m({€2,€5}) =0.08 |m({E3, €4}) = 0| m({€3, €5}) = 0.09 
m({&4, €}) = 0.01 
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For example, since there is a redundancy between the symptoms £1, 2 we assign a negative 
value for I,,2 =m 4,2. 


Now, we calculate the similarity between patients and diseases with respect to given symp- 


toms: 
1 1 
09 09 
wa (08 . 08 
$s z 07 $s 0,7 
Ss 06 s 0.6 
z 
2 = os z os 
BE 04 = 04 
= z 03 EZ 03 
°2 o2 °S 02 
01 0,1 a 
0 0 
a 2 B a 2 3 
mviral fever 0613 0,569 0,687 mviral fever 0,838 0,812 0,196 
mmaaria 0513 0,597 0,589 = maaria 0,774 0,912 0,938 
m typhoid 0,555 0,655 0.67 m typhoid 0,698 0,747 0,706 
gastritis 0,484 0,532 0,56 em gastntis 0,584 0,366 0,544 
mstenocardia 0.45 0,516 0,578 @stenccarda 0,593 0,592 0,542 
Svirelfever @maaria typhoid Bgatitis Mstenocerde Bviraifever Smaaria Styphoid Bgastritis Mstenocarda 
| 
1 1 
09 09 
ao at 
2 (0, 3 0, 
a5 a2 
S5 06 $5 9 
ze 05 ze 05 
Zt ee 
BY 04 SB 04 
EZ 03 EE 03 
a3 o2 %B  o2 
01 01 
0 0 
1 2 i=} u t2 68 
wviral fever 0,589 0,622 0,471 viral fever 0,602 0,582 0,524 
= malaria 0,511 0,533 04 malaria 0,557 0,544 0,479 
mtyphoid 0,561 0,592 0,473 mtyphoid 0,467 0,566 0,546 
lm gastritis 0,556 0,582 0,489 gastritis 0,579 0,539 0,509 
mstenocardia 0,476 0,536 0,43 mstenocardia 0,86 0,88 0,902 
Mviralfever mmalaria mtyphoid megastritis mstenocardia Mviral fever mmalaria mtyphoid mgastritis mstenocardia 


FIGURE 1. Wi, ee for given patients with respect to periods 


The results in Figure [1] show that for the P,, similarity increase with viral fever, typhoid, 
gastritis and stenocardia. For the P2 patient, the similarity of the symptoms with viral fever 
decreases, while the similarity with malaria increases. For the P3, all diseases fluctuate over 
period. For the P,, similarity decrease with viral fever, malaria, gastritis while increases with 


stenocardia. 


The results in Figure |2| show that for the P,, similarity increases with typhoid. Other 
diseases fluctuate over period For the P) patient, the similarity of the symptoms with viral 
fever and gastritis decreases, while the similarity with malaria increases. For the P3, similarity 
decrease with malaria, typhoid. Other diseases fluctuate over period. For the P,, similarity 


decrease with viral fever while fluctuating other disease over period. 


The results in Figure |3] show that for the P,, similarity increases with typhoid. Other 
diseases fluctuate over period For the P») patient, the similarity of the symptoms with viral 


fever and gastritis decreases, while the similarity with malaria increases. For the P3, similarity 
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09 
" 08 
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mmolaria 
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1 

0,9 

08 
$s 06 
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01 
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01 
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mviral fever 
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u 
0,7504 


0,7128 
0,7374 
0,6861 
0.6717 


mviral fever malaria mtyphoid mgastritis mstenocardia 


a 12 


0,7687 
0,6894 
0,7324 
0,7221 
0,6807 


@viralfever mmalaria m@typhoid mgastritis mstenocardia 


FIGURE 2. a for given patients with respect to periods 


u t2 3 


2 3 


0,7424 
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0,7801 
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0,7951 
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FIGURE 3. ve for given patients with respect to periods 
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mviral fever 
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1 

09 
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0,9601 
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0,9261 
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0,8313 
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0,7611 
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decrease with viral fever and malaria, typhoid. Other diseases fluctuate over period. For P,, 


similarity decreases with viral fever while increases with gastritis. 
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For the sake of completeness, we show the calculation of the similarity between P, and D, 
(C2~add.,7) 


with respect to W7, and ty: 
fO(&) = tan E (0.8 — 0.4] + |0.6 — 0.6] + |0.5 — 0/)| — 0.2400, 
f(€) = tan -E (|0.5 — 0.3] + |0.4 — 0.2| + |0.3 — 0.5 | = 0.1583, 
f(é) = tan E (|0.2 — 0.1] + ]0.1 — 0.3] + |0.3 — 0.7 | — 0.1853, 
f(E.) = tan E (0.7 — 0.4] + |0.6 — 0.3] + 0.3 — 0.3 | = 0.1583, 
f (és) = tan E (0.4 — 0.1] + |0.3 — 0.2] + 0.2 —0.7 | = 0.2400. 


and 


m({E}) x FO (E.) + m({E2}) x f (E2) + m({Es}) x fF (Es) 

+mi({Es}) x fO (Ex) + m({éo}) x FO (Gs) + m({Er, €2}) x min(f (&), F (&)) 
+m({E1, €a}) x min(f (&1), f (€4)) + m({Ea, &}) x min(f (€2), fF (6s) 
+m({€s, €5}) x min(f (és), f (&5)) + m({Ea, &o}) x min(f (4), f (6s) 


We ae) =j{- 


= 1—- (0.2(0.2400 + 0.1583 + 0.1853 + 0.1583 + 0.2400) — 0.06 x min(0.2400, 0.1583) 
—0.12 x min(0.2400, 0.1583) + 0.08 x min(0.1583, 0.2400) + 0.09 x min(0.1853, 0.2400) 
+0.01 x min(0.1583, 0.2400)) = 0.8012. 


We with respect to periods for P; 


We also show the aggregation of the similarities for 
and D,. Consider the following fuzzy measure 7 on T = {t1, ta, t3} given as follows: n({ti}) = 
0.25, n({ta}) = 0.35, n({t3}) = 0.40, n({tr, ta}) = 0.45, n({t1, ts}) = 0.95, n({to, ts}) = 0.45, 
n({t1, t2,t3}) = 1. The fuzzy measure of singletons is taken as the weights of the singletons 
proposed in and [27]. It is also thought that the synergy is greater between the initial 
period and the end period . 


For D, disease, Wi ee (to) < Wee) (ti) < Wi ee! (es) and so 


7M. 


Cc, C: —a 0) C a a) C. a 30 
Mt "”(P,, D1) =(c) f wit = (wy; meee (tay) ae ae »)) n( Evry) 
x k=1 


SW, POU (Wy We ead ytsh) 


4 4 
C: —add.1F Cc. —add.;:7 
+ (WA) (5) — WA 044°) (1) (fg }) 
=0.7941 + (0.8012 _ 0.7941) x 0.95 + (0.8367 — 0.8012) x 0.40 = 0.8150. 


We can see from Table[2)that other results except for Myo” (P3, D;) are consistent with pre- 
vious studies. This difference is due to the consideration of the interaction between symptoms 
in the proposed MPMD method. 
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TABLE 2. Evaluation Scores for SVNSs 


rsa 


Aggregation D, Do Ds D4 Ds Diagnosis 
Values 
Mw,(Pi,D;) 0.6730 0.5990 0.6560 0.5260 0.5270 viral fever 
Mw,(P2,D;) 0.7970 0.8730 0.6780 0.5510 0.5330 malaria 
Mw,(P3,D;) 0.5860 0.5040 0.5540 0.5300 0.4520 viral fever 
Mw,(P1,D:) 0.5210 0.4750 0.5640 0.6020 0.8910 stenocardia 
The results | M,,(Pi,D;) 0.7770 0.7323 0.7483 0.6810 0.6510 — viral fever 
of Mw (P2,D;) 0.8683 0.9250 0.7897 0.6883 0.6670 malaria 
Mw(P3,D;) 0.7573 0.6983 0.6960 0.7133 0.6573 viral fever 
Mw,(P1,D;) 0.6917 0.6617 0.7170 0.7577 0.9443 stenocardia 
M(P,, D;) 0.8183 0.7852 0.7966 0.7427 0.7167 viral fever 
The results | M(P2, D;) 0.8985 0.9409 0.8315 0.7451 0.7220 malaria 
of M(P3, D;) 0.8058 0.7554 0.7738 0.7701 0.7230 viral fever 
M(P,, D;) 0.7491 0.7214 0.7692 0.8036 0.9562 stenocardia 
M (P;, D;) 0.6454 0.5500 0.6060 0.5168 0.5045 viral fewer 
uy" (P2,D;) 0.4797 0.8465 0.7159 0.5451 0.5647 malaria 
M Me (P3,D;) 0.5356 0.4576 0.5234 0.5282 0.4717 _ viral fever 
My" (Py, D;) 0.5551 0.5115 0.5095 0.5325 0.8778  stenocardia 
M (P,, D;) 0.7678 0.7150 0.7524 0.6950 0.6832 viral fever 
The results | M ee (P2, D;) 0.8951 0.9140 0.8057 0.7263 0.7099 malaria 
of proposed | o (P3,D;) 0.7186 0.6691 0.7024 0.7176 0.6661 viral fever 
Choquet M ae (P,4, D;) 0.7075 0.7026 0.7069 0.7157 0.9381 stenocardia 
integral M = (P,, D;) 0.8150 0.7728 0.8005 0.7543 0.7436 viral fever 
methods M — (P2, D;) 0.9064 0.9322 0.8446 0.7756 0.7628 malaria 
M — (P3,D;) 0.7692 0.7328 0.7602 0.7738 0.7302 gastritis 
Mon (Pu, D;) 0.7616 0.7557 0.7605 0.7504 0.9514  stenocardia 


5.2. Ranking Analysis with Spearman’s Rank Correlation Coefficient 


In this subsection, we use the Spearman’s correlation coefficients to analyze the ranking 


differences between the obtained results. The Spearman’s rank correlation coefficient, denoted 


by p, is shown below and the results of the test are presented in Table [3] and [4} 


where n is the number of results and d; is difference between rankings of results obtained. 


p= 


6 “9 
PG 


(24) 
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TABLE 3. Spearman’s Rank Correlations between M and Mion for i =1,2,4 


Patients Similarity Measures Correlation Value Consistency Ranking 
uM 1.0 f 
Pi Mm 1.0 1 
Me 1.0 1 
my 1.0 1 
Py Vise 1.0 1 
Myon 0.3 2 
my” 0.9 1 
P; ue? 0.8 2 
a 0.7 3 
ua 0.9 1 
P, My” 0.5 2 
My” 0.3 3 


TABLE 4. Spearman’s Rank Correlations between M oe and M,, and My,, 


fori = 1,2,4 
Patients | Similarity Correlation Consistency || Similarity Correlation Consistency 
Measures Value Ranking Measures Value Ranking 
mw 0.9 1 mon 1.0 1 
P, Os 0.9 1 Mon) 1.0 1 
(Cyn (Cn) 
M;, 0.9 1 M;, 1.0 1 
uw 1.0 1 Mon 1.0 1 
Pp My" 1.0 1 Mon) 1.0 1 
ui 0.3 2 MO) 0.3 e 
1 fi 
Ma 0.9 1 Mon 0.9 1 
P3 My" 0.8 2 Mo 0.8 2 
(Cyn (Cn) 
My, 0.7 3 M;, 0.7 3 
Mw 0.9 1 Mom 0.9 1 
Py a” 0.5 2 nea 0.5 2 
Me 0.3 3 MO 0.3 3 
4 fa 


6. Conclusion 


In this paper, we focus on increasing the sensitivity of some existing fuzzy measures by 


taking into account the interaction between symptoms with the help of the Choquet integral. 


For this purpose, we propose four new similarity measures based on the Choquet integral 
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for SVNSs, both by providing the opportunity to evaluate more symptoms with the help 
of 2-additivity, and taking into account the interaction between symptoms. We adapted the 
proposed similarity measures to a MPMD problem that exists in the literature and we compare 
the results with some existing results. The most of the obtained results are consistent with 
past results. The consistency between these results is showed with the Spearman’s correlation 
coefficients. Inconsistent result may occur because of the novelty of the proposed relatively 
sensitive method. 
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Abstract. The neutrosophic graph is a new version of graph theory that has recently been proposed as an 
extension of fuzzy graph and intuitionistic fuzzy graph that provides more precision compatibility and flexibil- 
ity than a fuzzy graph and an intuitionistic fuzzy graph in structuring and modelling many real-life problems. 
The aim of this paper is to offer for the first time the new concepts of neutrosophic highly strong arc, neutro- 
sophic special dominating set, neutrosophic special domination numbers, neutrosophic special cobondage set 
and neutrosophic special cobondage numbers in the neutrosophic graph, as well as expressing some of relation 
and results of them and reduce the effect of adding a neutrosophic highly strong arc on neutrosophic special 
domination number parameter in a neutrosophic graph. Finally, an application related to decision making based 


on agents affecting the performance of the organization is provided. 


Keywords: Neutrosophic graph, neutrosophic special dominating set, neutrosophic special domination num- 


ber, neutrosophic special cobondage set, neutrosophic special cobondage number.) 


1. Introduction 


The concept of neutrosophic sets (NSs) was offered by Smarandache as a of the fuzzy 
sets , intuitionistic fuzzy sets [3], interval valued fuzzy set and interval-valued intuition- 
istic fuzzy sets |4| theories. The neutrosophic set is a powerful mathematical tool for dealing 
with incomplete, indeterminate and inconsistent information in real world. The neutrosophic 
sets are characterized by a truth-membership function T’, an indeterminacy-membership func- 
tion I and a falsitymembership function Ff’ independently, which are within the real standard 
or nonstandard unit interval ]~0,1*[. Graph theory has now become a major branch of applied 
mathematics and it is generally regarded as a branch of combinatorics. Graph is a widely used 


tool for solving combinatorial problems in different areas such as geometry, algebra, number 
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theory, topology, optimization and computer science. If one has uncertainty regarding either 
the set of nodes or arcs, or both, the model becomes a fuzzy graph. But, if the relations 
betwixt nodes (or nodes) in problems are indeterminate, the fuzzy graphs and their extensions 
fail. For this purpose, Smarandache given two main categories of neutrosophic graphs. 
In another study, Satham Hussain, Jahir Hussain and Smarandache proposed the no- 
tion of domination in neutrosophic soft graphs. By considering the above-mentioned studies, 
the present paper seek to offer the concepts of neutrosophic special dominating set, neu- 
trosophic special domination numbers, neutrosophic special cobondage set and neutrosophic 


special cobondage numbers in neutrosophic graphs. 


2. Preliminaries 


A fuzzy graph G = (¢,w) on simple graph G* = (V,E) is a pair of functions ¢ : V > (0, 1] 
and w : E - [0,1] where, for each zw € E, w(zw) x min{¢(z), d(w)}. 


Definition 2.1. If V is a space of points (objects) with general elements in V symbolized 


by z, then the neutrosophic set H is an object having the form 
A = {(z: Ty(z), In (2), Fu(z)),2 € V}, 


where the functions T, I, F : V +]~0,1*[ describe respectively, the truth-membership function, 
the indeterminacy-membership function and the falsity-membership function of the element 


z € V to the set H with the condition 
—0< T(z) + In(z) + Fx(z) < 3", 


the functions Ty(z), I7(z) and F(z) are real standard or nonstandard subsets of }~0,17[. 


Definition 2.2. A neutrosophic graph on simple graph G* = (V,E) is symbolized by 
G = (K,L), where K = (Tx, Ix, Fx) such that Tk, Ix, Fx : V > [0,1] with the condition 


0< T(z) + Ik(z) + Fr(z) <8, 


for all z € V and L = (Ty, Iz, Ft) where T,, I,, Fy, : E — [0,1] with conditions 


Tr(zw) < Tk(z) ATx(w), 


I, (zw) > Ik(z) V Ik(w), 


Fy (zw) > F(z) V Fr(w), 


and 0 < Tr (zw) + Ip(zw) + Fr (zw) < 3 for all zw € E. 
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Definition 2.3. Put G = (K,L) be a neutrosophic graph on simple graph G* = (V,E) 
and u,v € V. Then, 


(i) T-strength of connectedness betwixt wu and v is 


Tr? (uv) = sup{ Tz (uv)|n = 1,2,--- ,m}, 
and 
Tr (uv) = min {Ty(uz1), Tp (2122), vee , TL (Zn-1)|u, Z1,°°+ ,2n-1,0 € Vin =1,2,:-: ,m} : 
(ii) I-strength of connectedness betwixt u and v is 
IP? (uv) = inf {IZ (uv) |n = 1,2,--- ,m}, 
and 
IR (wv) = max {Ip(uz1), I;(z122),-°- fa ea=1?) |e, ZAs*** 5 2n-1,VE V,n=1,2,---,m}. 
(iii) F-strength of connectedness betwixt u and v is 
FF (ue) = inf {FP (uv)|n = 12.20% sort. 
and 


FP (uv) = max{Fy(uz1), Fy (2122),-°- Pt aa0) us 2i,*** Sana € Vin = 1,2,--> ,m}. 


Definition 2.4. Put G = (K,L) be a neutrosophic graph on simple graph G* = (V,E). 


An arc zw € E said to be a neutrosophic strong arc if 


Ty (zw) > Tr (zw) , Ir(zw) < IP? (zw) and I,(zw) < IF? (zw). 


Notation 1. From now on, in this paper we put G = (K, L) be a neutrosophic graph on simple 


graph G* = (V,E) and symbolized by NG. 


3. Study of neutrosophic special dominating set by addition of neutrosophic highly 


strong arcs 


In this part, we describe the notions of neutrosophic highly strong arc, neutrosophic slightly 
isolated node, neutrosophic special dominating set, neutrosophic special domination numbers, 
neutrosophic slightly independent set and neutrosophic slightly independent numbers on neu- 
trosophic graphs and we investigate some related results. Also we discuss about neutrosophic 
special domination of neutrosophic graph by adding a neutrosophic highly strong arc to this 


neutrosophic graph. 
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Definition 3.1. Put G = (K, L) be a NG. Then, 


(i) the neutrosophic order of G is given by, 


Iv] = 3 (Se — I (%) enn) . 


2 
viEV 
(iz) the neutrosophic size of G is given by, 


= 3 3+ Tr(vivj) — Eu oies) = seta) . 


v4.0; CE 


(itz) the neutrosophic cardinality of G is given by, 


IG] =|V|+|E 


(iv) for each U C V, the neutrosophic node cardinality of U is symbolized by O(U) and given 
by, 


O(U) = 9 (: + TK (vi) — Ue (ui) + Het) . 


2 
u4EU 


(v) for each F' C E, the neutrosophic arc cardinality of F' is symbolized by S(F’) and given by, 


S(F) - S- ( + Ty (vjv;) _ Un (oes) ee 


vivjeF 
Definition 3.2. An arc e = zw in G is called a neutrosophic highly strong arc (NHStA), if 
Tr(zw) > Tr? (zw) , In(zw) < IP? (zw) , Fr(zw) < Fp (zw). 
Definition 3.3. The neutrosophic highly strong neighborhood of z € V is symbolized by 
Nns(z) and given as follows: 
Nns(z) = {w € V | zw is a highly strong arc in G}. 


Example 3.4. Investigate a NG G as Figure [I] Then, uyug and u3u4 are NHStAs and it is 
clear that Nps(u3) = {ui, us} and Nas(ui) = Nns(ua) = {us}. 


Definition 3.5. Put G be a NG on simple graph G* = (V,E) and z,w € V. Then: 


(i) we say that z specially dominate w in G, if there is a NHStA betwixt z and w. 


(ii) S C V said to be a neutrosophic special dominating set (NSpDS) in G, if for each w € V\ S, 
there is z € S where z specially dominates w. 

(iit) A NSpDS S in G said to be a minimal neutrosophic special dominating set if no proper 
subset of S is a neutrosophic special dominating set. 


(iv) Minimum neutrosophic node cardinality amongst all minimal NSpDSs of G said to be 
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U,(0.7,0.3,0.3) u,(0.8,0.3,0.4) 


u3(0.5,0.2,0.4) (0.5,0.3,0.4) u3(0.7,0.3,0.2) 


FIGURE 1. NGG. 


lower neutrosophic special domination number of G and is symbolized by (nsdn)y(G). 

(v) Maximum neutrosophic node cardinality amongst all minimal NSpDSs of G said to be 
upper neutrosophic special domination number of G and is symbolized by (NSDN)y(G). 
(vi) The neutrosophic special domination number of G is symbolized by NSAN(G) and given 


by 
(nsdn)y(G) + (NSDN)y(G) 


NSAN(G) = 5 


Theorem 3.6. A NSpDS D of a neutrosophic graph G is a minimal NSpDS iff for each node 
z € D, one of the following conditions hold. 

(i) Nil) ND =0, 

(it) there is a node w € V \ D where Nj5(w) OD = {z}. 


Proof. Suppose that D is a minimal NSpDS of G. Then, for each node z € D, D \ {z} is 
not a NSpDS. Thus there is w € V \ (D \ {z}) that is not specially dominated by any node in 
D\ {z}. If w = z, then w is not a neutrosophic strong neighbor of any node in D. If w ¥ z, 
then w is not specially dominated by D \ {z}, but is specially dominated by D. 

Conversely, consider that D is a NSpDS and for each node z € D, one of the two conditions 
hold. Suppose D is not a minimal NSpDS. Then there is a node z € D where D \ {z} isa 
NSpDS. Then z is a neutrosophic highly strong neighbor to at least one node in D \ {z}, and 
so (2) does not true. Also, every node w in V \ D is a neutrosophic highly strong neighbor to 


at least one node in D \ {z}. Thus (iz) does not true, that is a contradiction. Therefore, D is 


a minimal NSpDS. 


Example 3.7. Investigate a NG G as Figure[2| Then, D; = {u1, ug, us}, D2 = {u2, ug, us} and 
D3 = {u3,u4,us} are minimal NSpDSs and clearly (nsdn)y(G) = 1.55 and (NSDN)y(G) = 
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Uz:(0.3,0.2,0.4) u4:(0.1,0.3,0.5) 


(0.1,0.5,0.6) 


(4:0'€0'7'0) 
(8':0'S'0'T'0) 


U3:(0.2,0.3,0.4) 


‘ ° 


U,:(0.2,0.3,0.6 (0.2,0.3,0.6) us:(0.3,0.3,0.4) 


FIGURE 2. NGG. 


2.8 and so, 


_ 155+2.8 


NSAN(G) = 2.175. 


Definition 3.8. A node z € V of a NG G is called a neutrosophic slightly isolated node 
(NSIIN) if does not specially dominate any other node of G and Nj5(z) = 9. 


Example 3.9. Investigate the NG G as Figure [I] Then, ug is a NSIIN in G. 


If in graph G* = (V,E) we add an arc e to E, then we denote it by E, = EU {e} and 


G* = (V,E.). Moreover, if neutrosophic graph G = (K,L) on G* extened on G%, then we 
symbolized it by Ge = (Ke, Le). 


Notation 2. If arc e in NG G, is a NHStA, then we denote G'*® = (Ks, Lh’) insteade of 
Ge= (Ke, Le). 


Theorem 3.10. Put e = zw be an additional NHStA in G3. Then 
(i) NSAN(GE) < NSAN(G). 
(ii) 0< NSAN(G) — NSAN(G**) < max{O({z}), O({w})}. 


Proof. (i) Suppose that D is a minimal NSpDS of G and e = zw be an additional NHStA in 
G*. If z or w is a NSIIN, then D \ {z} or D \ {w} is a minimal NSpDS in G&. Otherwise, 
D is a minimal NSpDS in G8. Hence, (nsdn)y(G*) < (nsdn)y(G) and (NSDN)y(GP) < 
(NSDN)y(G). Therefore, NSAN(G) < NSAN(G). 

(it) By the proof of (7), we have: 


0 < (nsdn)y(G) — (nsdn)y(Ge) < max{O({z}), O({w})}, 
and 


0 < (NSDN)v(G) — (NSDN)v(Ge*) < max{O({z}), O({w})}. 


S. Banitalebi, R. A. Borzooei, Neutrosophic special dominating set in neutrosophic graphs 


Neutrosophic Sets and Systems, Vol. 45, 2021 


Then, 
0< NSAN(G) — NSAN(G®") < max{O({z}), O({w})}. 


Theorem 3.11. Put G be a NG and e be an additional arc in G3. Then e is a NHStA in G- 
iff there exist nodes z and w where z—w neutrosophic path of G, that includes e is the unique 


strongest neutrosophic path betwixt two nodes z and w. 


Proof. Put e = xy be a NHStA in G,. Then, 
Tr (zw) > Tr (zw), In(zw) < Ife (zw), Fr(zw) < FP (zw). 


If we let zg = x and w = y, then the proof is clear. 
Conversely, if there exist nodes z,w where z — w neutrosophic path P. of G. that includes 
e = ry is the unique strongest neutrosophic path betwixt two nodes z and w, then for each 


x — y neutrosophic path P without arc e = ry in G, we have: 
Tr(zw) > Tp(zw), In(zw) < Ip(zw), Fr(zw) < Fp(zw). 


Hence, 
Tr(zw) > Tr (zw) , Ir(zw) < [pe(zw) , Fr(zw) < FP (zw). 


Therefore, e = xy is a NHStA in G¢. 


Definition 3.12. An arc e in a NG G said to be a/an 

(i) T-bridge if deleting e reduces the T-strength of connectedness betwixt some pair of nodes. 
(it) L-bridge if deleting e increases the I-strength of connectedness betwixt some pair of nodes. 
(iti) F-bridge if deleting e increases the F-strength of connectedness betwixt some pair of 
nodes. 


(iv) neutrosophic bridge if it is a T-bridge, I-bridge and F-bridge. 
Theorem 3.13. An arc e = zw in G* is a NHStA iff e = zw is a neutrosophic bridge in G. 


Proof. Put e = zw be a NHStA in G,. Then, 
Tr(zw) > Tr? (zw), In(zw) < Ipe(zw), Fr(zw) < Fre (zw). 


It is clear that e = zw is the unique strongest neutrosophic path betwixt z and w. Thus, 
deleting e = zw reduces the T-strength and also increases I-strength and F-strength of con- 


nectedness betwixt z and w. Therefore e = zw is a neutrosophic bridge in G. 


Conversely, if we let e = zw as a neutrosophic bridge in G, then the proof is clear. 
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Example 3.14. Investigate the NG G as Figure |[2| Then, e, = u,u2, e2 = uyus and e3 = ugu3 
are NHStAs and so neutrosophic bridges in G. 


Definition 3.15. Put G be a NG. Then: 

(i) Two nodes z, w € V are called neutrosophic slightly independent if there is not any NHStA 
betwixt them. 

(iz) S C V is called a neutrosophic slightly independent set (NSIIS) in G if for each z,w € S, 
Tr(uv) < TP? (zw), In(zw) > Tf?(zw) and Fy (zw) > FP? (zw). 

(iit) A NSIIS S' in G is called a maximal NSIIS if for each node w € V \ S, the set SU {w} is 
not NSIS. 

(iv) Minimum neutrosophic node cardinality amongst all maximal NSIISs said to be lower 
neutrosophic slightly independent number of G and is symbolized by (ni)y(G). 

(v) Maximum neutrosophic node cardinality amongst all maximal NSIISs said to be upper 
neutrosophic slightly independent number of G and is symbolized by (NJ)y(G). 

(vi) The neutrosophic slightly independent number of G is symbolized by NI(G) and given 


as follows, 


(ni)y(G) + (NI)v(G) 
2 


Theorem 3.16. Every maximal NSUS in G is a minimal NSpDS. 


NI(G) = 


Proof. Assume that M is a maximal NSIS in G. Then any node v € V \ M is a NHSN to at 
least one node in M. Hence, M is a NSpDS in G. On the other hand, for each node d€ M, 
Nas (d) ND = 9. Therefore, by Theorem |3.6} M is a minimal neutrosophic special dominating 


set. 


Example 3.17. In Figure |2| D3 = {uz, ua, us} is a maximal NSIIS and so minimal NSpDS in 
G. 


Theorem 3.18. Put e be an additional NHStA in G*. Then NI(G) < NI(G). 


Proof. Straightforward 


4. Neutrosophic special cobondage numbers of a NG. 


In this part, we offer the concepts of neutrosophic special cobondage set and neutrosophic 


special cobondage numbers on NGs and investigated some related results. 
Definition 4.1. (i) The neutrosophic special cobondage set (NSpCS) of a NG G is the set C 


of additional NHStAs to G, that reduces the neutrosophic special domination number, i.e, 


NSAN(Gc) < NSAN(G). 
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(ii) A NSpCS C of G said to be a minimal NSpCS if no proper subset of C' is a NSpCS. 

(iti) Minimum neutrosophic arc cardinality amongst all minimal NSpCSs of G said to be lower 
neutrosophic special cobondage number of G and symbolized by (nsbn)p(G). 

(iv) Maximum neutrosophic arc cardinality amongst all minimal NSpCSs of G said to be upper 


neutrosophic special cobondage number of G and symbolized by (VNSBN),(G). 


Example 4.2. Investigate a NG G as Figure [3] Obviously Dj = {a,d} and D3 = {b,c} are 


a:(0.7,0.4,0.3) e,:(0.7,0.4,0.3) b:(0.8,0.2,0.1) 


€:(0.3,0.4,0.6) 


aoe 
aoe 
oes 
weer 
eee” 


oor? 
woe? 
Dias 


Pas 
aoe” 
oor” 
aoe 
aee® 
oer 
Pca 


€3:(0.3,0.4,0.6 
c:(0.6,0.4,0.3) " d:(0.3,0.2,0.6) 


FIGURE 3. NGG. 


the minimal NSpDSs of G ((ndn)y(G) = 1.83, (NDN)y(G) = 2.67 and NAN(G) = 2.25 
). In this case, by adding e4 = (0.5,0.4,0.5), the set D, = {c,d} is a minimal NSpDS with 
the neutrosophic node cardinality of 1.8. Then, by adding es as bd = (0.3,0.2,0.6), the set 
D2 = {d} is a minimal NSpDS with the neutrosophic node cardinality of 0.83, so 2 = {e5} 
is a minimal NSpCS, and by adding eg as ac = (0.6, 0.4,0.3), the set D3 = {a} is a minimal 
NSpDS with the neutrosophic node cardinality of 1. Thus, 73 = {eg} is a minimal NSpCS and 
so (nbn)g(G) and (NBN )g(G) are 0.83 and 0.97, respectively. 


Theorem 4.3. Ifa NGG has a NSUN w, then 
(nsbn)z(G) < O({v}). 


Proof. Put w be a NSIIN of G. Then w belongs to every minimal NSpDS D of G. If z € 
D\ {w} and e is an NHStA betwixt w and z, then, D \ {w} is a minimal NSpDS of Gs 
and (nsdn)y(Ghs) < (nsdn)y(G). Thus, NSAN(G"*) < NSAN(G). Also, we have T;(e) < 
Tx(w), Ir(e) > Ix(w) and Fy (e) > Fx (w). Hence, 


3+ Tk(w) — Ik(w) + Fr(w)) 
S(e) < ( 5 ) , 
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and so 
(nsbn)E(G) = S(e) < 


(a — (xu) + Pet) = O({w}). 


Theorem 4.4. If G has not a NSIUN and e = zw is a NHStA and Nys(z) = w, Nas(w) = 2, 
then 


(nsbn)e(G) < O({z}) + O{w}). 


Proof. If e = zw is a NHStA in G where Np,(z) = w, Nns(w) = z, then one of z or w belongs 
to every minimal NSpDS D of G. Put z © D andt € D\{z}. By adding the NHStAs 
e, = (zt) and eg = (wt), the set D\ {z} is a minimal NSpDS of Go, where C' = {e 1, e2}. Thus 
NSAN(Go) < NSAN(G). Therefore, 


(nsbn)g(G) = S(C)< (SEARO Cee) Peto) , (2 Pec) — Cre) + Fite) 


O({z}) + O({w}). 


5. Application 


NG models have recently been used to model many real-life problems in several different 
fields of engineering and science. In this study, we present the idea of NSpDS in NG theory. 


The NSpDS in the neutrophic network can be used to solve many real problems. 


5.1. Decision making in gray conditions betwixt certainty and uncertainty 


NG models are one of the efficient models in various fields of modeling because they show 
more flexibility than various fuzzy graph models in dealing with real-life problems. Controlling 
and ensuring the compliance of decisions in various dimensions of the organization with the 
desired performance and predetermined performance standards despite the gray conditions 
betwixt certainty and uncertainty, is one of the main tasks of the leaders of an organization 
and plays an significant role in increasing the productivity and effectiveness of the organi- 
zation. Therefore, proper management and modeling and optimization of an organization’s 
success plan based on the agents affecting the performance of the organization in the gray 
conditions betwixt certainty and uncertainty is one of the significant issues considered by the 
leaders of an organization. The set of agents affecting the performance of an organization in 
gray conditions betwixt certainty and uncertainty can be considered as a NG. We describe the 


T-strength, J-strength and F-strength values in each node and arc (path) as follows. For each 
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z,w € V and zw € LE, we have: 

Tx(z): The weight of the direct effectiveness of agent z on the performance of the organization 
in gray conditions. 

Ix(z): The weight of the ineffectiveness of agent z on the performance of the organization in 
gray conditions. 

F(z): The weight of the indirect effectiveness of agent z on the performance of the organiza- 
tion in gray conditions. 

Tr(zw): The weight of direct impact zw on the performance of the organization in gray con- 
ditions. 

I,(zw): The weight of the ineffectiveness zw on the performance of the organization in gray 
conditions. 

F, (zw): The weight of indirect impact zw on the performance of the organization in gray 
conditions. 


In this case, the following relations seem logical: 
Tr(zw) < TK(z) ATK(w), In(zw) > Ik(z) VIk(w), Fr(zw) > F(z) V Fr(w). 


The relationship betwixt z and w is effective when the ry is a NHStA. Thus, the NSpDS of this 
graph includes agents that other agents are specialiy dominated by at least one of the elements 
(agents) of this set. In fact, the NSpDS provides an opportunity for managers and leaders of 
the organization to focus on the agents of the NSpDS and align decisions with these agents 
instead of observing and controlling a large number of decision agents in gray conditions. This 
helps organizational leaders and managers make the best decisions with the utmost confidence 
in a short period of time. For example, Figure |4| displays the graph of agents affecting the 
performance of an organization, in which the set of {u2,u4,u7} is a minimal NSpDS (with 
minimum neutrosophic node cardinality 4.35). In other words, instead of controlling the 7 
agents, only agents u2,u4,u7 can be controlled and observed and be relatively sure about 
desirable performance in the decision-making process. It is worth noting that some factors 
such as common computational indices betwixt two agents, dependent calculation formula, 
and relationship betwixt the variables of calculating the indices of the agents play significant 
role in creating an effective relation betwixt the agents. For instance, in Figure |4| illustrates 
the optimal effective weight of the agent graph(S(F’) where F' is the set of all NHStAs of G) 
is 6.8 on desirable performance achievement. 

Now, if possible, the optimal normal weight of the agent graph on desirable performance 
achievement can be increased by reinforcing the relation betwixt the agents, which leads to 
increased accuracy and confidence in the decision-making process and decreasing the neutro- 
sophic node cardinality of the NSpDS. For instance, as shown in Figure[5| the NSpDS of agents 


decreases to the set {w2,u4} when establishing an effective relationship is possible betwixt u2 
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u,(0.3,0.1,0.4) (0.3,0.2,0.5) U2(0.4,0.2,0.5) 


(v'0'€'0'€'0) 


u;(0.5,0.2,0.3) 


uz(0.4,0.3,0.1) 


ae u¢(0.8,0.4,0.2) 


us(0.6,0.3,0.4) 
FIGURE 4. Neutrosophic graph G. 


and u7 agents with coordinates (0.4, 0.2,0.5), while the optimal effective weight of graph up- 
grades to 8.15. 


— 


FIGURE 5. D and D’. 


Neutrosophic special dominating set | O(D) | Optimal effective weight 
D= {ua, U4, ur} 4.35 6.8 
D' = {uz,u4} 2.85 | 8.15 


6. Conclusion 


Many practical problems of interest can be illustrated with graphs. In general, graph the- 


ory has a wide range of applications in various fields. The notion of domination in graph 
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is very important in both theoretical developments and applications. In this paper, for the 
first time the notions of neutrosophic special dominating set, neutrosophic special domination 
numbers, neutrosophic special cobondage set and neutrosophic special cobondage numbers in 
a NG are presented. Finally, by using the concept of neutrosophic special dominating set 
and the reduction effect of an additional neutrosophic highly strong arc on the neutrosophic 
special domination number parameter, a model for optimizing the neutrosophic special dom- 
ination parameter was presented. In future works, we have a decision to study the concepts 
of neutrosophic special n-dominating set and inverse neutrosophic special dominating set in a 
NG. 
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Abstract: Number theory is concerned with properties of integers and Diophantine equations. The 

objective of this paper is dedicated to introduce the basic concepts in refined neutrosophic number 
theory such as division, divisors, congruencies, and Pell's equation in the refined neutrosophic ring 
of integers Z(I;, I,). Also, algorithms to solve refined neutrosophic linear congruencies and refined 

neutrosophic Pell's equation will be presented and discussed. 


Keywords: refined neutrosophic integer, refined Pell's equation, neutrosophic congruence , 


neutrosophic Diophantine equation. 


1. Introduction 


Neutrosophy is a new kind of generalized logic proposed by F.Smarandache [12,36]. It becomes a 
useful tool in many areas of science such as number theory [16], solving equations [19], and medical 
studies [11,15,21]. Also, we find many applications of neutrosophic structures in statistics [14], 
optimization [8], and decision making [7]. 

On the other hand, the theory of neutrosophic rings began in [4], where Smarandache and 
Kandasamy defined concepts such neutrosophic ideals and homomorphisms. These notions were 
handled widely by Agboola, et.al in [5,6,10]. Where homomorphisms and AH-substructures were 
studied [3,13,17]. More and more application of neutrosophic sets and their generalizations can be 


found in [25-35]. 
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Recently, there is an arising interesting by the number theoretical concepts in neutrosophic ring of 
integers, where Ceven et.al defined and studied division and primes in Z(I) [2], Sankari et.al solved 
the linear Diophantine equations in Z(I) and Z(1,,1,) [16]. Also, in [1], we find algorithms to solve 
neutrosophic Pell's equation and neutrosophic linear congruencies. In addition, Euler's famous 
theorem was proved in Z(I). 

In this work, we extend the study to the case of refined neutrosophic ring of integers, where we 
determine algorithms and conditions for division, congruencies, and Pell's equation. In addition, we 
prove that there are no primes in Z(J,, I,). 

2. Preliminaries 

Definition 2.1: [4] 

Let R be a ring, I be the indeterminacy with property I 2 =] , then the neutrosophic ring is defined 
as follows: 

RU) = {a + bl;a,b € R}. 

Definition 2.2: [4] 

Let R(I) be a neutrosophic ring, it is called commutative if and only if xy = yxV x,y € R(/).. 
Definition 2.3: [5] 

The element I can be split into two indeterminacies 1, ,/, with conditions: 

LS, bo Sb he = Eb = he 

Definition 2.4: [5] 

If X is a set then X(J,, 1.) = {(a, bl, cl,):a,b,c € X } is called the refined neutrosophic set generated 
by X, Ih. 

Definition 2.5: [5] 

Let (R,+,X) be a ring, (RU, 12) ,+,x) is called a refined neutrosophic ring generated by R ,J,, Ib. 
Example 2.6: [6] 

The refined neutrosophic ring of integers is Z(1,,1,)={(a, bly, cl); a, b,c € Z}. 

Definition 2.7: [20] 

Pell's equation is the Diophantine equation with form X* — DY* = N;D,N € Z. 


Theorem 2.8: [20] 
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If the equation X* — DY? = 1 has a solution, then D > 0 and D is square free. 
Theorem 2.9: [20] 
Z [Vai] is an integral domain. 
Theorem 2.10: [2] 
Let Z()= {a + bI;a,b € Z} the neutrosophic ring of integers. Then primes in Z(I) have one of the 
following forms: 
x=+p+(41+p)l orx =4+14+ (tp +1)/;p is any prime in Z. 
Definition 2.11: [16] 
Let ZU) ={a+bl; a,b €Z} be the neutrosophic ring of integers. The neutrosophic linear 
Diophantine equation with two variables is defined as follows: 
AX + BY =C;A,B,C €Z(I). 
Theorem 2.12: [16] 
Let ZU) ={a+bl; a,b €Z} be the neutrosophic ring of integers. The neutrosophic linear 
Diophantine equation AX +BY =C_ with two variables X = x, + x2I,Y = y, + y2I, where 
A =a, + @,I1,B = b, + byl is equivalent to the following two classical Diophantine equations: 
(1) a,x, + by, = cy. 
(2)(a, + az)(%, + X2) + (by + bg), + ¥2) = Cy + Cp. 
Definition 2.13: [16] 
Let Z(, 12) = {(a, bl, cl); a,b,c € Z} be the refined neutrosophic ring of integers. The refined 
neutrosophic linear Diophantine equation with two variables is defined as follows: 
AX + BY =C;A,B,C € Z(Iy, Ip). 
Theorem 2.14: [16] 
Let Z(,,1,) = {(a, bl,,cl,); a,b,c € Z} be the refined neutrosophic ring of integers, 
AX + BY =C;A,B,C € Z(,,1,) be a refined neutrosophic linear Diophantine equation, where 
X = (%0, X11, X212),Y = Wo Vil, Vol2), A = (Ao, A414, az la), 
B = (bo, byl, daly), C = (C9, C14, Col2) . Then AX +BY =C is equivalent to the following three 
Diophantine equations: 


(1) a9Xo + bo¥o = Co. 
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(2) (Ap + Az) (Xo + Xz) + (ho + bz) (V9 + V2) = Co + C2. 
(3)(ao + ay + Ag) (Xp +X, +.X2) + (ho + by + bg) (Vo + 1 + V2) = Co + Cy + C2. 
3. Refined neutrosophic number theory 
Definition 3.1: (Division) 
Let ZC, 12) = {(a,bl,,clz); a,b,c € Z} the refined neutrosophic ring of integers. For any x,y € 
Z(1,, Iz), we say that x|y if there is r € Z(,,1,); r.x =y. 
Theorem 3.2: (Form of division in Z(J,,/,)) 
Let Z(,, 12) = {(a, bl,,clz); a,b,c € Z} the refined neutrosophic ring of integers, x = 
(Xo, X11, X212),¥ = Wor Wi, Volz) be two arbitrary elements in Z(,, 12). Then x|y if and only if 
XolVor Xo + X2lVo + Yo. Xo + Xz + X2|Vo +1 + Yo. 
Proof: 
Suppose that x|y in Z(J,, 12), then there is r = (1%, 11,112) € ZUy, 2) such that r.x = y(*). 
By easy computing to equation (*) we get the following equivalent equations: 
(a) %Xp = Vo, 1.-€.X9|Vo- 
(b) 1oX2 + 1X2 +X =o. 
(C) Xz + yxXy +X +X, +%X2 = Yj. 
By adding equation (a) to (b) we get (**) (1% +12)(%o + X2) = Yo + V2, i.€.X9 + X2|Yo + Y2- 
Now, we add equation (**) to (c) to get (m9 +1] +1) (% +X +X.) = Vo +1 + yz, Le. 
Xo +X, + X2|Vo + ¥1 + Y2- 
For the converse, we assume that Xx9|¥o,%o + X2l¥o + Y2,Xo +.X%1 + X2|Vo + ¥1 + y2- 
There are 
a,b,c € Z; AXy = Vo, D(X + Xz) = Vo + V2, C(X%p +X, +X.) =Vo +1. + V2. 
We put 
% =a,%=b-a,rn=c—b. 
Now, we get r = (%, 41,1212) € Z(h, In), andr.x = y, 
hence x|y. 


Definition 3.3: (Congruence) 
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Let x = (%,%1, X212),¥ = Wo, Val Volz), Z = (Zo, 2111, Z2I2) be three elements in Z(I,, I). We say 
that x = y(modz) if and only if z|x — y. 
We say that z = gcd(x,y) if and only if z|x and z|y, and for every c|x and cly,we have c|z. 
x,y are called relatively prime in Z(1) if and only if gcd(x, y) = (1,0,0). 
Theorem 3.4: (Form of congruencies in Z(J,,1,)) 
Let x = (%9, X11, X12), V = Vo Vil Vole), Z = (Zo, 2114, Z2I2) be three elements in Z(J,,1/,). Then x = 
y(modz) if and only if 
Xo = Vo(modZo), Xp +X2 = Vo + Y2(ModZy + 22), X% +X, +X. = Vo + V1 + Y2(ModZy + 2, + Zp). 
Proof: 
We assume that x = y(modz), then z|x — y. By Theorem 3.2, we find that Z9|x9 — Yo, (Zp + Z2)|(%o + 
X2) — (Vo + V2), (Zo + 21 + Z2)| (Xo + X1 + X2) — Co + 1 + ¥2), thus 
Xo = Yo(modzZy), Xp + X2 = Yo + Yo(modZy + Zz), Xo + Xz +X2 = Vo + V1 + y2(modzZy + 2, + 22). 
The converse is trivial. 
Example 3.5: 
(1,1, 21,) = (3,—-, 0) (mod(2, -L,, I,)), that is because 
1 = 3(mod2),1+ 2 =3 = (3 + 0)(mod 3),14+1+2=4=(3—1+0)(mod2). 


Theorem 3.6: (Form of GCD) 


Let x= (%9, X44, X2I2), y = (Vo, V1ly, Volz) be two elements in ZC, Ip). Then 


r = gcd(x, y) = (m,nl,, tl,);m = gcd(X%o, Vp), M+n+t = gcd(xX% + xX +X,Vo +¥, t¥2),M+t= 


gcd(xXo + X2,¥o + y2). 


Proof: 


Itis clear that r|x and rly. Let z = (Z9,2,1,, 2212) be a common divisor of x and y, then 


(a) Z9|Xo,Zol¥o, hence Zo|m. 


(b) Zp + 2Z2|X9 + x,andZpy + Z2|Vo + ¥2, hence Z + z,|m +t. 


(C) Z +21 + 22|X%9 +x, + x,andZ) + 2, + 2Z2|Vo +¥1 + ¥2, hence Z + 2, + Z,|m + ntt. 
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According to the previous discussion, we get z|r. Thus r = gcd(x, y) = (m, nl, tl,). 


Example 3.7: 


Let x = (2,-h, 3l,), y = (1,3, 12), then gcd(x, y) = (1,0,0). 
Theorem 3.8: (Euclidian division theorem in Z(J,, /,)) 
Let x = (%9, X44, X2!2),¥ = (Vo, Vib, Volz) be two elements in Z(J;,/,). 
There are two corresponding elements q = (qo, q1/1, 92!2),7 = (To Mh tele) € ZU a) xX = ay +r. 
Proof: 
By classical division in Z, we can find So,D9, 51, P1, Sz, P2such that 
Xo = VoSo + Pos (Xo + X2) = S2(Vo + V2) + Pa, Xo +X + X2) = 5100 + ¥1 +2) + P1- 
By putting qo = S0,41 = $1 — S2, 42 = S2 — Sor%o = Por M1 = Pi — PasT2 = P2 — Po, we get 
x=qytr. 
Example 3.9: 
Consider x = (2,1,,—I,), y = (1,2h, 2I,), then we have q = (2,0, —2/,),r = (0,1,,1,), where 
x=qytr. 
Remark 3.10: (Solvability of a linear congruence in Z (Ij, I,) 
To solve a linear congruence x = y(modz). We should take its corresponding equivalent linear 
congruencies according to Theorem 3.4. Then we can find its solution easily. 
Example 3.11: 
Consider the following refined neutrosophic linear congruence 
x = (2,3), Ib)(mod(1, hy, 4Ip)). 
The equivalent system of congruencies is 
Xo = 2(mod 1)(), xX + x2 = 3(mod 5)(1), X% +x, + x2 = 6(mod 6)(II/). 
The congruence (I) has a solution x) = 1. (ID) has a solution x9 + x, = 3,hencex, = 2. 
(III) has a solution x9 + x, + Xz = 6,hencex, = 3. Thus the solution of the refined neutrosophic 
linear congruence is x = (1,31, 212). It is easy to check that (1,1, 4/,)|[C1,34, 2I2) — (2,3h, I2)]. 


Definition 3.12: 
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We define p = (a, bl,,cl,) to be a refined neutrosophic prime integer if and only if p is not divided 
by any other neutrosophic integer different from (1,0,0) and p. 
Remark 3.13: 
Definition 3.12 is different from the definition of prime elements in a ring, where p is called prime 
element if it has the following property: 
If p =rq , then r or qmust be a unit. 
Theorem 3.14: 
Z(1,,12) has no refined neutrosophic primes. 
Proof: 
Let p = (a,bl,,clz) be any refined neutrosophic integer different from (1,21,, —21,), we have: 
r = (1,21,, —21,)is a divisor of p, that is because 1|a,1—2|a+c,1+2-—2|a+b +c, whichis 
different from (1,0,0) and p. Hence p can not be a refined neutrosophic prime. 
If p=(1,21,,—21,), we have (1,—21,,0) as a divisor different from p and (1,0,0), thus there are no 
refined neutrosophic primes. 
The question about the structure of prime elements in the refined neutrosophic ring of integers is 
still open. It depends on the structure of the group of units in the refined neutrosophic ring of 
integers. 
Definition 3.16. (Linear Combination in Z(/ 1,12 )) 
Let u,v be non-zero refined neutrosophic integers. Then any refined neutrosophic integer that 
can be written in the form ux + vy where x,y € Z(11,12) is called a linear combination of u 
and v. 
Example 3.17: 

Let (2,21, ,81, ),(8,31, ,71,) € Z([1,12 ), we can find refined neutrosophic 
integers in Z( 1,] 2.) that can be written as a linear combination of (2,21, ,8/, ), and (8,31, ,7I2). 
To see this, Let A(/ 1,1 2) be the set of all linear combinations of (2,21, ,8/, ), and (8,31, ,7I2). 
Then 
A(I1 12 )=(2,2h, ,8lo )(Xo Xt, X2l2 ) + (83h, ,7l2)( Yo Wilt Val )} 


where (X9 Xl .X2/2)( Yo Yili Volz )€ ZU 1,12). 
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Now, let (Mp ,mMzI, ,MgI2) = (2,21, ,812)( Xo Xt, X2l2 ) + (8,3L, ,Z7l2)(VYo Wili V2l2) for some 
(Xo X11, ,X2Iz ) and (yo Vil, Val ). 

Since 

gcd((2,2I, ,812),( 8,3, ,7z)) = (2, y,3 h). 

Then 

(Mp ,My], Moly ) = (2,211 B12 )( xX Xk, Xel2 -) + (8,311,712 )( Vo Wh Vole) 

= (2, 1,,3 12)[(1,0l, Jp )( Xo Xl, X2l2) + (4,0, Ie) Vo Vil Vol2))- 

We see that (2, 1,,3 1,)|( mp ,m,1, ,mM,I,), whatever the values of (x9 ,X,1, ,X2/,) and 

(Yo Vil Yale ). 

Hence, (2, [1,3 I2)|( mo ,myl, ,Meglz) for all (Mg ,MyI, ,MzI2) € AU 1,12). Thus, every member 
of AU 1,/2) isa multiple of (2, 1,,3 I,). 

This observation is recorded in the following theorem. 

Theorem 3.15: 

Let u = (ap ,Q,1, ,QgI2 ),V = (bo byl, bln) and w= (go 1941, ,gz!2) be non- 

zero refined neutrosophic integers and let w = gcd(u,v). Then every linear combination of u 
and v is a multiple of w. That is, 

wlup + vq, 

for all p=(Po Pil P2l2)q=(do Qh dal2 )€ ZU1,12). 

Proof: 

The proof is similar to the classical case. 

4. Refined neutrosophic Pell's equation 

Definition 4.1: 

Let Z(, 12) = {(a, bl, cl,); a, b,c € Z} be the refined neutrosophic ring of integers. Refined 
Neutrosophic Pell's equation is defined as follows: 

X* — DY* = C;X = (x9, X11, X12), Y = (Vo. Vly, Volz), D = (do, dyhy, dln), C = (C9, Ch, C22). 
Where ¢;,d;,x;,y; € Z. 


Theorem 4.2: 
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Let Z(, 12) = {(a, bl, clz); a,b,c € Z} be the refined neutrosophic ring of integers, X? — DY* =C 
be a refined neutrosophic Pell's equation. Then it is equivalent to the following three classical Pell's 
equations: 

(a) X97 — do¥o" = Co. 

(b) (% + X2)? — (do + dz) (Vo + ¥2)? = Cy + Cp. 

(c) (% +X, +.X2)? — (do +d, +. d2)(Vo +¥. + ¥2)% =Co tC, +. 

Proof: 

We compute: 

X? = (x97, [XoXq + XX Hp HH yXq + Hy XQ], [XX + XQxXzq + X2Xo]Io)= 

(Xo", [x17 + 2x9xX1 + 2x1 X2] M1, [x2? + 2x9 x2] Io), 

DY* = (do, dihy, dzlz). (Yo Lyn* + 2¥0¥1 + 22], [y2* + 2¥ovel2)= 

(do V¥o7, [do yi? + 2dp Voy, + 2do Vz V2 + dV? + dyyy? + 2dr yoy, + 2d, V V2 + dyyz? + 2d yoy. + 


dz? + 2dzVoV1 + 2dzVzV2]Iy, [dov2* + 2doYoV2 + d2Vo? + dzy2* + 2dzYoVo) Iz). 


Now we have: 

Xo? — dyYo* = Co. (Equation (a)). 

(*)x_2 + 2x9xX2 — (doV2? + 2doVoV2 + dzVo? + dzV2? + 2dzVpy2) = Cp. 
(*)x1? + 2x9x1 + 2x1X2 — (doy1? + 2doyoy, + 2doyiyo + drVo* + dyyz? + 2d, yoy, + 2d, y1¥2 + 
dyy2? + 2dyyYov2 + doy17 + 2dzyoy, + 2d2y, 2) = Cy. 

By adding (a) to (*) we get: 

(Xo + Xz)? — (do + dz) (Yo + ¥2)* = Co + Cz. (Equation (b)). 

By adding (b) to (**) we get: 

(Xp +X, +X2)* — (do + dy + do) (Vo +1 + ¥2)% = Co +O, +. 

The converse is clear. 

Remark 4.3: 

To solve a refined neutrosophic Pell's equation, follow these steps: 
(1) Write the equivalent system of classical Pell's equations. 

(2) Solve equation (a). 


(3) Solve (b). 
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(4) Solve (c). 

(5) Compute x2, y2, and then x1, ;. 

Example 4.5: 

Consider the following refined neutrosophic Pell's equation X* — (2,0, /,)Y¥? = (1,-6];, 312). 
The equivalent system is: 

(a) Xo7 — 2yp* = 1. 

(b)(%9 + X2)? — 309 + 2)? = 4. 

(c) (Xp +X +2)? — 309 +1 +2)? = -2. 


Equation (a) has a solution x9 = 3, Yo = 2. Equation (b) has a solution yp + yz = 2,X9 + X2 = 4. 


Equation (c) has a solution x9 + x, + x2 =5,¥9 +1 + y2 = 3. Thus y2 = 0,x2 = 1,y, = 1,x; = 1,80 
X = 3,112), Y = (2,1, 0). 

5. Open questions 

There are many open problems come to light according to this research. This section is devoted to 
present some important questions in the refined neutrosophic number theory. 

Problem 1: Determine the form of prime elements in Z(J;,/,). 

Problem 2: Define Euler's function in Z(/;, /,). Is Euler's Theorem still true in the case of refined 
neutrosophic integers. 

Problem 3: Find an easy algorithm to solve a refined neutrosophic non linear congruence in a similar 
way to refined neutrosophic Pell's equation. 


Problem 4: Find the form of the fundamental theorem in arithmeticin Z(Jj, Iz). 
4, Conclusions 


In this article, we have established the basic theory of refined neutrosophic integers. Many important 
concepts and conditions about division, gcd, and congruencies in Z(I,, /2). Also, refined 
neutrosophic Pell's equation was studied and we gave an algorithm to solve this kind of non linear 
Diophantine equations. 

We have listed four open new problems concerning the refined neutrosophic number theory, their 
solution may lead to a big progression in neutrosophic number theory. 
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Abstract: The focus of this paper is to introduce the notion of quadripartitioned neutrosophic 
topology (Q-NT) on quadripartitioned neutrosophic sets (Q-NS). In this paper, we define 
quadripartitioned neutrosophic closure, quadripartitioned neutrosophic interior operator of Q-NSs 
in quadripartitioned neutrosophic topological space (Q-NTS) and investigate several properties of 
them. Again, we introduce quadripartitioned neutrosophic semi-open (Q-NSO) set, 
quadripartitioned neutrosophic pre-open (Q-NPO) set, quadripartitioned neutrosophic b-open 
(Q-N-b-O) set, and quadripartitioned neutrosophic a-open (Q-Na-O) set in Q-NTSs. Further, we 


furnish some suitable examples and prove some basic results on Q-NTS. 


Keywords: Quadripartitioned Neutrosophic Set; Q-NT; Q-NTS; Quadripartitioned-Neutrosophic Closure; 
Quadripartitioned-Neutrosophic Closure; Q-NPO; Q-Na-O. 


1. Introduction: In the year 2005, Smarandache [20] extended the concept of intuitionistic fuzzy set 
by introducing the notion of neutrosophic set (NS). Later on, many researchers use NS in their 
theoretical and practical research. In the year 2016, Chatterjee et. al. [4] grounded the idea of 
quadripartitioned neutrosophic set and defined several similarity measures between two 
quadripartitioned neutrosophic sets. The idea of neutrosophic topological space (NTS) was 
presented by Salama and Alblowi [18] in the year 2012. The neutrosophic semi-open mappings are 
studied by Arokiarani et. al. [2]. Afterwards, Iswaraya and Bageerathi [11] studied the concept of 
neutrosophic semi-open sets and neutrosophic semi-closed sets. Pushpalatha and Nandhini [15] 
grounded the idea of neutrosophic generalized closed sets in NTSs. The notion of neutrosophic 
b-open sets in NTSs was presented by Ebenanjar et al. [10]. Rao and Srinivasa [17] grounded the 
concept of pre open set and pre closed set via neutrosophic topological spaces. Thereafter, 
Maheswari et. al. [13] studied the neutrosophic generalized b-closed sets in NTSs. In the year 2019, 


Mohammed Ali Jaffer and Ramesh [14] studied the concept of neutrosophic generalized pre-regular 
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closed sets. The generalized neutrosophic b-open sets in NTSs was introduced by Das and Pramanik 
[6]. Das and Pramanik [7] also defined the neutrosophic ®-open sets and neutrosophic ®-continuous 
mappings via NTSs. Recently, Ramesh [16] presented the notion of Ngpr homomorphism via 
neutrosophic topological spaces. In this study, we introduce the notion of Q-NT and present the 
concept of quadripartitioned neutrosophic closure and quadripartitioned neutrosophic interior 
operator in Q-NTSs. It is just the beginning of a new notion. In the future, based on these notions and 
various open sets on Q-NTSs, many new investigations (compectness, paracompectness, separation 
axioms) can be easily done. Also, the researchers can use the quadripartitioned neutrosophic 


topological operators in the area of multi criteria decision making problems. 


Research Gap: No investigation on Q-NTSs has been reported in the recent literature. 

Motivation: To reduce the gap of research, we present the notion of Q-NTSs. 

The remaining part of this paper has been splited into following four sections: 
In section-2, we recall some relevant definitions, properties, results of NSs, Q-NSs. Section-3 is on the 
notion of quadripartitioned neutrosophic topological spaces. In this section, we give some basic 
definitions, theorems, and propositions on Q-NTSs. In section-4, we conclude our work done in this 


paper and stating the future scope of research. 


2. Some Relevant Definitions: 

Definition 2.1. [4] Assume that Q be a fixed set. Then, a quadripartitioned neutrosophic set (Q-NS) P 
over © is defined by: 

P = {(g, Tr(q), Cr(q), Gr(q), Fr(q)): qeQ}, where Tr(q), Cr(q), Gr(q), and Fr(q) (€ [0,1]) are the truth, 
contradiction, ignorance, and falsity membership values of qeQ. So, 0ST?(q)+Cr(q)+Gr(q)+Fr(q) <4. 
Example 2.1. Suppose O={u, v}. Then, P= {(u,0.5,0.6,0.3,0.6), (v,0.9,0.3,0.4,0.2)} is a Q-NS over Q. 
Definition 2.2. [4] The absolute Q-NS (lon) and the null Q-NS (Oon) over Q are defined as follows: 
(i) lon= {(q, 1, 1, 0, 0): qeQ}; 

(ii) Oon= {(q, 0, 0, 1, 1): qeQ}. 

Example 2.2. Suppose that Q={u, v}. Then, lon = {(u,1, 1, 0, 0), (v, 1, 1, 0, 0)} and Oon = {(u,0, 0, 1, 1), (a, 
0,0, 1, 1}. 

Remark 2.1. Suppose that R be a Q-NS over Q. Then, Non c R € lon. 

Definition 2.3.[4] Suppose that X = {(q, Tx(q), Cx(q), Gx(q), Fx(q)): qeQ} and Y = {(q, Ty(q), Cr(q), Gr(q), 
Fy(q)): qeQ} be two Q-NSs over ©. Then, X c Y & Tx(q)s Ty(q), Cx(q)s Cr(q), Gx(q)2 Gr(q), Fx(q)= Fr(q), 
for all qeQ. 

Example 2.3. Assume that Q={u, v}. Suppose that X={(u,0.5,0.3,0.6,0.7), (v,0.2,0.4,0.8,0.8)} and 
Y={(u,0.3,0.3,0.8,0.8), (v,0.2,0.3,0.9,1.0)} be two Q-NSs over Q. Then, YeX. 

Definition 2.4.[4] Suppose that X = {(q, Tx(q), Cx(q), Gx(q), Fx(q)): qeQ} and Y = {(q, Ty(q), Cr(q), Gr(q), 
Fy(q)): qeQ} be two Q-N&Ss over ©. Then, the union of X and Y is X U Y= {(g, max {Tx(q), Ty(q)}, max 
{Cx(q), Cr(q)}, min {Gx(q), Gx(q)}, min {F x(q), Fx(q)}): qeQ}. 

Example 2.4. Assume that X and Y be two Q-NSs over Q={u, v} as shown in Example 2.3. Then, 
XUY= {(u,0.5,0.3,0.6,0.7), (v,0.2,0.4,0.8,0.8)}. 
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Definition 2.5.[4] Suppose that X ={(q, Tx(q), Cx(q), Gx(q), Fx(q)): qeQ} and Y = {(q, Ty(q), Cr(q), Gr(q), 
Fy(q)): qeQ} be two Q-NSs over Q. Then, the complement of X is X° ={(q, Fx(q), Gx(q), Cx(q), Tx(q)): 
qeQ}. 

Example 2.5. Suppose that Q={u, v} and X={(u,0.8,0.8,0.5,1.0), (v,1.0,0.5,0.3,0.8)} be a Q-NS over Q. 
Then, X={(u,1.0,0.5,0.8,0.8), (v,0.8,0.3,0.5,1.0)}. 

Definition 2.6.[4] Suppose that X={(q, Tx(q), Cx(q), Gx(q), Fx(q)): qeQ} and Y = {(q, Ty(q), Cr(q), Gr(q), 
Fy(q)): qeQ} be two Q-NSs over ©. Then, the intersection of X and Y is XNY={(q, min {Tx(q), Ty(q)}, 
min {Cx(q), Cy(q)}, max {Gx(q), Gx(q)}, max {F x(q), Fx(q)}): qeQ}. 

Example 2.6. Assume that X and Y be two Q-NSs over Q={u, v} as shown in Example 2.3. Then, 
XAY={(u,0.3,0.3, 0.8,0.8), (v,0.2,0.3,0.9, 1.0)}. 


3. Quadripartitioned Neutrosophic Topology: 
Definition 3.1. Let Q be a fixed set. A collection 3 of some Q-NSs over Q is called a Q-NT on Q, if the 
following conditions holds: 
(i) lon, Oon € 3; 
(ii) M1 N M2 €3 whenever M1, M2 € 3; 
(iti) UMi eS, whenever {Mi: ic A} c 3. 
Then, (Q,3) is called a Q-NTS. Every element of 3 are called a quadripartitioned neutrosophic open 
set (Q-NOS). If MeS, then M°is called a quadripartitioned neutrosophic closed set (Q-NCS). 
Remark 3.1. In every Q-NTS, Oon and 1en are both Q-NOS and Q-NCS. 
Example 3.1. Let O = {u, v}. Assume that M = {(u,0.9,0.5,0.7,1.0), (v,0.3,0.1,0.5,0.7): u, v € Q} and N= 
{(u,0.9,0.7,0.1,0.9), (v,0.4,0.6,0.1,0.2): u, v €Q} be two Q-NSs over Q. Then, 3 ={0on, lon, M, N} forms a 
Q-NT on Q. 

The quadripartitioned-neutrosophic interior and quadripartitioned-neutrosophic closure of a 
Q-NS in a Q-NTS are defined as follows: 
Definition 3.2. Let us consider a quadripartitioned neutrosophic subset X of a Q-NTS (Q,3). Then, 
the quadripartitioned-neutrosophic closure (Q-Na) of X is the intersection of all Q-NCSs containing 
X and the quadripartitioned-neutrosophic interior (Q-Nint) of X is the union of all Q-NOSs contained 
in X, ie. 
Q-Ne(X) = O{Z: X & Z and Z is a Q-NCS in (Q,3)}; 
Q-Nin(X) = LLY: Yc X and Y is a Q-NOS in (Q,3)}. 
Remark 3.2. It is clear that Q-Na(X) is the smallest Q-NCS in (Q,3) that contains X and Q-Nin(X) is 
the largest Q-NOS in (Q,3) which is contained in X. 
Theorem 3.1. If T and R be any two quadripartitioned neutrosophic subsets of a Q-NTS (Q,3), then 
(i) Q-Nin(T) CT < Q-Na(T); 
(ii)T C R > Q-Na(T) € Q-Na(R); 
(iii)T CR > QNin(T) < Q-Nin(R); 
(iv)T is an N*-OS iff Q-Nini(T) = T; 
(v)T is an N’-CS iff Q-Ne(T) =T. 
Proof. (i) From the previous definition, we have Q-Nin(T) = U{R: R is aQ-NOS in (Q,3) and R CT}. 
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Since, each R c T, so U{R: R is a Q-NOS in (Q,3) and R CT} CT, i.e. Q-Nint(T)cT. 
Again, Q-Ne(T) = A{Z: Z is a Q-NCS in (Q,3) and T c Z}. Since, each Z > T, so N{Z: Z is a Q-NCS in 
(Q,3) and T < Z} DT, i.e. Q-Na(T) D T. 
Therefore, Q-Nin(T) c T c Q-Na(T). 
(ii) Assume that T and R be any two quadripartitioned neutrosophic subsets of a Q-NTS (Q,3) such 
that TCR. 
Now, Q-Nc(T) = A{Z: Z is a Q-NCS in (Q,3) and Tc Z} 
cn{Z: Z is aQ-NCS in (Q,3) and Rc Z} [since Tc R] 

= Q-Na(R) 
=> Q-Ne(T)c Q-Na(R). 
Therefore, Tc R > Q-Ne(T)c Q-Na(R). 
(iii) Assume that T and R be any two quadripartitioned neutrosophic subsets of a Q-NTS (Q,3) such 
that TCR. 
Now, Q-Nin(T) = U{Z: Z is a Q-NOS in (Q,3) and Z c T} 

CUZ: Z is a Q-NOS in (Q,3) and Z c R} [since T cR] 
= Q-Nin(R) 

=> Q-Nint(T)< Q-Nint(R). 
Therefore, T CR = Q-Nin(T)C Q-Nin(R). 
(iv) Assume that T be a Q-NOS in a Q-NTS (Q,3). Now, Q-Nini(T) = U{Z: Z is a Q-NOS in (Q,3) and Z 
CT}. Since, Tis a Q-NOS in (Q,3), so Tis the largest Q-NOS, which is contained in T. Therefore, U{Z: 
Z is aQ-NOS in (Q,3) and Z cT} = T. This implies, Q-Nin(T) =T. 
(v) Assume that T be a Q-NCS in a Q-NTS (Q,3). Now, Q-Na(T) = A{Z: Zis a Q-NCS in (Q,3) and 
TcZ}. Since, Tis a Q-NCS in (Q,3), so Tis the smallest Q-NCS, which contains T. Therefore, M{Z: Z is 
a Q-NCGS in (Q,3) and TcZ} = T. This implies, Q-Ne(T) = T. 
Theorem 3.2. Let E be a quadripartitioned neutrosophic subset of a Q-NTS (Q,3). Then, 
(i) (Q-Nin(E))= Q-Na(E9); 
(ii) (Q-Na(E))'= Q-Nin(E9. 
Proof. (i) Suppose that (Q,3) be a Q-NTS and E={(w, Te(w), Ce(w), Ge(w), Fe(w)): weQ} be a 
quadripartitioned neutrosophic subset of Q. Now, Q-Nin(E)= U{Zi ieA and Zi is a Q-NOS in (Q,3) 
such that ZicE} = {(w, VTz,(w), VCz,(w), AGz,(w), AFz,(w)): w €Q}, where for all icA and Zi is a Q-NOS 
in (Q,3) such that ZicE. This implies, (Q-Nin(E))={(w, ATz,(w), ACz,(w), VGz,(w), VFz,(w)): w €Q}. 
Since, ATz,(w)<Tg(w), ACz,(w)SCe(w), VGz,(w)2Ge(w), VFz,(w)2Fe(w), for each icA and w €Q, so 
Q-Na(E*)= {(w, ATz,(w), ACz,(w), VGz,(w), VFz,(w)): we Q}} = O{Zi: ie A and Zi is a Q-NCS in (Q,3) such 
that E°cZi}. Therefore, (Q-Nint(E))°= Q-Na(E*). 
(ii) Suppose that (Q,3) be a Q-NTS and E={(w, Tz(w), Cz(w), Ge(w), Fe(w)): weQ} be a 
quadripartitioned neutrosophic subset of Q. Now, Q-Na(E)= A{Zi: ieA and Zi is a Q-NCS in (Q,3) 
such that Zi3>E}={(w, ATz,(w), ACz,(w), vGz,(w), VFz,(w)): we Q}, where for all icA and Zi is a Q-NCS in 
(Q,3) such that Zi > E. This implies, (Q-Na(E))={(w, vTz,(w), vCz,(w), AGz,(w), AFz,(w)): we Q}. Since, 
VTz,(W)2Tg(w), VCz,(w)2CE(w), AGz,(W)<Ge(w), AFz,(w)<Fe(w), for each icA and weQ, so Q-Nin(E*)= 
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{(wWVTz,(W),VCz,(W),AGz,(W),AFz,(w)): weQ}=V{Zi: ieA and Zi is a Q-NOS in (Q,3) such that Zic E’. 
Therefore, (Q-Ne(E))°= Q-Nin(E*). 

Definition 3.3. Suppose that (Q,3) be a Q-NTS. Then, a Q-NS W over Q is called a 

(i) quadripartitioned neutrosophic semi-open (Q-NSO) set iff Wc Q-Na(Q-Nin(W)); 

(ii) quadripartitioned neutrosophic pre-open (Q-NPO) set iff Wc Q-Nin(Q-Na(W)). 

The complement of Q-NSO sets and Q-NPO sets are called Q-NSC sets and Q-NPC sets respectively. 
Theorem 3.3. Suppose that (Q,3) be a Q-NTS. If W and M are two Q-NSO sets, then WUM is also a 
Q-NSO set. 

Proof. Suppose that (Q,3) be a Q-NTS. Let W, M be two Q-NSO sets in (Q,3). Therefore, 
WeQ-Na(Q-Nint(W)) (1) 
and McQ-Na(Q-Nint(M)) (2) 
From (1) and (2), we have 

WOMc Q-Na(Q-Nin((W))U Q-Na(Q-Nin(M)) = Q-Na(Q-Nin(W) VU Q-Nint(Y)) © Q-Ne(Q-Nin(W U M)). 
This implies, WUM ¢ Q-Na(Q-Nin(W U M)). Therefore, WLM is a Q-NSO set in (Q,3). 

Theorem 3.4. Suppose that (Q,3) be a Q-NTS. If Wis a Q-NOS, then W is also a Q-NSO set. 

Proof. Suppose that (Q,3) be a Q-NTS and W be a Q-NOS. Therefore, W=Q-Nini(W). It is known that 
WcQ-N:(W). This implies, WEQ-Ne(Q-Nin(W)). Therefore, W is a Q-NSO set. 

Theorem 3.5. Suppose that (Q,3) be a Q-NTS. If W and M are two Q-NPO sets, then WUM is also a 
Q-NPO set. 

Proof. Suppose that (Q,3) be a Q-NTS. Let W, M be two Q-NPO sets in (Q,3). Therefore, 

We Q-Nin(Q-Na(W)) (3) 
and Mc Q-Nin(Q-Na(M)) (4) 
From (3) and (4), we have, 

WM & Q-Nint(Q-Na(W))UQ-Nint(Q-Ne(M)) & Q-Nint(Q-Na(W)UQ-Na(M)) = Q-Nint(Q-Na(WUM)). 
This implies, WUMc Q-Nin(Q-Na(W U M)). Therefore, WLM is a Q-NPO set in (Q,3). 

Theorem 3.6. Assume that (0,3) be a Q-NTS. If W is a Q-NOS, then W is also a Q-NPO set. 

Proof. Suppose that (Q,3) be a Q-NTS and W be a Q-NOS in (Q,3). So W=Q-Nini(W). It is known that 
WcQ-Na(W). This implies, Q-Nin(W) C Q-Nin(Q-Ne(W)) i.e. W=Q-Nin(W) < Q-Nint(Q-Na(W)). Hence, 
We Q-Nint(Q-Nc(W)). Therefore, W is a Q-NPO set. 

Definition 3.4. Let us assume that (0,3) be a Q-NTS. Then W, a Q-NS over Q is called a 
quadripartitioned neutrosophic a-open (Q-Na-O) set if and only if WEQ-Nini(Q-Ne(Q-Nin(W))). 
Remark 3.3. (i) The complement of a Q-Na-O set is called a quadripartitioned neutrosophic a-closed 
(Q-Na-C) set. 

(ii) In a Q-NTS (Q,3), every Q-NOS is a Q-Na-O set. 

(iii) In a Q-NTS (Q,3), every Q-NCS is a Q-Na-C set. 

Theorem 3.7. In a Q-NTS (Q,3), 

(i) every Q-Na-O set is a Q-NPO set; 

(ii) every Q-Na-O set is a Q-NSO set. 

Proof. (i) Suppose that W be a Q-Na-O set in a Q-NTS (Q,3). Therefore, We Q-Nini(Q-Na(Q-Nin(W))). 
It is known that, Q-Nin(W)cW. This implies, Q-Na(Q-Nin(W))cQ-Na(W). Therefore, 
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Q-Nint(Q-Ne(Q-Nint (W)))CQ-Nin(Q-Na(W). This implies, WcQ-Nin(Q-Na(W). Therefore, W is a 
Q-NPO set. Hence, every Q-Na-O set is a Q-NPO set. 

(ii) Suppose that W be a Q-Na-O set in a Q-NTS (0,3). So, We Q-Nint(Q-Na(Q-Nin(W))). It is known 
that, Q-Nint(Q-Na(Q-Nin(W)))cQ-Ne(Q-Nin(W)). This implies, WCQ-Na(Q-Nin(W)). Therefore, W is a 
Q-NSO set. Hence, every Q-Na-O set is a Q-NSO set. 

Definition 3.5. Suppose that (Q,3) be a Q-NTS. Then W, a Q-NS over is called a quadripartitioned 
neutrosophic b-open (Q-N-b-O) set if and only if WcQ-Nin(Q-Na(W))VQ-Na(Q-Nin(W)). A 
quadripartitioned neutrosophic set W is called a quadripartitioned neutrosophic b-closed (Q-N-b-C) 
set if and only if W is a Q-N-b-O set. 

Remark 34. A QNS W over © is called a Q-N-b-C set if and only if 
Q-Nint(Q-Ne(W))AQ-Na(Q-Nin(W)) CW. 

Theorem 3.8. Suppose that (Q,3) be a Q-NTS. If W, M be two Q-N-D-O sets in (Q,3), then WUM is 
also a Q-N-b-O set. 

Proof. Suppose that (Q,3) be a Q-NTS. Let W, M be two Q-N-b-O sets in (Q,3). So 


We Q-Nini(Q-Ne(W)) U Q-Na(Q-Nin(W)), ) 
and Mc Q-Nint(Q-Ne(M)) U Q-Na(Q-Nint(M)). (6) 
We know that, We WUM and Mc WUM. This implies, 

Q-Ne(Q-Nin(W))& Q-Ne(Q-Nin(WUM)), (7) 
Q-Nin(Q-Na(W))< Q-Nin(Q-Ne(WUM)), (8) 
Q-Na(Q-Nin(M))< Q-Na(Q-Nin(WUM)), (9) 
Q-Nint(Q-Ne(M))< Q-Nint(Q-Na(WUM)). (10) 


From Eq. (5) and Eq. (6), we have, 
WOME Q-Na(Q-Nin(W)) UV Q-Nint(Q-Na(W)) U Q-Na(Q-Nin(M)) UV Q-Nin(Q-Na(M)) 
€ Q-Ne(Q-Nin(WUM)) VU Q-Nint(Q-Na(WOM)) UV Q-Na(Q-Nin(WOM)) VU Q-Nint(Q-Na(WOM)) 
[ by eqs (7), (8), (9), (10)] 
= Q-Ne(Q-Nint((WOM)) VU Q-Nint(Q-Na(WUM)). 

This implies, WOMc Q-Ne(Q-Nin(WOM)) VU Q-Nin(Q-Ne(WUM)). Hence, WUM is a Q-N-b-O set. 

Theorem 3.9. Suppose that (Q,3) be a Q-NTS. If W, M be two Q-N-b-C sets in (Q,3), then WOM is 

also a Q-N-D-C set. 

Proof. Suppose that (Q,3) be a Q-NTS. Let W, M be two Q-N-b-C sets in (Q,3). So, 


Q-Nin(Q-Na(W)) 0 Q-Na(Q-Nin(W)) ¢ W (11) 
and Q-Nint(Q-Ne(M)) A Q-Na(Q-Nin(M)) < M (12) 
We know that, WAOM&W and WAMEM. This implies, 

Q-Na(Q-Nint((WAM)) & Q-Na(Q-Nint(W)) (13) 
Q-Nint(Q-Na(WAM)) S Q-Nint(Q-Na(W)) (14) 
Q-Na(Q-Nin((WAM)) & Q-Na(Q-Nint(M)) (15) 
Q-Nint(Q-Nei(WAM)) & Q-Nin(Q-Na(M)) (16) 


From Eq. (11) and Eq. (12), we have 
WOM 2B Q-Ninit(Q-Ne(W)) A Q-Nei(Q-Nint(W)) A Q-Nint(Q-Ne(M)) A Q-Nai(Q-Nin(M)) 
D Q-Nint(Q-Ne(WAM)) A Q-Ne(Q-Nin(WAM)) A Q-Nini(Q-Nea(WAM)) A Q-Ne(Q-Nin(WAM)) 
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[ by using eqs. (13), (14), (15) & (16)] 
= Q-Nint(Q-Ne(WAM)) A Q-Na(Q-Nint(WaM)). 

This implies, WAM2 Q-Na(Q-Nin(WAM)) A Q-Nini(Q-Ne(WAM)). Hence, WAM is a Q-N-b-C set in 
(Q,3). 
Theorem 3.10. In a Q-NTS (Q,3), every Q-NPO set is a Q-N-b-O set. 
Proof. Let W be a Q-NPO set in a Q-NTS (9,3). So, WEQ-Nin(Q-Ne(W)). This implies, W 
<Q-Nint(Q-Ne(W)) U Q-Na(Q-Nin(W)). Therefore, W is a Q-N-b-O set. Hence, every Q-NPO set is a 
Q-N-b-O set. 
Theorem 3.11. In a Q-NTS (Q,3), every Q-NSO set is a Q-N-b-O set. 
Proof. Let W be a Q-NSO set in a Q-NTS (Q,3). Therefore, WEQ-Ne(Q-Nin(W)). This implies, W 
<Q-Nei(Q-Nint(W))UQ-Nin(Q-Na(W)). Therefore, W is a Q-N-b-O set. Hence, every Q-NSO set is a 
Q-N-b-O set. 


4. Conclusion: In this article, we introduce topology on Q-NSs. We study different types of open sets 
like Q-NPO set, Q-NSO set, Q-Na-O set, and Q-N-b-O set, etc. By defining Q-NPO set, Q-NSO set, 
Q-N-b-O set, and Q-Na-O set, we formulate some theorems, remarks on quadripartitioned 
neutrosophic topological space. Further, few illustrative examples are given. In the future, based on 
these notions and various open sets on Q-NTSs, many new investigations (compectness, 
para-compectness, conectedness, separation axioms) can be easily done. Also, the quadripartitioned 
neutrosophic topological operators can be used in the area of multi criteria decision making 


problems. 
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Abstract: If R(I) is a neutrosophic ring, then every subset of R(I) has the form M = P + SI, where P,S 
are subsets of the classical ring R. The objective of this paper is to determine the necessary and 
sufficient condition on classical subsets P and S which makes M an ideal in R(I). The main result is 
proving that every classical ideal in a neutrosophic ring must be an AH-ideal and determining the 
form of maximal and minimal ideals in R(I). Also, a similar discussion of the case of refined 


neutrosophic rings will be presented. 
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1. Introduction 

Neutrosophy is a generalized view on intuitionistic fuzzy logic, it is considered as a new 
generalization of fuzzy ideas. The concept of neutrosophic set was built over the idea of dividing 
logical degrees into truth, falsity, and indeterminacy. This concept has an interesting effect in the 
study of optimization [16], computer science [18,22], decision making [15], and medical studies 
[19,21]. More applications of neutrosophy in many areas can be found in [33,34,35,36,37]. 

In the field of pure mathematics, we find many applications such as neutrosophic spaces [9,11,30], 
modules [4], groups [26], and rings [3,28,29]. 

The concept of neutrosophic ring was proposed by Smarandache and Kandasamy in [24], where 
they defined neutrosophic ring, neutrosophic ideal and neutrosophic isomorphism. Recently, many 
interesting results about neutrosophic rings were discussed [1,,3,20,14]. 

A neutrosophic ideal is an ideal by classical meaning i.e. it is a subset N from R(J) with the following 
properties: (N,+) is a subgroup of (R(/),+), and r.x EN forallx € Nandr € R(J). 

AH-ideals are subsets N = P + QI, where P,Q are two classical ideals in the classical ring R [1]. 
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In [1], we find that AH-ideals are not supposed to be neutrosophic ideals, the converse is still 
unknown. A general study of AH-ideals and their relationships with Kothe's conjecture can be 
found in [31]. 

Through the first section of this paper, we present a characterization theorem of classical 
neutrosophic ideals in aneutrosophic ring R(I). We prove that each neutrosophic ideal must be an 
AH-ideal. In addition, we determine the necessary and sufficient condition for any subset M = P + 
SI to be a neutrosophic ideal only using classical properties of P and S. 

On the other hand, Agboola et.al presented a generalization of neutrosophic sets by splitting the 
degree of indeterminacy I into two degrees of indeterminacy I,,1, . This idea was used widely in 
algebra by studying refined neutrosophic rings [6,7], and n-refined neutrosophic rings and modules 
[12,13,25]. 

AH-ideals in refined neutrosophic rings were defined in [2], as subsets with form (P, Q1,,51,), where 
P,Q,S are classical ideals in the ring R. According to [2], refined neutrosophic AH-ideals are not 
supposed to be ideals by classical meaning. In the second section of this work, we prove a 
characterization theorem of refined neutrosophic subsets to be classical refined ideals by depending 
on classical properties of P,Q,S only. This theorem ensures that each refined neutrosophic classical 
ideal must be a refined neutrosophic AH-ideal. 

The main results of this work is to describe the structure of all non trivial maximal or minimal ideals 
in neutrosophic and refined neutrosophic rings. 

This work is an extension of efforts to classify maximal and minimal ideals in neutrosophic rings in 
[38]. 


All rings through this paper are considered with unity 1. 


Motivation 


Our motivation is to close an important research gap by determining all maximal and minimal ideals 


and their forms in neutrosophic rings, and refined neutrosophic rings. 


2.Preliminaries 


Definition 2.1: [24] 
Let R be a ring, I be the indeterminacy with property /* = / , then the neutrosophic ring is defined 


as follows: 


Mohammad Abobala, On The Characterization Of Maximal and Minimal Ideals In Several Neutrosophic Rings 


Neutrosophic Sets and Systems, Vol. 45, 2021 64 


RU) = {a + bl; a,b € R}. 

Neutrosophic ring can be considered as an extension of classical ring by adding an indeterminacy 
element to R. 

Definition 2.2 : [24] 

Let R(I) be a neutrosophic ring, it is called commutative if and only if xy = yxV x,y € R(/).. 
Definition 2.3: [24] 

Let R(1) be a neutrosophic ring, a non-empty subset P of R(I) is called a neutrosophic ideal if 

.)a) P is a neutrosophic subring of R(I( 

(b) rx € P for exeryx € Pandr € R(J). 

Definition 2.4: [1] 

Let R(1) be a neutrosophic ring and P = Py + Pyl = {ap + Ay]; Ay € Po, ay E Py}. 

(a)We say that P is an AH-ideal if Po, P, are ideals in the ring R. 

(b)We say that P is an AHS-ideal if Py = P,. 

(c) The AH-ideal P is called null if Po, Py € {R,0 }. 

Theorem 2.5: [1] 

Let R(1) be a neutrosophic ring and P = Py + P,I be an AH-ideal, then P is not a neutrosophic ideal 
in general by the classical meaning. 

Definition 2.6: [6] 

The element I can be split into two indeterminacies 1, ,/, with conditions: 

SL. = bbb Hb =k. 

Definition 2.7: [6] 

If X is a set then X(1,, 12) = {(a, bl,, clz):a,b,c € X } is called the refined neutrosophic set generated 
by X, lh. 

Definition 2.8: [2] 

Let (R,+,X) be a ring, (RU, 12) ,+,X) is called a 2-refined neutrosophic ring generated by R , Jj, In. 
Example 2.9: [6] 

The refined neutrosophic ring of integers is Z(1,,1,)={(a, bly, cl); a, b,c € Z}. 


Definition 2.10: [2] 
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Let (R(,,2),+,-) be a refined neutrosophic ring and Po, P;, P, be ideals in the ring R then the set 
P = (Po, Py ly, Pola) = {(a, bly, clz): a € Py, b € P,,c € Pz} is called a refined neutrosophic AH-ideal. 
If Po = P, = P, then P is called a refined neutrosophic AHS-ideal. 

3. Ideals in Neutrosophic rings 

Remark 3.1: 

Since every neutrosophic ring R(I) can be understood as RU) =R + RI = (a+ bl;a,b € R}, 

Then each subset of R(I) has the form M = P + SI; P,S are two subsets of R. We call P the real part, S 
the neutrosophic part of M. 

An important question arises here. This question is: 

When M is a neutrosophic ideal of R(I)?. In other words, what conditions on the real part P and 
neutrosophic part S which make M be an ideal?. 

The following theorem clarifies the necessary and sufficient condition to answer the previous 
question. 

Theorem 3.2: 

Let R(I) be a neutrosophic ring, M = P + SI be any subset of R(I), then 

M is a neutrosophic ideal if and only if the following conditions are true: 

(a) P is an ideal on R. 

(b) P is contained in S. 

(c) Sis an ideal of R. 

Proof: 

Firstly, we assume that (a),(b), and (c) are true, we have: 

(M,+) isasubgroup of (R(/), +), that is because if a+ bl,c + dl € M;a,c € P,b,d € S, we find 
(a+ bl) —(c+dlI) =(a-c)+(b-—dIE€Mja-—ceP,b-des.. 

Now, suppose that a+ bl €Mandr=m+nl € R(J), we have 

r.(a+bI) =m.a+I[m.b+n.b+n.a], by the assumption, we regard that m.b+n.b €S,andn.a€ 
P<S, thus r.(a+ bI) =m.a+I1[m.b+n.b+n.a] € P + SI = M, which means that M isa 


neutrosophic ideal of R(I). 
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Conversely, we suppose that M = P + SI is aneutrosophic ideal of R(I). Let a,c be two arbitrary 
elements in P, and b,d be two arbitrary elements in S, we have a + bl,c + dl € M, by using the 
assumption we have M as an ideal, hence (a + bI) — (c+ dI) = (a—c)+(b-d)IEM=P+SI, 
thus 

a—c€P,andb—deS, thus (P,+),(S, +) are two subgroups of (R, +). 

For every r € R,we haver=r+0l1 €R(1),andr.(at+ bl) =r.at+r.b1€M=P+SI, thus 
r.a€P,r.b €S, this means that P,S are ideals in the classical ring R. 

Now, we prove that P is contained in S. We have (1 — J) € R(), that is because R(I) has a unity 1. On 
the other hand, we can write (1 — /)(a + bI) = (a-—al) € M =P +SI, and that is because M is an 
ideal of R(I), hence —a € S, thus a € S, by regarding that a is an arbitrary element of P, we get that 
P<s. 

The previous theorem ensures that each ideal is an AH-ideal, since P,S are supposed to be classical 
ideals of R. 

Example 3.3: 

Let R =Z be the ring of integers, RU) = Z(/) = {a + bI; a,b € Z} be the corresponding 
neutrosophic ring, we have: 

(a) P=<2>,Q =<4>,S =< 3 >, are three ideals of R, with Q < P. 

(b) M=Q+PI = {4m + 2nl;m,n € Z} is an ideal of R(1). 

(c) N=P+SI = {2m + 3nl;m,n € Z} is not a neutrosophic ideal, that is because P is not contained 
inS. 

Example 3.4: 

Let R = Zg be the ring of integers modulo 8. RU) = {a + bI;.a,b € Zg}, be the corresponding 
neutrosophic ring. Consider the set M = {0,4,2I, 41, 61,4 + 21,4 + 61,4 + 41}. We have M as an ideal 
of R(I), that is because M =< 4>+4+<2>I]and<4><<2>. 

Theorem 3.5: 

The following theorem determines the form of maximal ideals in R(I). 

Let R(I) be aneutrosophic ring, M =P + SI bean _ ideal of R(I), then M is maximal if and only if P is 


maximal in R with S = R or M = R(J). 
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Proof: 
Suppose that M is maximal of R(I), let N =V + WI be any ideal of R(I) with the property M < N, 
then P < V and S < W, by the assumption of the maximality of M, we find that N = M or N = 
R(), this implies that 
(V = PwithW = R)or (VV = W =R), which means that P is maximal in R or P = R. On the other 
hand P <S and Pis maximal, thus S$ = P or S =R. Since P + SI < P + RI, hence the only non 
trivial maximal ideal is M = P + RI, with P as a maximal ideal in R. 
The converse is clear. 
Theorem 3.6: 
The following theorem describes minimal ideals in R(D). 
Let R(I) be a neutrosophic ring, M = P + SI bean_ ideal of R(1), then M is minimal if and only if S is 
minimal in R and P = {0}. 
Proof: 
Suppose that M is minimal of R(1), let N =V + WI be any ideal of R(I) with the property N < M, 
then V < P and W <5, by the assumption of the minimality of M, we find that N = M or N = {0}, 
this implies that 
(V = PwithW = S)or (W = N = {0}), which means that P,S are minimal in R. On the other hand 
P <S andSis minimal, thus S = P or P = {0}. Since SI is a sub-ideal of P+SI, hence P = {0}. 
The converse is clear. 
Remark 3.7: 
According to Theorem 5.1 and Theorem 6.1, we get a full description of the structure of maximal and 
minimal ideals in the neutrosophic ring R(I). 
(a) Non trivial Maximal ideals in R(I) has the form {P+RI}, where P is maximal in R. 
(b) Non trivial minimal ideals have the form {{0}+SI} where S is minimal in R. 
Example 3.8: 
Let Z(I) be the neutrosophic ring of integers, non trivial maximal ideals in Z(I) are 

{< p > +Z]}, where p is any prime number. 


4. Ideals in refined neutrosophic rings 
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Remark 4.1: 

Since every refined neutrosophic ring R(J;, /,) can be understood as R(y, 12) = (R, Rl, Rip) = 
{(a, bl,, clz); a,b,c € R}, 

Then each subset of R(,/,) has the form M = (P,QI,,SI,); P,Q,S are two subsets of R. 

An important question arises here. This question is: 

When M is a refined neutrosophic ideal of R(J,, I,)?. In other words, what conditions on P,Q,S 
which make M an ideal?. 

The following theorem clarifies the necessary and sufficient condition to answer the previous 
question. 

Theorem 4.2: 

Consider the following: 

R(,, 12) = {(a, bl, cl,); a,b,c € R} be a refined neutrosophic ring, M = (P,QI,,SI2) be a subset of 
Ry, 12) 

. Mis an ideal of R(/,,/,) if and only if 

(a) P,Q,S are ideals on R 

(b)P<S <Q. 

Proof: 

Suppose that M is an ideal, then we have for every a,m € Pand b,n€ Qandc,t ES, 

x =(a,bh,cl,), y = (m, nh, tl), are two elements of R(h, Ip). 
x-y=(a-m,[b—-n]l,,[c —t]l,) €M,thusa-—meEP,b—-n€Q,c-teE 

S,hence(P, +), (Q, +), (S, +) are subgroups of (R, +). 

For every r € R,we have (r,0,0) € RU, I,)and(r, 0,0). (a, bl, clz) = (r.a,r. bl,,r.cl,) € M, thus 
r.a€P,r.b€Q,r.c €S, thus P,Q,S are ideals of R. 

On the other hand, we have (1,0,—J/,) € RU, I,), thus (1,0, —I,). (a, bl,, cl,) = (a, 0, —al,) € 

M, hence —a € Sand P <5, that is because a is an arbitrary element in P. 

Also, (1,-,,0) € RU, I2), thus (1, -1,,0 ). (0, bly, clz) = (0, -cl,, cl) € M,hence —c EQandS <Q. 
That is because c is an arbitrary element in S. 


For the converse, we suppose that (a) and (b) are true, we have (M,+) asa subgroup of R(y,J2) . 
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Let r = (m,nl,,tl,) € RU, 1,)andx = (a, bl,,cl,) € M, we have 
r.x=(ma,[mb+natnb+nc+t.b]h,[m.c+t.a+t.c]l,), itis clear that 
mctt.cé€S,t.aeP<S,thusmat+t.at+t.ceéS. Also, 
mbt+nb+t.beQandnatncES<Q,thuumb+natnb+n.c+t.b € Q. This implies that 
r.x € M, hence M is an ideal. 
Example 4.3: 
Let Z(,,1,) be the refined neutrosophic ring of integers, we have 

(<8>,<2>1,<4>1,) = {(8a,2bI,, 4cl,); a,b,c € Z} is an ideal in Z(,,1,) . That is because 
<8><<4><<2>. 
Example 4.4: 
Let Z2o(I, 12) be the refined neutrosophic ring of integers modulo 20, we have 
(0,.<5>h,<10>1)= 
£(0,0,0), (0,51,, 0), (0,51, 10/,), (0,10/,, 0), (0,101,, 10/,), (0,151, 0), (0,151, 10/,), (0,0,10/5}. 
Theorem 4.5: 
Consider the following: 
Ri, 1) = {(a, bl, cl,); a,b,c € R} be a refined neutrosophic ring, M = (P, QI,,SI,) be any non 
trivial maximal ideal of R(, I.) 

M has the following form: 
(P, RI,, RI,). Where P is any maximal ideal of R. 
Proof: 
We assume that M is a maximal ideal, and N = (X,YI,, ZI,) is an ideal of RU,,1,) with M < N, hence 
M=NorN = R(,,I,), we have P= X,Q =Y,S =Z, or X =Y =Z =R. This implies that P,S,Q 
should be maximal; but we have that 
P<S<Q, hence (R = S,Q = R;P is maximal in R). 
The converse is clear. 
Theorem 4.6: 


Consider the following: 
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RC, 12) = {(a, bl, cl,); a,b,c € R} be a refined neutrosophic ring, M = (P,QI,,SI,) be any non 
trivial minimal ideal of R(h, Iz) 
M has the following form: 
(0, PI,, 0). Where P is any minimal ideal of R. 
Proof: 
The proof is similar to Theorem 5.2. 
Example 4.7: 
(a) Consider Zg(J,,/,) the refined neutrosophic ring of integers modulo 8, we have < 4 >= {0,4} is 


a minimal ideal of Z;. Hence (0,< 4 > ,,0) = {(0,0,0), (0,41,;,0)} isa minimal ideal of Zg(J;, Iz). 


(b) <2 >= {2,4, 6,0} is maximal in Zg . Hence (< 2 >,Zg1,,ZgIz) = {(a, bl,, cIz);a €< 2 > 
and b,c € Zg} is maximal in Zg(J4, Iz) 


4, Conclusions 

In this article, we have studied algebraic ideals in neutrosophic rings and refined neutrosophic rings, 
where we proved that every ideal in a neutrosophic or refined neutrosophic ring with unity must be 
an AH-ideal. Also, we have determined the structure of all maximal and minimal ideals in any 
neutrosophic ring and any refined neutrosophic ring with unity. In addition, many examples were 
built to clarify the validity of this work. 

As a future research direction, we aim to classify neutrosophic factors and refined neutrosophic 


factors. 
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Abstract: Entropy measure is an important tool in measuring uncertain information and plays a 
vital role in solving Multi Criteria Decision Making (MCDM). At present, various entropy measures 
in literature are developed to measure the degree of fuzziness. However, they could not be used to 
deal with interval neutrosophic vague set (INVS) environment. In this study, two kinds of entropy 
measures are proposed as the extension of the entropy measure of single valued neutrosophic set 
(SVNS). First, we construct the axiomatic definition of INVS and propose a new formula for the 
entropy measure of INVS. Based on this measure, we develop two multi criteria decision making 
methods. Subsequently, an illustrative example of investment problems under INVS is given to 
demonstrate the proposed entropy measures. Finally, a comparative analysis is presented to 
illustrate the rationality and effectiveness of the proposed entropy measures. 


Keywords: decision making ; fuzzy set theory; neutrosophic set theory; interval neutrosophic vague 
set theory; entropy measure; uncertainty. 


1. Introduction 


Different types of uncertainties arise in real life problems and many complex systems such as 
information fusion systems, medical diagnosis, decision making, and image processing. The issue of 
uncertainties in decision making recently become increasingly important since the appearance of 
classical mathematics. Hence, entropy measure notation has been introduced for measuring fuzzy 
information. Fuzziness, a characteristic of incomplete information, arises from the lack of crisp 
distinction between the elements belonging and not belonging to a set. Shanon and Weaver [1], [2] 
first proposed an entropy measure known as Shanon entropy. In 1968, Zadeh [3] extended the axiom 
of Shanon entropy to fuzzy entropy based on the fuzzy subset with respect to the concerned 
probability distribution. Later, Luca and Termimi [4] presented a formal definition of fuzzy entropy 
and defined several axioms. In addition, Sander [5] introduced Shanon fuzzy entropy measure and 
proved sharpness, valuation and general additivity and all properties of the fuzzy entropy. To 
investigate a more comprehensive entropy, Xie and Bedrosian [6] focused on the total fuzzy entropy. 
To counter the disadvantages of the total fuzzy entropy, Pal and Pal [7] introduced the objective 
measure in hybrid entropy used to get proper defuzzification of a certain fuzzy set. Shi and Yuan [8] 


suggested interval entropy, interval similarity measure, interval distance measure and interval 
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inclusion measure of fuzzy set. As for the intuitionistic fuzzy sets (IFS) and their generalization by 
Attanasov [9], Burillo and Bustince [10] developed an intuitionistic fuzzy entropy measure and 
defined an axiomatic definition. Szmidt and Kacprzyk [11] suggested a new entropy measure that is 
based on a geometric representation of the intuitionistic fuzzy sets (IFS). Wei et al. [12] proposed 
entropy measures for interval-valued intuitionistic fuzzy sets (IVIFSs) and applied them in the case 
study of pattern recognition. Garg [13] developed an entropy measure under IVIFSs and used the 
proposed measure in solving MCDM with unknown attribute weights. Meanwhile, Rashid et al. [14] 
constructed the concept of entropy measure distance based on IVIFSs. All the above related entropy 
researches were dealt with under uncertain and fuzzy information. However, fuzzy sets cannot be 
dealt with indeterministic and inconsistent information. 


Considering this limitation, Smarandache [15] proposed a neutrosophic set (NS) which is the three 
components of truth, indeterminacy, and falsity degrees and that can be denoted as T,LF 
respectively. NS is characterized independently and the ranges of functions T,I,F are in form of real 


standard and the nonstandard interval ia 0,1°[ which cannot be used in real applications. 


Therefore, Wang et al. [16] proposed single valued neutrosophic set (SVNS) where the truth- 
membership degree, indeterminacy-membership degree, and falsity-membership degree in form of 
real standard interval. Later, Wang [17] introduced interval neutrosophic set (INS) as an extension of 
SVNS whose values are interval rather than real numbers. Alkhazaleh [18], introduced a 
neutrosophic vague set (NV) by incorporating the features of SVNS and vague set [19]. Besides that, 
he also defined several operators for NV and proved related properties. NV has played a significant 
role in the uncertain information system. In certain NV sets, the degree of truth, falsity, and 
indeterminacy of a given statement cannot be strictly described in real-world contexts, but it is 
instead denoted by several possible interval values. To overcome this problem, Hashim et al. [20] 
introduced an interval neutrosophic vague set (INVS) by upgrading the membership functions in 
several interval membership degrees. The advantage of INVS is that it can deal with more uncertain 
information than NV on similar decision situations. In light of its significance, many scholars have 
worked to improve the concept of neutrosophic in decision making [21]-[28]. 


The recent rapid developments of NS and its generalization have heightened the need for measuring 
the fuzziness degree under NS setting. Therefore, Majumdar and Samanta [29] proposed the entropy 
and distance measures under SVNS. They defined the formula for entropy measure and proved 
related properties. Later, Wu et al. [30] suggested an entropy that overcomes the limitations in 
Majumdar and Samanta’s entropy. They suggested a better concept of complement of SVNS where 


AS ={F, (x),1-1, (x),T, (x)|x €X} instead of A = {(1-T, (x),1-1,(),1-F,(x))|x eX}. Later, Garg 


[31] suggested SVNS entropy of order a. For various parameter values, the suggested entropy is more 
stable and scalable. In addition, Abu Qamar and Hassan [32] proposed several entropy, distance, and 
similarity measures for Q-Neutrosophic soft sets and applied this measure in medical diagnosis and 
decision making problems. The ranking method used in this example is based on the smallest entropy 
value. In 2020, Thao and Smarandache [33], proposed a new entropy measure based similarity 
measure under SVNS. They claimed that the proposed entropy by Majumdar and Samanta did not 
satisfy the axiomatic definition where it contradicts with the value of entropy in[0,1]. Hence, they 
proposed two entropy measures based on the intuitionistic fuzzy set entropy. Ye and Du [34] 
established some distances, similarity, and entropy measures and studied its relationship. They also 
compared the proposed entropy measure with existing entropy measures. Aydogdu and Sahin [35] 
defined two entropy measures for SVNS and INS. Based on this measure, they proposed a decision 
making problems under SVNS and INS. Quek et al. [36] proposed a new formula for the entropy 
measure under plithogenic sets. Very recently, Ye [37] suggested entropy measures based on 
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trigonometric functions under simplified neutrosophic sets. In addition, he proposed a new ranking 
method of entropy values by considering positive and negative arguments. 


Entropy measure also is a well-known approach for generating the weight in MCDM. Biswas et al. 
[38] used entropy proposed by [29] to measure the weight of criteria and applied it in grey relational 
analysis (GRA). Also, Thao and Smarandache [39] proposed complex proportional assessment 
(COPRAS) with weight calculated based on the proposed entropy. Besides that, Barukab et al. [40] 
proposed entropy measure under spherical fuzzy information to calculate unknown weights 
information and applied it in the technique for order performance by similarity to ideal solution 
(TOPSIS) method. Ye [41] proposed entropy weights-based correlation coefficients of IVIFS and used 
it to solve decision making problems with unknown information on criteria weights. Until now, there 
is no entropy measures under the INVS environment. A summary of the previous researcher’s 
contribution is presented in Table 1. 


In this paper, we introduce the INVS entropy measure that is extended from the concept of SVNS 
entropy in [29], [33]. This measure will resolve the limitation of the entropy proposed by Majumdar 
and Samanta that has been claimed as invalid by Thao and Smarandache [33]. The illustration of the 
limitation in [29], [33] is discussed in Subsection 3.1 and 3.2. These are the motivations that driven us 
to investigate a more appropriate concept of entropy measure under the INVS environment. To do 
so, the rest of this paper is organized as follows: Section 2 presents the definition of INVS and its 
relation on INVS. In Section 3, we introduce two types of entropy of INVS, propose its formula and 
prove related properties. The illustrative example based on the proposed entropy of INVS and 
comparative analysis are presented in Section 4 and the conclusion is presented in Section 5. 


Table 1: Summary of contribution under neutrosophic environment 


Author Year | Set Contributions Gaps 

Majumdar 2014 | SVNS e Introduce similarity and | e Did not satisfy the 

and Samanta entropy of a axiomatic definition for 

[29] neutrosophic set the proposed entropy 

measure. 

Garg [31] 2016 | SVNS e =©Single-valued e Ranking methods of 
neutrosophic entropy of entropy values are not 
order a always reasonable 

e Consider the pair of 
their membership 
functions as well as 
hesitation degree 
between them. 

Wuet al. [30] | 2018 | SVNS e Introduce similarity e Did not consider the 
measure and cross- standard definition of 
entropy of single- a complement of 
valued neutrosophic SVNS 
sets 

Abu Qamar 2018 | Q- e Introduce entropy, e Ranking methods of 

and neutrosophic distance, and similarity entropy values are not 

Hassan[32] soft set measure always reasonable 
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Thao and 2019 | SVNS e Introduce entropy- e Ranking methods of 
Smarandache based similarity entropy values are not 
[33] measures of single always reasonable 
valued neutrosophic 
sets 


e A natural extension of 
the concept of entropy 
measure of fuzzy sets 


and IFS 
Quek et al. 2020 | Plithogenic e Introduce Entropy e This entropy is limited 
[36] sets Measures for Plithogenic when applied to the 
Sets Plithogenic set. Due to 
the complexity and 
novelty of Plitogenic 
sets. 
Ye [37] 2021 | Simplified e Entropy measures based | e Only considers the 
neutrosophic on trigonometric positive and negative 
sets functions arguments regarding 


the entropy values for 
different alternatives. 


2. Preliminaries 
In this section, we review some basic concepts related to INVS, which will be used in the rest of the 
paper. 
Definition 2.1:[20] Let X be auniverse discourse and anINVS A is written as follows: 

A= {x,[T (jt (x) |] Tk Cai (x) |, Fi (x), FY (x) >|x E x} (1) 
Whose truth membership, indeterminacy membership, and falsity membership functions are defined 


as: 
Ta (x) =[Th-, TH], Te (x)=[Te TY J, Te (x) =[1- 1 J, TY (x)= [11 | and 
EG)jo[P or | Bod=(P "| (2) 
The symbols L and U denote the lower and upper of the intervals in which 
To = 1-F', Fu = 1-T 
FY =1-T",T =1-F” 


and satisfying O<T HT +I 41° +F +P" <4 (3) 
O<T4+7T% +1 41% +F*4+F% <4 (4) 
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Definition 2.2 [20] Let A= fe [Ts (x),Ta (x), is (x),Ts (x) |] Fa (x),Fa (x) Pb € x| and 


B= fe [Ts (x),Ts OE (x),Is (x) } | Fo (x),Fe (x) Pl = x| be two INVSs. Then the relation of 
INVS is defined as follows: 


i. A=B ifandonlyif A=Bif Ty(x)=Ty(x),Ty (x)=Ty (x),Tk (x) =I5 (x) 
iin (x)=Tp (x), Fr (x)= (x) and Fy (x) =F) (oc) 
ii, AcCBifand only if Ty (x) < 4 i (x)/Ty (x) <TY (0), (x) aT, (x) 4 (x) > iba (x) 


Ft (x) > Fy (x) and Fy (x) > FY (x) 


B 


iii, = =AM(VU)B=C 


EQ) 0OGE SOUS) Ae sOGl ay aoa), 
1 (x) =| AYE A) VOY(Le TS) |) 1G) =[ VI) WOES) |, 


Fe (x)=[UO)(F-B), HOF B*) |e) =| V(r”) 


iv. AS 


(TY (x)=[4-Te 1-Te (Tey (x)= [1-11-72], 
(f) (x)= f1-na-r | (Py (x)=[a-1 1-12], 
(FY) (x)=[1-Fe.1-FY ],(F°) (x)=[1-Fo*,1-F2] 


3. The entropy of INVS 


In this section, we introduce two entropy to measure the fuzziness degree of INVS information. The 
entropy of INVS is defined by two formulas which are based on interval approximation and INVS 
entropy generalized from the existing entropy of SVNS by Majumdar and Samantha [29]. We first 
give the axiomatic definition of INVS entropy. 
The definition is derived to satisfy several conditions need in INVS entropy, as shown below: 

(i) The entropy will be null when the set is a crisp set, 

(ii) The entropy will be maximum if the set is completely INVS, 

(iii) The INVS entropy and its complement is equal, and 

(iv) If the degree of lower and upper approximation for truth membership, indeterminacy 

membership and falsity membership of each element decreases, the sum will do as well, 


and therefore this set becomes fuzzier and consequently the entropy should increase. 
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In light of the conditions stated above, the axiomatic definition of INVS entropy is defined as follows: 


Definition 3.1: Let INVS(X) be a set of all INVSs on (X) and E:INVS(X)->[0,1] satisfying all 


following properties: 
(EO) (Nonenegativity) O<E(A)<1 


(El) (Minimality) E(A)=0if A isa crisp set ie 
MPO Oe) =A (Tey te 6p Slt ee = 1005, 
Th) IN") ]=[0,0], [Fr E(x) |=[0,0], [Fr (Fe) ]=[0,0] or 


TG Ar 6g) = (0/0), (Tye). ) | [0:0] Tee) | =[ 00), 


Th) IN) ]=[0,0], [Fr Fr’ ,) ]=[11], [FoG).Fe@s,) ]=[11] for alll x, eX 
(E2) (Maximality) E(A)=1if Co 7G) |= [05,05], [Te eat &) 1S (05,05), 
[Be GTO) ]=[0.5,05], [TS 6180.) ]=[0-5,0.5 ], [Fo 0%), Fy 0s,) |= [05,05], 

[Fe (x), Fy" (x,) ]=[0.5,0.5] for all x, eX 

(E3) (Symmetric) E(A)=E(A‘) for all A €INVS(X), 

(E4) (Resolution) E(A)> E(B) if, i.e, 

TOO STG) Te ee eT), Teer 3 

P<) Fes eS &), 1S) 

FE(x,) < FE (,) -Fa* 0%) $ Fe"), 12 (,) <8"), FY") SFP" (,). 


INVS ) 


and entropy (E 


Now, we define the INVS entropy based on interval approximation (E age) 
generalized from SVNS entropy in Subsection 3.1 and 3.2. The notations and descriptions are used in 
the proposed entropy measures are presented in Table 2. The proposed entropy should satisfy the 


axiomatic Definition 3.1. 
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Table 2: Some notations and descriptions 


Notation Description 

xX, x Universal set, element of X 

T,LF Truth, indeterminacy and false membership functions 

eA (x),Te (x)| Truth interval valued with respect to upper bound and lower bound. 

Ty ( x) = reat | ae lower interval valued functions with respect to the beginning of 
interval and end of the interval. 

Ty (x)= cae aaa Truth upper interval valued functions with respect to the beginning of 
interval and end of the interval. 

T (x) = ie al Indeterminacy lower interval valued functions with respect to the 
beginning of interval and end of the interval. 

ihe (x) = Lear Indeterminacy upper interval valued functions with respect to the 
beginning of interval and end of the interval. 

Ft (x) = ee] Falsity lower interval valued functions with respect to the beginning of 
interval and end of the interval. 

FU (x)= [EE | Falsity lower interval valued functions with respect to the beginning of 
interval and end of the interval. 

X, Element set of criteria in the universe X 

Eig INVS entropy based on interval approximation 

ae INVS entropy generalized from SVNS entropy 


3.1. INVS entropy based on interval approximation 


In this subsection, a new concept of INVS entropy is generated from the entropy measure proposed 
by Thao and Smarandache [33]. This measure can deal only with SVNS set. Moreover, this entropy 
used the concept of natural extension of the concept of entropy measure of fuzzy sets and IFS. The 
SVNS entropy measure is defined as follows: 


a, |T, (x,)—0.5|+|F, (,)-0.5]+|1, (,)-0.5]+]1,..(x,)-0.5| 
i=l 2 


E(aj=i-* 
n 


By using this measure, we presented a new concept of the INVS entropy based on interval 
approximation denoted as E,,,, . The interval approximation represents the average possible 


membership degree of truth, indeterminate, and falsity of element x. Definition of INVS entropy 
measure is presented as follows: 


Definition 3.1.1: The entropy of the interval neutrosophic vague sets denoted as E,,..(A) and 
defined by 
1 n 
Ewnvs(A) =1- on > Eanes (A)(x;) 
TN i=1 


where 
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$ Eye (AN)= LEVEE CIT CTO gl |ACCQ HR C)+Bt)ROD)_ gd, 
Ty) HT AT DHCD) _ 9 of [ROD HT OO tT CDH OG) 

4 4 
for all i=1,2,...,n (6) 
Theorem 1. E,,,,<(A) as defined in Definition 3.1.1 is entropy for INVSs 


Now, we show that E,,.,(A) satisfies all properties given in Definition 3.1. 


AINVS 


Proof: 

(El) if Aisacrisp set then [Ty (x,), Ty’ (x;) ]=[11], [Ty (Tx) ]=[11], 

[Te ) Te) ]=[0,0], [TS & I &)]=[00], [FeO Fr ,)]=[0,0], 

[Ey OS VEL" Os) |= (0,0) er | TG) 1 &)]=[0,0], [Tee Fe) | =[00], 

Rvaes | =[0,0], ie (x,),10* (x,) | =[0,0], ac ) Fi*(x,) | = pRae [FL (, EX (x, )| =| 4,1] 


for all x, € Xwe have 


EA = 1414141 0.5| + 0+0+0+0 0.5|4 0+0+0+0 0.5| + 14+14+141 05/2 
4 4 4 
1 
It implies that, E,,y.(A)=1-——(2)=0 or 
2(1) 
Hi CAS o+040+0 og] sfPetetet ag|+fPr0e0+0 og] fete as|=2 


It implies that, E,.ys(A) =1- xD (2)=0 


Therefore, the INVS entropy will be null (E,,,,,(A) =0) when the set is a crisp set. 
(E2) [T(x Te(x,) ]=[0.5,0.5] [TE TY) ]=[05.0.5] , [Tex (,)]=[05,05] , 


[E&Y Os) |= [05,05], [FoG4) FO) |= [05,05] and [FY ,), Fr") ] =[0.5,0.5] 


E nv (A)(X;) = US ROSE OPOD, 26 ca Veet ore 8 pe, ler eee Ayala 
1 4 4 7 
perestor0s 05 ; 
4 
It implies that 


1 
Eynvs(A) =1- 3”) =1 


Therefore, the entropy will be maximum (E,,,(A)=1) if the set is completely INVS. 
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a, |(1-Ty&,))+(1-Te &))+(1- TH) +(1- TY &,)) 


1 
(E3) Exnys(A) =1 mee 4 0.5) + 
(1-FK*(x,))+(1- Fe (x,)) + (1- Fe" &,)) +(1- Fe &,)) sa, 
(1-Ti'(x,)) +(1-Tir (,)} + (1-1) + (1-1 &,)) eal 
(1-1 O4))+(I-T 00) + (ITO) +The 00) 

ri 
=e 4—(Ti(x)+ Ty OQ) + TS &)4+ Ty &)) 4—(FK(%,) +FA*(x,) +E (x,) +Fa()) sel 
2n 4 4 


4—(Ir(x,) +1) +10 &) +I*(x,)) 4—(I5(x,) +I (x,) +1¥2(x,) +I'"(x,)) 


0.5]+ 0.5 
4 4 
aie A— (Ty) + TK (0%) + TH) FTA (%,)) 0-54} [4 (EO) FEO) FER 06) +E (x,))- 0.5(4) 
+ + 
Ins 4 4 


A— (Th 0, ) + 1K (x) +10 ,) #12" (x,)) - 0.54) 
4 


4 -(1524) +16*(x,) +1°2(x,) +I°"(x,)) ~0.5(4) 
4 


+ 


2—(Th" +x (4) + Th) + Tr 04)) 
ie 
4 


2—(FK(x,) +Fi*(x,) +FA (x,) +Fa",)) 
- 
4 


2— (T(x) +152 0,) +102 (x,) +1220x,)) 
4 


sesh eo ool 
4 + 


FX (x,) + Fat (x,) + Fy (x) + Fy *(x,) 
4 


Ty (x) + Tx (%) + Ty (x) + TY (%,) 
4 


0.5}+ 


0.5}+ 


‘Lee 
aes 


N j=1 
- + = ay L- L+ U- U+ 
EC) PTD Ta OS) FTG 25) ae Ta EE OO) | oe AS 


4 4 


Therefore, INVS entropy and its complement is equal; E,.ijo(A) = Exiys(A*) for all Ae INVS(X) 


(E4) we have E,,.(A)2E,,.(B) if TY (x,)2Ty(%) , T(x) 2T3*(%,) » TY (%,)2Ty (Xs) , 
TOs 7k > i Cosel, Ce) s POs 4 Leos 6). Lek, ey 2 
FO) SE (x) FOOSE Ou SI) EOC) SE "Ga ior 56. EX 


Then we obtain the following relation: 
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2) Th (x) + Ti (x,) + TY (x) + TY*(x,) 05> [te O) +Ts' G4) +Ty Os) + TS" 0s) ie 
4 a 4 , 
b) Th (x,) +1 (x, ) +N (x, ) +10" (x,) 05| <i Otte )+1s G4) +15") ae 
4 4 
3 FO (x,) + Fa*(x,) + FU (x,) +F*(x,) 0.5| < [Fe Ou) +Fs Oa) +Fs 04) +Fs"04) fis 
4 4 
4) TeX) +) 0g) +0504) 0.5 < acd tha Oa) tT, Oa) +L. 05) ie 
4 = 4 , 


Combining a), b), c), and d) we obtain 


Ty (x) + Ty? (x) + TY (x) + TY (x,) FY (x,) + Fut (x,) +E (x,) + Fy *(x,) 


1 n 
Eamys(A) = 1 ee mn 0.5)+ ii 0.5] + 
I 
Te (x) +1 (x,) +1, (x,) +1" 04) _o5l4+ TOG) +1) +1°7(X;) _05|> 
4 4 id 
1-295 TO ed ad, OG) 0.5/4 BOG), Gc) OR 0g) 0.5|4 
2n 2 4 4 
Ik (x,) +1 (x,) +I3°(x,) +1)*(x,) T(x) +12 (%,) +10 (x) +1" (x,) 


0.5 


4 4 


05) 


Thatis E.nye(A) = Exmys(B) . Thus, the property (E4) is satisfied. 


The proof is completed. 

Apart from INVS based on interval approximation, we also have the INVS entropy based on SVNS 
entropy. This definition is given as follows. 

3.2. INVS entropy generalized from SVNS entropy 


In this subsection, we developed another approach to measure the degree of fuzziness of an INVS. It 
is generalized from SVNS entropy proposed by Majumdar and Samanta [29]. The SVNS entropy is 


defined as follows: 
1 n 
Ey (A) = ies I (x, )+F, (x, ) iit. (x, )-I,c (x,) 


The SVNS entropy meets the principle of entropy measure. But, Thao and Smarandache [29] claimed 


(7) 


in some conditions such as when A = {(x,0.8,0.0.7)} on X= {x} then we substitute in the SVNS 


entropy Exy,(A) =1- (0.8 +0.7)|0-1|=-0.5¢[0,1]. 


Therefore, to overcome this limitation we improved to 
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Ey (A) = 1-5 [t, (x,)+F, (x;) [Ila (x) Ine (%;)] -S0 we have, 


i=l 
Eya(A) = 1-5(08+0.7)/0-1| =0.75 [0,1]. 
For convenient and suitability of the INVS entropy, Equation 6 is simplified using the complement 
definition I. =1—I(x) as follows: 
1 n 
Engin (A) = eth (x,)+F,(x,)] | In (&:)- (1-14) | 


; : (8) 


=1-—9[T, (x) +F,(x)]| 21,(x,)-1| 


i=1 


Based on the SVNS entropy we generalized the entropy formula under the INVS environment. The 


INVS entropy based on SVNS entropy denoted as E,.,,(A) is defined as follows: 


Definition 3.2.1: An entropy E,,,(A) on interval neutrosophic vague sets is a function 


E: INVS(X) > [0, 1] satisfying given condition in Definition 3.1. Then 


1 n 
Envs(A) =1- 9 Y sEnvs(A)(,) 
D. j=1 


where 
u 2 Ty (x,)+ Th (x) FL (x,.) + Fr" (x, 7 . 
SE mvs(AMX;) = { at J a ue 2 Os) [Ex (x,) +1 JI) 
i=1 i=l 
U- U+ U- U+ 
[f Ty) Er ey+R op ogres 
for all i=1,2,...,n (9) 


Theorem 2. E,,,,(A) as specified in Definition 3.2.1 is entropy for INVS 
To show that E,.,,(A)is a valid measure, we must show that it satisfies the axioms mentioned in 
Definition 3.1. 


Proof 

(El) if Aisacrisp set then [Ty (x,), Ty’(x,)]=[11], [TY (Tx) ]=[11], 

[Te OE 4) ]=[0,0], [1 O18, ]=[0,0], [F&F @,) ]=[0,0], 

[Fee (x,) |= [0,0] or [Ty &,) Tx) ]=[0,0], [TY tx) Te) |= [0,0], 

[Beeg) EG) = [0/0] | T ee os) = (0,0: [Be Ggy Ee 04). |= ft), BO) Fe S(t] 


for all x, € Xwe have 
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|o+o-aj}+[[- 2-2 ovo-aj)-2 


It implies that, (a1 (0)-6 or 
|0+0 i]=2 


1+1 = 
2 


1+1 = 


Envs(A)(X;) = 


(1) 
|0+0 i} 


It implies that, E,..(A)=1- x) =0 


0+0 141 
2 


0+0 141 


Ennvs(A)(X;) = 


Therefore, the INVS entropy will be null (E,,,,,(A) =0) when the set is a crisp set. 


2) Gt Gey = (05.05), | Tet = [0505 ],. ea Ge) =(03,05 |, 
[EX & VIN, ]=[0.5,0.5], [FOF (x) |=[0.5,0.5] and [FY (x,),Fy'(x,)]=[0.5,0.5] for all 
x, €X 


0.5+0.5 “SS 0.5+0.5 a 
Frost AN) jpsvos i} 


2 


2 


\0.5+0.5— l}-0 


Itimplies that, E,,ys(A) =1 ee) =1 


2(1) 
Therefore, the entropy will be maximum (E,,,(A)=1) if the set is completely INVS. 
(E3) 
1 1—Th*(x,))+(1-Ty(x,)) (1 FR*(x,))+ (1 - F(x.) : : 
Enns (A) 1 2 ( ) ( ( 7 ) ( 2 ; (1 I (x,))+(1-Tk (x,))=I] 
n 2 2, 


(1-T*(x,))+(1-TY)) (1- FE") +(1- FE x,)) 
2 


5 (1-12 &%,)) +(1-12-(,) )-1| 


-Ty*(x,) -~Ty (x,) +Fi*(x,) + Fie) 
2 


2-Te &)-Tk 64) i} 


, 


2-2-Ty*(x,)- Ty (x,) + FY" («) +E (x,) 
2 


|2-1K"(,)-Ik() 


| 


-Ty*(x,)— Ty (x,) + Fy" (x,) + FY (x,) 
2 


[1-Ty 4) -T ) 


| h 
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2 


[L-T*) -Th &) 
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ail 


Te) + Ty (x,) —FY*(x,) —FY(x,) 
2 


te) + ToS —Fi*(x,) —Fi(x,) 
2 


I(x) vt5t4-1l}s 


| 


[ES FTE Ox) = 


1 
2n 


Ty" (x,) + TE (x,)-(Ex"(&,) +Fx (x,)) 
2 


1 


Tk’ (X,) +1 (%,) “| + 


(Te) + TY” &))—(Fx" &) +F )) 
2 


AN 04) +1 04) 1] = Eqys(A*) 


Therefore, INVS entropy and its complement is equal; E,,(A) = E,yo(A*) for all A « INVS(X) 
(E4) we have E,,.(A)2E,,.(B) if TY(x)2T, (%) . Ta(x)2T)(%,) » Ty %,)2Ty () , 
TT, Gee Ose Teel Ge). + Te ere 4 eo Se. ee Gey s 


FOOSE) FOS EG) RSE) BO Oc ySE & jor %.eX-s 
Then we obtain the following relation: 


Ty (x) + T(x) F(x) +FA*(x,) 
2 2 


Feely 0G) Bo) eB ee) 
2. 2 


a) > 


y 


Ty 4) + TA") _ FA 4) +E") 
2 2 


Ty (X)+T3"%) Fe (%) + Fe &,) 
2 2 


> 


b) |G) +x) -1] se) +15) - 1] 
IX) +N) 1] < [IB +150) -1] 

Combining a) and b) 

ee Th(x,)+TE*(x,) FE-(x,) + FE*(x,) 
oe A A A A 

nia 2 2 
{Ta Ou) + T7055) Fx 04) +x" 04) 

2 2 

1 n 
{—-— 

| 


pee FL" (x,) + FE*(x,) 


2 2 
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; Ik G+ Tk’ () a 1 


: IX &, )+ T,*@)- i} Ps 


Ty %)+T3°04) 5764) +5 "4) 
2 2 


; I &,) + Th’ (x) i +: 


Het] 
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That is E,y.(A) 2 E,,,(B). Thus, the property (E4) is satisfied. 


The proof is completed. 
The proposed entropy is further embedded into a MCDM. 


4. MCDM problem based on proposed entropy 


In this section, the proposed entropy measures are applied in MCDM problems. Measuring 
uncertainty is important in decision making problems, the DMs will obtain significant preference and 
priority to avoid losing out in the selection process. Based on the proposed entropy measures, when 
the entropy value is smaller, then DMs can provide more valuable knowledge from this alternative. 


As a result, the alternative with the lowest entropy value should be considered as a priority. 


Consider the set of different alternatives denoted as A= {A, AS jig A,,} and set of criteria is denoted 
by C= car aleve Sey in INVS environment and the algorithm to evaluate the best alternative is 


presented as follows: 
Step 1: Construction of decision making matrix 


Organize each A, alternatives under criteria C, according to the DM’s preferences in the form of 
INVS environment as follows 
= = L- pL+ U- pu+ L- 7L+ U- 7U+ L- pLl+ U- pU+ 
D=(%,) wheres, = Te | (ay ot Pao bile ie ee ee oe 
OST +7 +I +I +F4+Fo <4 and OST4+T 441% +R +E <4. 


ee | represents the degree that alternative A, relatively satisfies the criteria C ; ee 


represents the degree that alternative A, absolutely satisfies the criteria C f ea | represents 

the degree relatively indeterminant the criteria C., ae represents the degree absolutely 
J y y 

indeterminant the criteria C,, ve | represents the degree that alternative A, relatively 

doesn’t satisfies the criteria C, and HEE Ee | represents the degree that alternative A, absolutely 


doesn’t satisfies the criteria CG . Therefore, a decision matrix D is arranged as follows: 


S SS C, 
A, 11 12 In 
A x x x 
2 21 22 2: 
D=( ) = : n 
y mxn bd 
A x x x 
m ml m2 mn 


Where xyis xy =f Ty"} [mae J} La ay ae eae La] 
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Step 2: Transform the INVS decision matrix D = (x,) into the normalized INVS decision matrix 


denoted as D= (x, la where 


~ _|xyvjeB 
Key (10) 
x JEC 


xi = {1-Ty.1-Ty |[a-Te 1-1 |} [a-nea-y |.[1-1y.1-1)" }[a-Be 1-8 ,[1-Fe1-FP J} 


is complement of x, ={[T}-,Ty* |, Ty -Ty” }. [Uy Uy [te ay” |} Bee | BPR i 


Step 3: Calculate the entropy 


1 n 
Emys(A) 15 DE awvs(A)%) (11) 
or 
1 n 
Envs(A) = 15 DE wvs( AV) (12) 


Step 4: Select the best option A, for i=1,2,...,m based on smallest entropy. 


4.1. Illustrative example 


In this section, the proposed entropy measure is applied to the case study of investment decisions 
adapted from [31]. There is a DM with four potential investment options namely A, is a food 


company, A, isatransportcompany, A, isanelectroniccompany,and A, isa tire company. The 


2 3 


DM makes a choice based on three criteria, C, is growth analysis, C, is risk analysis, C, is an 
environment impact analysis. We begin by using the INVS entropy based on interval approximation 
(E 


AINVS ) : 


Method 1: Using INVS entropy based on interval approximation (E 


Ge) 
Step 1: The linguistic evaluation consists of A={A,,A,,A,,A,} with respect to criteria 
C S10 .CG. are obtained from the expert evaluation. The INVS decision matrix denoted as 


D= (x,) is represented as follows: 
y mxn 


Hazwani Hashim, Lazim Abdullah, Ashraf Al-Quran, Azzah Awang, Entropy Measure for Interval Neutrosophic Vague Sets 
and Their Application in Decision Making 


Neutrosophic Sets and Systems, Vol. 45, 2021 89 


C c CG 
A, | 0.5,0.7 ],[ 0.6, 0.8 | [0.5,0.6 |,| 0.4,0.9 | | 0.7,0.8 |,] 0.5,0.8 | 
[ 0.2,0.3 ],| 0.3, 0.4 | [ 0.1,0.2 ],[ 0.3,0.4 | [ 0.1,0.2 ],| 0.3,0.4 | 
[0.3,0.5 ],[ 0.2, 0.4 | | 0.4,0.5 |, | 0.1,0.6 | [0.2,0.3 ],| 0.2,0.5 | 
A, | 0.4,0.7 |,] 0.6,0.9 | [ 0.3,0.6 ],[ 0.10.5 | | 0.6,0.7 |,] 0.5,0.9 | 
| 0.2,0.3 |, 0.4,0.5 | | 0.2,0.4 |,[ 0.4,0.5 | | 0.3,0.4 |, 0.4,0.5 | 
| 0.3,0.6 |, | 0.1,0.4 | [0.4,0.7 |,] 0.5,0.9 | [0.3,0.4 ],[0.1,0.5 | 
A, [0.4,0.9 ],[ 0.7,0.9 | | 0.5,0.7 |,[ 0.5,0.9 | [ 0.5,0.6 |, 0.4,0.7 | 
[0.3,0.4 ],| 0.4,0.5 | [ 0.1,0.2 ],[ 0.2,0.3 | | 0.1,0.2 ],[ 0.2,0.3 | 
[ 0.1,0.6 |, | 0.1,0.3 | [ 0.3,0.5 ],[ 0.1,0.5 | | 0.4,0.5 |,[ 0.3, 0.6 | 
A, | 0.6,0.8 |, 0.5,0.9 | [ 0.2,0.5 |,[ 0.1,0.4 | | 0.4,0.8 |,[ 0.5,0.9 | 
[ 0.1,0.2 },[ 0.3,0.5 | [0.2,0.3 |, | 0.3,0.4 | [0.3,0.4 |, | 0.4,0.5 | 
[ 0.2,0.4 |,[ 0.1,0.5 | | 0.5,0.6 |,[ 0.6,0.9 | [ 0.2,0.6 |,[ 0.1,0.5 | 


Step 2: since the criteria C, is the benefit criteriaand C,, C, are cost criteria, so the INVS decision 


matrix is transformed into the normalized INVS decision matrix using Equation 10. 


CG c GC, 

A, | 0.3,0.5 ],[ 0.2,0.4 | | 0.5,0.6 |,[ 0.4,0.9 | [ 0.7,0.8 |,| 0.5, 0.8 | 
| 0.7,0.8 |,| 0.6,0.7 | [ 0.1,0.2 ],[ 0.3,0.4 | [0.10.2 ],[ 0.3,0.4 | 
| 0.5,0.7 ],[ 0.6,0.8 | | 0.4,0.5 |, | 0.1,0.6 | [0.2,0.3 ],| 0.2,0.5 | 

A, | 0.3,0.6 |,[ 0.1,0.4 | | 0.3,0.6 |,[ 0.1,0.5 | [ 0.6,0.7 |,[0.5,0.9 | 
| 0.7,0.8 |,] 0.5,0.6 | [ 0.2,0.4 ],[ 0.4,0.5 | [ 0.3,0.4 ],| 0.4,0.5 | 
[ 0.4,0.7 |,[0.6,0.9 | [0.4,0.7 |,[0.5,0.9 | | 0.3,0.4 |, 0.1,0.5 | 

A, [ 0.1,0.6 |, | 0.1,0.3 | [ 0.5,0.7 |,[ 0.5,0.9 | [ 0.5,0.6 |,[ 0.4,0.7 | 
| 0.6,0.7 |,] 0.5,0.6 | [0.1,0.2 ],[ 0.2,0.3 | | 0.1,0.2 ],[ 0.2,0.3 | 
[0.4,0.9 ],[ 0.7,0.9 | | 0.3,0.5 ],[ 0.1,0.5 | | 0.4,0.5 |,[ 0.3, 0.6 | 

A, [ 0.2,0.4 |,[ 0.1,0.5 | [ 0.2,0.5 |,[ 0.1,0.4 | | 0.4,0.8 |,[ 0.5,0.9 | 
[ 0.8,0.9 ],| 0.5,0.7 | [ 0.2,0.3 |, | 0.3,0.4 | [ 0.3,0.4 ],|0.4,0.5 | 
| 0.6,0.8 |,[ 0.5,0.9 | | 0.5,0.6 |,[ 0.6,0.9 | [ 0.2,0.6 |,[ 0.1,0.5 | 


Step 3: Calculate the aggregated entropy measure for all the alternative A= {A,,A,,A,,A i 


By equation 11, we calculate for i=1,j=1, then 


_ |0.3+0.5+0.2+0.4 0.5|4 0.5+0.7 +0.6+0.8 0.5|4 0.7 +0.8 + 0.6 +0.7 05 
4 4 
1ozsoe sooo 03 aie 
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Therefore; 


3 

Ay: bane (A) =0.7+0.7+0.9=2.3 and E,.,.(A)=1- =(23) =0.6167 and the rest of entropy 
i=l 

measure for A,,A,,A,are calculated similarly and presented as follows: 


A, =0.7250,A, = 0.6250,A, = 0.65 


Step 4: Based on the smallest entropy values, we conclude that the ranking of given alternatives is as 


follows: 


A, <A,<A,<A, 
Since A, is the less uncertainty information. Therefore, the best option to invest is in a food company. 


Method 2: Using INVS entropy generalized based on SVNS entropy (E ae) : 


Step 1: Similar to Step 1 of Method 1. 
Step 2: Similar to Step 2 of Method 1. 


Step 3: Calculate the aggregated entropy measure for all the alternative A= {A,,A,,A,,A } 


By equation 12, we calculate for i=1,j=1, then 


-{(Pes%2 25107107 +08 )} (Pas 26208 io6s07 )}} 0.22. Hence 


2 2 


A 


1c 


3 
STE yys(A) = 0.224 0.16+0.44=0.82 and E,,.(A)=1- =(0-82) = 0.8633 and the rest of 
i=l 
entropy measure for A,,A,,A, are calculated similarly and presented as follows: 


A, = 0.9463, A, = 0.8983, A, = 0.8817 


Step 4: Based on the smallest entropy values, we conclude that the ranking of given alternatives is as 


follows: 


Since A, is the less uncertainty information, we conclude that the ranking of given alternatives is as 


follows: 


A, <A,<A,~<A, 


Since the smallest entropy value is A, . Therefore, the best option to invest is in a food company. 
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According to the findings, investing in a food company is the best option based on the proposed 
entropy. Both entropy measure produce different fuzziness degree but the ranking of alternatives is 
similar which could assist DMs to choose the best alternative. The ranking of four alternatives using 


proposed entropy measures is presented in Figure 1. 


w 
v 0.8 
o 
To 0.6 
wn 
o 
c 0.4 
N 
3S 0.2 
LL 

0 

Al A2 A3 A4 


Alternatives 


mEIP_INVS mE_INVS 


Figure 1: Ranking of the four alternatives using (E nied and (Ene) 


4.2. Comparison analysis and discussion 


Based on the illustrative example in [31] and the computational procedures in section 4, the 
proposed entropy measures are compared with two existing entropy measures under the INVS 
environment. The proposed entropy measures are denoted as E,,,, and E,,,,are based on interval 


approximation and existing SVNS entropy, respectively. The existing entropy measures by 
Majumdar and Samanta E,,,,[29], and entropy measures by Ali E, [35] are incorporated in this 


comparative analysis. Table 1 represents the ranking results based on entropy values. 


Table 3: The comparison with other entropy measures 


Entropy measure Aggregated entropy measure Ranking 
A, (i=1,2,3,4) 
Proposed entropy Exays A, =0.6167, A, =0.6250 A, <A, <A, <A, 
A, =0.7250, A, = 0.65 
Proposed entropy E,uy< A, =0.863, A, =0.9463 By tPy A Bg By 
A, = 0.8983, A, =0.8817 
Entropy E,,,,[33] A, =0.7267 , A, =0.8967 A, ~<A, <A, A, 
A, =0.7967, A, = 0.7633 
Entropy E, [35] A, = 0.4474, A, = 0.5690 A,<A,<A,<A, 
A, = 0.4567, A, = 0.4860 
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The following conclusions are drawn from a comparison of different entropy measures: 


e = The ranking result of our proposed entropy is almost consistent with the existing entropy in 
the literature. The smallest entropy value is A, meanwhile the largest entropy value is A, 


e The entropy measures show a similar ranking of alternatives with different fuzziness degree. 

e The proposed entropy measures are reliable in measuring the degree of fuzziness in terms of 
the INVS data set. 

e The fuzziness degree in the proposed entropy measures may assist DMs to choose the most 
significant alternative based on the lowest fuzziness degree. 

e The new entropy measures resolve the arguments claimed by Thao and Smarandache [33] 
towards the entropy measures proposed by Majumdar and Samanta. 

e The suggested entropy measure can address the same decision making problem as existing 
entropy measures. 

e The proposed entropy measures can take into account the incompleteness and vagueness 
environments and may assist to better understand the degree of fuzziness in terms of the 
INVS data set. 


5. Conclusions 


In this paper, we have presented two entropy measures of INVS and some desirable properties 
corresponding to these entropies including nonnegativity, minimality, maximality, symmetric and 
resolution have been proved. Based on the extension of SVNS entropy, we define the concept of INVS 
entropy by including some improvements. Specifically, the improved entropy measures resolve the 
arguments claimed in [33]. In addition, this entropy measures can measure the degree of fuzziness in 
terms of INVS environment. Then, the proposed entropies are applied ina MCDM problem, in which 
the alternatives on criteria are represented in the INVS environment. Subsequently, an illustrative 
example was presented to illustrate the application of the proposed MCDM. Finally, a comparative 
analysis with other entropy measures is presented. 

The advantages of proposed entropy are in form of INVS where truth, indeterminacy, and falsity 
are defined by several membership degree and also complement the NV and INS in representing 
uncertain, indeterminate, and inconsistent information. The result shows that the proposed entropy 
measures are reliable in measuring the degree of fuzziness. Measuring uncertainty information is 
important in decision making, the least value of fuzziness degree will assist DMs to make effective 
decisions to prevent loss. The suggested entropy measures may be used to assess uncertainty 
information in other decision making problems such as selection of renewable energy, waste water 
treatment, and supplier selection. The limitation of the study is the idea to generalize entropy 
measure may be utilized for the interval concept only. 

In the future, the proposed entropy measures can be extended further based on exponential 
entropy, symmetric entropy, and trigonometric functions. Under the INVS environment, we shall 
propose other information measures such as similarity and cross-entropy. Besides that, the proposed 
entropy measures may be used to measure the weight of criteria and DMs in MCDM. 
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Abstract: The present work collects a plethora of previous research work in the field of multimodal 
fusion which despite a lot of research could not handle the imperfections. These imperfections could 
be at any stage initiating from the imperfections in data and its sources to imperfections in fusion 
strategies. Further, the work explores various applications of Neutrosophy in the field of handling 
imperfections along with description of previous work in this regard. These applications include the 
one which addresses the notion of imperfection and uncertainty among multimodal data which is 
being collected for fusion. In this way, the present work tries to incorporate neutrosophic logic and 
its applications in the field of computer vision including multimodal data fusion and information 
systems. It is assumed that if the notion of uncertainty is included in multimodal research, the 
development of newer algorithms for solving the problems of imperfections in multimodal systems 


will provide impetus to the existing research in this field. 


Keywords: Multimodal Data; Multimodal Fusion; Imperfections; Fuzzy Logic; Neutrosophic Logic; 
Machine Learning. 


1. Introduction 


The present world is witnessing a change where the user is not only a consumer of information 
but a great producer of it. Earlier website owners were the main source of information production 
but in the current scenario, the social web has taken its position. This rapid development in the field 
of the web is termed Web 2.0. The repositories of multimedia content (Flicker, YouTube, Picasa and 
Twitter etc.) over the web is increasing at a faster pace than ever before. This plethora of content over 
the web as well as on personal computers has raised the issue of its effective storage, organization, 
indexing and retrieval. This multimedia content (image or video) has a multimodal (visual, textual) 
nature. These multimodalities are of utmost importance since the information conveyed by pixels 
covers only visual content which is totally different from tag information. These modalities must be 
combined in such a way that it gives more of the information needed on time. In order to combine 
the above-mentioned modalities it is important to consider the process of information fusion. This 
process at the initial level is carried forward in different ways. These may be data fusion (low level), 
feature fusion (intermediate level) and decision fusion (high level). When multiple sources of raw 


data are combined in such a way that the new source is more informative and synthetic than the 
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previous two, it is called data fusion. Feature fusion combines features extracted from different 
sources into a single stand-alone feature vector. Decision fusion is clearly based on classifiers when 
aid in giving unbiased and accurate results. One of the main characteristics of the fusion process is 
imperfection as explained by Bloch [2001]. These imperfections are the main reason for the fusion 
process to be carried out more effectively [22]. These imperfections could mainly be imprecision, 
uncertainty and incompleteness. These imperfections occur at a different level of fusion. In this paper 
we have reviewed work on multimodal fusion, also we have reviewed work on neutrosophic 
technologies which could be employed in the field of multimodal fusion and systems. The following 


figure shows the workflow: 


. Study & 
Filter : 
Analysis 
== Sorted Papers — ey 
Multimodal ae | 
Repositories Fusion 


Classification based on 
handling of imperfections 


Filter 


_— Applicationof = 


Implementation of 
: ; Review of Previous 
Neutrosophic Logic in 


Work Done 


Various Research 


Figure 1 Block diagram for the process of research being adopted in the present manuscript 


1.1 Background: 


Multimodal fusion has been attaining exponential attention in multimodal information access 
and retrieval tasks and this has been well studied by Kludas and Marchand-Maillet [2011]; 
Souvannavong et al. [2005]; Marchand-Maillet et al. [2010] and Niaz and M’erialdo [2013] [23-26]. 
The facts related to this can be found in the study done by Atrey et al. [2010] [27]. The imperfections 
in textual modality are partially considered in the context of multimodal systems. Most of the state- 
of-the-art approaches which address the notion of textual imperfections always do so using relevancy 
e.g. imperfections in tags. The incompleteness issue has been well identified in the literature by Liu 
et al. [2009]; Tang et al. [2009] [28-29]; Wang et al. [2010] [40] but work on imprecision and uncertainty 
is left far behind e.g. noisy tags. Imperfection in different modalities has been studied by Bloch [2003] 
[41]. Though various research work has been done in the field of multimodal fusion but very little 
has focused on handling imperfections. Handling imperfections does not appear their primary goal 
while performing multimodal fusion tasks. Below Table 1 shows the work in above-mentioned field 


using different principles by various researchers around the globe. 
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Table 1 A Summary of the state-of-the-art approaches for Multimodal Fusion 
S No. Work Principle Handling 
Imperfections 
1. Romberg et al. Probabilistic latent semantic analysis on tags co- No 
(2012) occurrence matrix. 

2. Zhang et al.(2012) Semantic BOW based on the Tag-to-Tag similarity The 
incomplete 
data problem. 

3. Xioufis et al. (2011) Binary BOW representation with feature selection No 

4. Kawanabe etal. (2011) Binary BOW representing the presence/absence of The 

tags with random walks over tags. incomplete 
data problem. 

5. Guillaumin et al. Binary BOW representation representing the No 

(2010) presence/absence of tags. 
6. Liu et al. (2013) Histogram of Textual Concepts based on the Tag- The 
to-Concept similarity incomplete 
data problem. 
7. Nagel et al. (2011) BOW based on the tf-idf values of tags. No 
8. Liet al. (2010) Compare Tag and annotation concepts expansion No 
vectors. 

9. Gao et al. (2010) Probability based on the tag-concept co- No 

occurrence. 

10. Wang et al. (2010) Semantic Fields based on the tag-concept co- No 

occurrence. 

11. S, Poria et al. (2015) Aggregate semantic and affective information No 

associated with data 

12. §, Poria et al. (2015) Decision level data fusion No 

13. S, Poria et al. (2016) Deep neural network & multiple kernel learning No 

classifier 

14. Minghai Chen et al. — Modality fusion at word level No 

(2017) 
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15. Kyung-Min Kim et al. Residual learning fusion No 
(2018) 


16. Feiran Huang et al. internal correlation among features (textual & No 


2019 visual)for joint sentiment classification 


Above mentioned approaches whether related to early fusion, late fusion or transmedia fusion, do 
not tackle the problem of imperfections at the feature level. Now after defining the imperfections or 
uncertainties at various levels of fusion, let us understand from Table 2 what are the terms being used 


to describe these data/information imperfections by prominent researchers in their work. 


Table 2 A summary of terms used to describe tag imperfections in Multimodal Fusion 


S No. Work Imperfections terms used 
1. Jin et al. (2005) Noisy 
2. Weinberger et al. (2008) Ambiguous 
3. Xu et al. (2009) Ambiguous 
4. Wang et al. (2010) Incomplete, Ambiguous 
5. Liu et al. (2009) Incomplete, Imprecise, Noisy 
6. Kennedy et al. (2009) Unreliable, Noisy 
7. Tang et al. (2009) Incorrect, Noisy, Incomplete 
8. Liu et al. (2010) Incomplete, Biased, Incorrect 
9. Zhu et al. (2010) Noisy 
10. Yang et al. (2011) Ambiguous, Noisy 
11. Wuet al. (2012) Inconsistent, Noisy, Incomplete, 
Unreliable 
12. Valentin Vielzeuf et al. (2017) Noisy 
13. Natalia Neverova et al. (2014) Uncertain, Noisy 
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14. A. Tamrakar (2012) Noisy 
15. Kyung-Min Kim et al. (2018) Ambiguous 
16. Feiran Huanet al. (2019) Inconsistent, Noisy, Incomplete, 
Tz Yagya Raj Pandeya and Joonwhoan Lee Lack of labelling 
(2019) 


The motivation behind carrying out present work is the negligence of research community 
towards addressing the problem of imprecision in data, which is used in designing multimodal 
systems. This imprecision arises due to dependence of classifiers on incomplete and uncertain data 
that leads to an imprecise decision function. This also happens when scores produced by different 
classifiers are combined, fusion faces the problem of imperfection. These imperfections could lead to 
imperfections in machine learning algorithms at the decision level. To achieve our goal we have 
described various work done by researchers in multimodal fusion at each stage i.e. early fusion, late 
fusion and transmedia fusion. We have also explained the terms that are used for showing 
imperfections and imprecision in data by various researchers. Further, we have explained the 
neutrosophic theory which provides a way to deal with uncertainty, imprecision and imperfections, 
with a detailed description of work carried out using this theory to address the imperfections at 
various levels. Our aim is to acknowledge the problem of uncertainty and imprecision in multimodal 
fusion tasks and introduce new researchers working in the concerned field to the notion of 
Neutrosophy and its applications in handling imperfections in multimodal fusion. 

The taxonomy of research challenges and opportunities in multimodal fusion together with 
potential research challenges are summarized and highlighted in this article. The main objectives of 
this work include: 

>» To identify the problem of imperfections in multimodal fusion. Interpreting existing research 

conducted in this domain. 


> To interpret current studies conducted in this area of research. 


Vv 


To identify a research gap in the field that needs to be further investigated by the researchers 
in the field. 

> To identify and introduce new researchers with the concept of neutrosophy and its 

applications in multimodal fusion. 

> To identify roadmap that requires investigation in future by concerned researchers in the field 

of multimodal information systems. 

The rest of the paper is divided into five sections, Section 2 explains research conducted in the 
field of multimodal fusion, including early fusion, late fusion and transmedia fusion. It also explains 
the problem of imperfection encountered in multimodal fusion. Section 3 introduces new researchers 
working in the field of multimodal information access and retrieval with the concept called 


Neutrosophy. It also describes the current research conducted in the field of neutrosophy which 
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could be employed in multimodal systems for handling imperfections. Section 4 summarizes and 
highlights the future research roadmap to multimodal fusion using Neutrosophy. Section 5 concludes 


the work. 


2. Taxonomy of open issues and challenges in multimodal fusion approaches: 


Multimodal fusion is one of the important steps in multimodal information access and retrieval. 
The accuracy of the framework depends on fusion strategies being adopted. Researchers dealing with 
multimodal fusion mainly use three strategies namely; 

1. Early Fusion 

2. Late Fusion 


3. Transmedia Fusion 


These strategies are well explained with their working principle in the work carried out by Mohd 
Anas Wajid and Aasim Zafar [2019] [83]. The above-mentioned fusion strategies could easily be 


understood by the following diagram. 


Fusion 


Fusion 


i 
Late Fusion | 
i 

i 

; 

| 

ans: ia | 
Fusion | 


Figure 2 A summary of Fusion Approaches for Multimodal Fusion 


2.1 Early Fusion: 


The early fusion strategy has been adopted by a number of researchers around the globe. Though 
effective in many ways, it does not address the issue of imperfections while handling the data. Some 
of the prominent work using early fusion are explained below and later compared in the table on the 


basis of their fusion methodology being adopted. 
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Li et al. [2009] have used simple concatenation of visual aspects together with textual aspects of 
data for fusion [42]. Duygulu et al. [2002] have employed the correlation concept using an estimation 
maximization algorithm (EM). This is used for attaching words to the segmented image regions after 


the training phase is over. The model proposed is called the translation model [43]. 


Barnard et al. [2003] on one hand studied the joint distribution among the textual modality and 
the segmented image modality and on the other hand, used it to convert it in likelihood function 


between text and segmented image region [44]. 


According to Blei and Jordan [2003] Probabilistic Latent Semantic Analysis (pLSA) and Latent 
Dirichlet Allocation (LDA) can be used for correspondence between textual modality and the 
corresponding image modality. The model proposed by them is estimated using the EM algorithm 
[45]. 


Monay and Gatica-Perez [2003] in a similar fashion have used pLSA over the concatenated set 
of visual and textual modalities. The balance between the two modalities limits the size of visual 
representation [46]. A pLSA based model proposed by Lienhart et al. [2009] is again used to retrieve 


information in multimodal retrieval systems [47]. 


A. Tamrakar et al. [2012] have used BoW descriptors within Support Vector Machine (SVM). 
This is done for event detection and for this they have used many early and late fusion strategies [66]. 
Minghai Chen et al. [2017] have done multimodal fusion at the word level. They have emphasized 
Temporal Attention Layer for predicting sentiments in sentimental analysis. They have also 


described the noise that is present in data of different modality [39]. 


L. Morency et al. [2011] have proved the effectiveness of using different modalities for sentiment 
analysis. Though they have shown how the internet could be a source of information while using 
different modalities like audio, video and text but they have failed to address the imperfections 


present in data while carrying out the multimodal fusion [48]. 


How the error in sentiment classification is reduced while taking into consideration the 
combination of different modalities is studied by V. Pérez-Rosas [2013]. In their study authors have 
stressed that while using a single modality the error is 10% high as compared to using various 
modalities together [49]. A recent development in sentimental analysis and emotion recognition has 
been recorded by S. Poria et al. [2016]. Here authors have performed Emotion recognition and 


sentiment analysis using convolution MKL and SVM based approach [50]. 


The following table shows the work done by prominent researchers in the field of information 
retrieval using the early fusion strategy. Though all the approaches have their significance in fusing 


multimodal data yet they fail on the grounds of handling imperfections in data. 
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Table 3 A Summary of Approaches Based on Early Fusion 
S No. Work Fusion Method Handling Fusion 
Imperfections _ Level 
1. Lietal. (2009) concatenation of No 
textual & visual modality 
2. Duygulu et al. (2002) Assigning words to segmented No 
image regions using translation 
model. 
3. Barnard et al. (2003) joint distribution No 
of text and segmented image 
4. Blei and Jordan (2003) LDA on visual and textual No 
modality. 
5. Monay and Gatica-Perez pLSA for concatenating visual No 
(2003) and textual features. 
6.  Lienhart et al. (2009) Multimodal pLSA multilayer No 
model. 
7. Chandrika and Jawahar Multimodal pLSA No 
(2010) 
Early 
8. Nikolopoulos et al. (2013) High Order pLSA. No Fusion 
9. Wang et al. (2009) Visual tag dictionary using No 
GMM. 
10. A. Tamrakar (2012) Event detection using BoW No 
descriptors within SVM. 
11. Minghai Chen et al. (2017) Gated Multimodal Embedding No 
LSTM with Temporal 
Attention 
12. L, Morency et al. (2011) Tri-model sentiment analysis No 
using Gaussian mixtures and 
HMM 
13. V. Pérez-Rosas et al. (2013) | BoW and OpenEARanopen = No 
source software with SVM 
14. S, Poria (2016) Emotion recognition using No 


convolution MKL based 


approach 
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2.2 Late Fusion: 


Now we describe multimodal fusion that is based on late fusion strategy. There exist a plethora 
of work using this strategy but they are all based on different methodologies which are discussed 


further. 


Xioufis et al. [2011] in their approach worked in a different fashion. They introduced a 
multimodal fusion strategy based on late fusion. Their approach is totally based on predictions 
obtained by the classifiers from visual features. These predictions obtained from visual modality are 


averaged. Further, these are averaged with the predictions obtained from textual modality [82]. 


Wang et al. [2009a] worked in line with SVM where the scores from different classifiers are fed 
to SVM. The authors proposed to build two classifiers one for text modality and the other for visual 
modality. A third classifier is introduced to combine the confidence of the previous two and give final 


predictions [56]. 


Guillaumin et al. [2010] work with MKL framework which is considered to be a success for the 
feature fusion method. In the first step, their proposed semi-supervised method exploits both textual 
and visual features for learning a classifier. Later MKL framework is employed to predict text 


modality based on the visual content provided [33]. 


Kawanabe et al. [2011] have used a similar approach however it differs from the use of MKL. It 
deploys trained SVMs and uniform kernel weights and gives results approximately the same as MKL 
method [58]. Zhang et al. [2012a] have used the same method for combining kernels learned on 


textual and visual features [31]. 


Gao et al. [2010] have adopted a technique based on feature selection using Grouping Based 
Precision & Recall-Aided (GBPRA) in classifier combination which enriches the performance of 
classification [60]. Liu et al. [2011] have used Dempster’s rule for combining classifiers predictions to 
achieve the best classification results [62]. Liu et al. (2013) worked on a fusion scheme termed 
Selective Weighted Late Fusion (SWLF). It works towards enhancing the mean average precision by 


selectively choosing the weights which in turn enhances the optimization [61]. 


Daeha Kim et al. (2017) have worked towards classifying human emotions using multimodal 
signals and neural networks. Though the data which they have used comprises of landmark, audio 
and image having various imperfections at fusion level but these are not been handled [63]. Moving 
towards a similar goal of emotion recognition, Valentin Vielzeuf et al. (2017) have explored several 
multimodal fusion strategies. They have used a supervised classifier to know emotion labels and later 


proposed 2D and 3D Convolution Neural Network approaches for better face descriptors [64]. 


Natalia Neverova et al. (2014) have worked towards gestures identification giving more stress 
on modality initialization and later on their fusion using late fusion strategy [65]. The work to use 


late fusion with dual attention mechanism has been mentioned by Kyung-Min Kim et al. (2018). This 
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approach is utilized in proposing an architecture that could be utilized in designing effective 


Question-Answering (Q & A) systems [67]. 


Feiran Huan et al. (2019) have proposed a Deep Multimodal Attentive Fusion (DMAF), for 
sentimental analysis using data from social media platforms. Authors have used late fusion strategy 
for an effective fusion of modalities like image and text but when it comes to handling imperfections 
their approach seems to be lacking on this ground [68]. The work done by Escalante et al. [2008] is 
totally based on predictions obtained from classifiers. These are learned on textual and visual 


modalities and later combined in a linear way [54]. 


Getting inspired by the music-video combination, Yagya Raj Pandeya and Joonwhoan Lee (2019) 
have prepared a dataset that could be effectively utilized for sentiment analysis. In their approach, 
they have extracted features of music and video separately, later characterized using long short-term 


memory (LSTM) and for evaluating the emotions various machine learning algorithms are used [69]. 


Though all approaches have shown remarkable results in terms of the fusion of different modalities 
however they all lack on similar grounds i.e. handling imperfections. The Table 4 presents a summary 


of work using late fusion strategy compared on the basis of fusion method adopted. 


Table 4 A Summary of Approaches Based on Late Fusion 


SNo. Work Fusion Method Handling Fusion 
Imperfections | Level 
1. Escalante et al. (2008) Prediction by different classifier No 
is combined. 
2. Xioufis et al. (2011) Average rule used for late fusion. No 
3. Wang et al. (2009) Predicted features are No 
concatenated and SVM classifier 
is used. 
4. Guillaumin et al. (2010) Multiple Kernel Learning. No 
5. Kawanabe et al. (2011) Multiple Kernel Learning. No 
6. Zhang et al. (2012) Multiple Kernel Learning. No 
7. Gao et al. (2010) Feature selection using Grouping No 
Based Precision & Recall-Aided 
(GBPRA). 
8. Liu et al. (2013) Late fusion using selective weight No 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Liu et al. (2011) 


Daeha Kim et al. (2017) 


Valentin Vielzeuf et al. 
(2017) 


Natalia Neverova et al. 
(2014) 


A. Tamrakar (2012) 


Kyung-Min Kim et al. 
(2018) 


Feiran Huan et. al. 
(2019) 


Yagya Raj Pandeya and 
Joonwhoan Lee (2019) 


106 
Classifier predictions combined Yes 
using Dempster’s rule 
Semi supervised learning and No Late 
neural network Fusion 
Temporal multimodal fusion No 


Multi-scale deep learning and No 


localization 

BoW descriptors within SVM. No 
Residual learning fusion No 
Internal correlation among No 


features (textual & visual)for 
joint sentiment classification 
Pre-trained No 


neural networks 


2.3 Transmedia Fusion: 


Transmedia fusion is also referred to as intermediate fusion or cross-media fusion. The basic 


notion of its functioning is to use visual features to accumulate image modality (Visually Nearest 


Neighbor) and later switch to the textual modality to collect features from the neighbors. All the 


approaches towards achieving transmedia fusion are listed in Table 5. It also mentions the fusion 


method being employed by the researchers. Though the results of the work are fully satisfying the 


goal of transmedia fusion; it does not handle imperfections present in different data modalities. 


S No. 


Table 5 A Summary of Approaches Based on Transmedia Fusion 


Work Fusion Method Handling Fusion 
Imperfections | Level 
Makadia et al. Nearest neighbors using Joint No 
(2008) Equal Contribution. 
Torralba et al. Grasping texts from neighbors. No 
(2008) Transmedia 
Fusion 
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3. Guillaumin et al. Metric learning for text No 
(2009) propagation. 
4. Liet al. (2009) Votes are accumulated for tag No 
relevance 


5. Feiran Huan et al. internal correlation among features No 
(2019) (textual & visual) for joint 
sentiment classification 
6. Daeha Kim et al. Neural networks based on No 


(2017) multimodal signals 


7. Valentin Vielzeuf Supervised classifier based on No 


et al. (2017) audio-visual signals 
8. Natalia Neverova _ Gesture detection using No 
et al. (2014) multimodal and multiscale deep 
learning 


9. A. Tamrakar (2012) using BoW descriptors within an No 
SVM approach for event detection 


3. Taxonomy of Research Work Handling Imperfections Using Neutrosophy: 


Neutrosophic logic has gained alarming attention since its inception. At present is has left no 
areas of research untouched. Researchers all around the globe are employing its tools and techniques 
for the computation of uncertainty and imprecision which was a problem since time immemorial [57] 
[85-87]. But with the advent of neutrosophic sets and theory, the days are not far for computational 
intelligence to achieve its verge with the address of uncertainty and indeterminacy in machine 
learning algorithms and models. This theory was proposed by Florentin Smarandache [2005] which 
is extensively used since then for handling imperfections at various levels in mathematics and 
computer science. It is also referred to as Smarandache’s logic [84]. It states that a proposition could 
have values in the range of [T, I, F] where T refers to membership degrees of truth, I refers to 
membership degrees indeterminacy and F refers to membership degrees falsity. Bouzina Salah (2016) 
have compared operational fuzzy logic to that of neutrosophic logic. The authors have shown how 
in fuzzy logic the membership of truth and falsity gets changed into truth, falsity and indeterminacy 
in neutrosophic logic. The authors argue that how a change in principle changes the whole system of 


working [10]. 


Now we describe some of the work performed by researchers using neutrosophic sets and 


systems. These works show that if we employ their strategy at an early stage in multimodal fusion 
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then the problem of imperfections could easily be handled while carrying out this task. This would 
also enable us to remove imperfections in machine learning algorithms which in turn will not be 
transmitted to the modelling stage and our information access and retrieval will be more quick and 
accurate. Now let us understand how this work is carried out and what are strategies being followed 


by the researchers. 


Ned Vito Quevedo Arnaiz et al. [2020] have proposed a method for dealing with unlabeled data. 
Their approach involves the usage of neutrosophic sets and systems. The treatment of unlabeled data 
is done by developing unsupervised Neutrosophic K-means algorithm. Their work is motivated due 
to the increasing amount of unlabeled data over the internet. The authors have taken data for 
experiments from a stored dataset of the City of Riobamba to show the effectiveness of their 


methodology [1]. 


Mouhammad Bakro et al. (2020) in their paper have adopted a neutrosophic approach to digital 
images. The elements of image modality are represented in the neutrosophic domain by dividing 
points of the image matrix into neutrosophic sets. The authors have also studied various methods 
and metrics for calculating similarity and dissimilarity between image modality. The authors have 


claimed that their approach would enable researchers in searching inside images and videos [2]. 


Abhijit Saha et al. (2020) have addressed the problem of incomplete data using neutrosophic soft 
sets taking in account various suitable examples. The authors have explained the inconsistent and 
consistent association among various parameters followed by definitions such as consistent 
association degree, consistent association number between the parameters, inconsistent association 
number between the parameters and inconsistent association degree to measure these associations. 


They have also proposed a data filling algorithm and proved its feasibility and validity [3]. 


Carmen Veronica Valenzuela-Chicaiza, et al. (2020) have done an analysis of emotional 
intelligence using Neutrosophic psychology. The experiment is carried out using 245 randomly 


selected students at the Autonomous University of Los Andes [4]. 


Ridvan Sahin (2014) have worked in achieving a Hierarchical clustering algorithm based on 
neutrosophy. This is achieved by extending algorithms proposed for Intuitionistic Fuzzy Set (IFS) 
and Interval Valued Intuitionistic Fuzzy Set (IVIFS) to Single Valued Neutrosophic Set (GVNS) and 
Interval Neutrosophic Set (INS). They have extended the algorithm for classifying neutrosophic data 


to show its effectiveness and applicability [5]. 


Yaman Akbulut et al. (2017) have worked towards enhancing the classification performance of 
k-Nearest Neighbour (k-NN) by the introduction of Neutrosophy. The authors have introduced 
Neutrosophic-k-NN. The authors have tested their approach on various datasets and have found 
good classification results as compared to k-NN [19]. Wen Ju et al. (2013) have introduced the 
Neutrosophic Support Vector Machine (N-SVM) [20]. 
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A. A. Salama (2014) have done significant work in the domain of image processing by employing 
Neutrosophy in the field. They have proposed techniques to address imperfectly defined image 
modality. The authors have also worked towards similarity metrics for neutrosophic sets like 
Hamming distance and Euclidian distance. Possible applications to image processing are also 
touched upon [6]. The authors in the same year have worked extensively to introduce the researchers 


with neutrosophic linear regression and correlation [7]. 


Anjan Mukherjee et al. (2015) has studied Neutrosophy and its application in the field of pattern 
recognition. The authors have proposed a weighted similarity measure between two neutrosophic 
soft sets and verified its application in recognizing patterns in computer vision problems by taking 


some suitable examples [8]. 


A. A. Salama et al. (2016) have represented image modality features in the neutrosophic domain. 
For this purpose authors have stressed on textual modality. The authors have used these features 


extensively in training the model so that it could easily be used in image processing tasks [9]. 


Nguyen Xuan Thao et al. (2017) in their work mentioned various applications of Soft Computing. 
The authors have introduced a new concept of Support Neutrosophic Set (SNS) which is a 
combination of fuzzy set and neutrosophic set. They have also described the operations of these sets 


together with their properties [11]. 


Okpako Abugor Ejaita et al. (2017) have studied the uncertainties in medical diagnosis. Authors 
have stressed how negligence of uncertainty at the initial stage of diagnosis could lead to fatal 
problems in patients at a later stage. To overcome these authors have introduced a framework based 


on Neutrosophic Neural Network for diagnosis of confusable disease [12]. 


A. A. Salama et al. (2018) have worked towards enhancing the quality of image modality. For 
this reason authors have converted the image in the neutrosophic domain so that their contrast could 
be enhanced. This approach to the neutrosophic grayscale image domain would enable image 
processing to yield good results while performing information retrieval [13]. To achieve the same 
goal Ming Zhang et al. (2010) have proposed an image segmentation approach based on Neutrosophy 
[16]. Abdulkadir Sengur and Yanhui Guo (2011) have done colour, texture image segmentation based 


on neutrosophic set and wavelet transform [17]. 


D. Vitalio Ponce Ruiz et al. (2019) have introduced a new concept of linguistic modelling in 
Neutrosophy. This is done to remove the uncertainty which seems to be a big hurdle while modelling 
linguistic terms while performing information retrieval. The modelling is performed using LOWA 
operator. Their work seems to be a milestone achieved for modelling linguistic modality in 


multimodal systems [14]. 


Elyas Rashno et al. (2019) have worked towards recognizing noisy speech. Their approach of 


recognition employs Convolution Neural network (CNN) model based on Neutrosophy. They have 
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proposed Neutrosophic Convolution Neural Network (NCNN) claiming that this would ease the 


task of classification [18]. 


G. Jayaparthasarathy et al. (2019) have discussed various applications of Neutrosophy in data 
mining. To illustrate their objective, authors have taken the medical domain as their field of research 
[15]. A survey of machine learning in neutrosophic environment is presented by Azeddine 
Elhassouny et al. (2019) [59]. 


Kritika Mishra et al. (2020) have performed sentiment analysis using neutrosophy. Their 
proposed framework works with audio files and calculates their Single-Valued Neutrosophic Sets 
(SVNS) and clusters them into positive-neutral-negative. Later, obtained results from the above 
tasks are combined with sentiment analysis results obtained from textual files of the same audio file. 
Their approach seems to yield good results [21]. Table 6 presents a summary of work using 


neutrosophy giving more stress on author’s contribution in the field for handling imperfections. 


Table 6 A Summary of Research Work for Handling Imperfections Using Neutrosophy 


S No. Author & Year Primary Contribution Handling 
Imperfections 
1. Ned Vito Quevedo Arnaiz Developing Neutrosophic K- Yes 
et al. (2020) means based method for 


treatment of unlabelled data. 


2. | Mouhammad Bakro et al. *® Neutrosophic Yes 
(2020) representation of digital 
image. 


e Points of digital picture 
matrix converted into 


neutrosophic sets. 


3. Abhijit Saha et al. (2020) e Described neutrosophic Yes 
soft sets having incomplete 
data. 
e Described consistent and 
inconsistent association 


between parameters. 


4. Carmen Veronica Classical statistical inference Yes 
Valenzuela-Chicaiza, et al. tools for emotional intelligence. 
(2020) 
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10. 


11. 


12. 


13. 


Ridvan Sahin (2014) 


A. A. Salama et al. (2014) 


A. Salama et al. (2014) 


Anjan Mukherjee et al. 
(2015) 


A. A. Salama et al. (2016) 


Bouzina, Salah (2016) 


Nguyen Xuan Thao et al. 
(2017) 


Okpako Abugor Ejaita et al. 
(2017) 


A. A. Salama et al. (2018) 


Hierarchical clustering 
algorithm based on 
Neutrosophy. 

Image modality processing 
using Neutrosophy. 

Introduced neutrosophic 
simple regression and 
correlation. 


e Application of 
Neutrosophy in pattern 
recognition. 

e Proposed weighted 
similarity measure between 


two neutrosophic soft sets. 


Representing features of image 
modality in  neutrosophic 


domain. 


Compared fuzzy logic with 
neutrosophic logic. 
Introduces Support 
Neutrosophic Set (SNS). 


e Addressed uncertainties in 
medical diagnosis using 
Neutrosophy. 

e Introduced a framework 
based on Neutrosophic 


Neural Network. 


Introduced an approach to 
grayscale image in 


neutrosophic domain. 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 
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14. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


D. Vitalio Ponce Ruiz et al. 
(2019) 


G. Jayaparthasarathy et al. 
(2019) 


Azeddine Elhassouny et al. 


(2019) 


Ming Zhang et al. (2010) 


Abdulkadir 
&Yanhui Guo (2011) 


Sengur 


Elyas Rashno et al. (2019) 


Yaman Akbulut et al. (2017) 


Wen Ju et al. (2013) 


Kritika Mishra et al. (2020) 


e Treatment of uncertainty 
while retrieving 
information. 

e Linguistic modelling using 


Neutrosophy. 


Applications of Neutrosophy in 


data mining. 


Presented a survey of machine 
learning in neutrosophic 


environment. 


A neutrosophic approach to 


image segmentation. 


Color, texture image 
segmentation based on 
neutrosophic set and wavelet 


transform. 


Worked to recognize noisy 
speech. 

e A Convolution Neural 
Network model based on 


Neutrosophy. 


Enhanced classification 


performance of k-NN by 
the introduction of 
Neutrosophy. 

e Introduced Neutrosophic- 
k-NN. 


Introduced Neutrosophic 


Support Vector Machine. 
Sentiment analysis using 


Neutrosophy. 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


112 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 113 


4. Future Research Trends and Directions for Handling Imperfections in Multimodal Fusion: 


Based on our literature investigation and analysis of more than 80 articles, various research 
trends, research directions, and potential research topics are drawn for handling imperfections in 
multimodal fusion research and development. Though the direct handling of imperfection at the 
fusion stage will not yield fruitful results, we recommend handling imperfections at each stage 
starting from selecting data sources and collection of data in different modalities to fusing the features 


together. The procedure involved in this is summarized in the following Figure 3. 


Modality 


Preprocessing 


using, 
Neutrosophy 


Changing 
Aucio 
Mocdilaity in 
Neutrosophik 
Domain 


Figure 3 Potential Trends and Future Directions for Multimodal Fusion Research and Development Using 


Neutrosophy 


5. Conclusion 


The plethora of digital data over the internet has surged the need of on-time accurate 
information using various intelligent information systems. This need has enabled researchers to 
design multimodal information systems which mainly depend on multimodal fusion. As the data 
which is collected for modelling these systems is in no way free from imperfections so is the 
multimodal fusion which deals with such data. The motivation behind the current study is to 
introduce researchers working in this field of multimodal fusion with the notion of indeterminacy, 
uncertainty and imprecision (imperfections) present in existing approaches. This work also enables 
researchers to understand the field of Neutrosophic Sets and Systems by illustrating various work 
which are conducted using this theory to handle imperfections. The present works clearly mention 
how the imperfections could be handled using neutrosophy in multimodal systems. Though the work 
has explained well the applicability of neutrosophy in multimodal information access and retrieval 
systems for handling imperfections, it has not implemented the concepts in present work. The future 
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work in this regard would include the use of neutrosophic logic, neutrosophic algorithms and 


converting modalities in the neutrosophic domain so that multimodal fusion is achieved addressing 


the notion of imperfection. If this work is performed as explained in present paper, it would enable 


the design of multimodal systems more effectively so that it could be used in other areas such as 


medical diagnosis, financial market information, robotics, security, information fusion system, expert 


system and bioinformatics. 


Conflicts of Interest: “The authors declare no conflict of interest.” 


References 


1, 


10. 


Arnaiz, Ned Vito Quevedo and Nemis Garcia Arias Leny Cecilia Campania Munoz. "Neutrosophic K- 
means Based Method for Handling Unlabeled Data." Neutrosophic Sets and Systems 37, 1 (2020). 
https://digitalrepository.unm.edu/nss_journal/vol37/iss1/37 

Bakro, Mouhammad; Reema Al-Kamha; and Qosai Kanafani. "A Neutrosophic Approach to Digital 
Images.” Neutrosophic Sets and Systems 36, 1 (2020). 
https://digitalrepository.unm.edu/nss_journal/vol36/iss1/2 

Saha, Abhijit; Said Broumi; and Florentin Smarandache. "Neutrosophic Soft Sets Applied on Incomplete 
Data." Neutrosophic Sets and Systems 32, 1 (2020). 
https://digitalrepository.unm.edu/nss_journal/vol32/iss1/17 

Valenzuela-Chicaiza, Carmen Verénica; Olga Germania Arciniegas-Paspuel; Paola Yesenia Carrera- 
Cuesta; and Sary Del Rocio Alvarez-Hernandez. "Neutrosophic Psychology for Emotional Intelligence 
Analysis in Students of the Autonomous University of Los Andes, Ecuador." Neutrosophic Sets and 
Systems 34, 1 (2020). https://digitalrepository.unm.edu/nss_journal/vol34/iss1/1 

Sahin, Ridvan. "Neutrosophic Hierarchical Clustering Algoritms." Neutrosophic Sets and Systems 2, 1 
(2014). https://digitalrepository.unm.edu/nss_journal/vol2/iss1/4 

Salama, A. A.; Florentin Smarandache; and Mohamed Eisa. "Introduction to Image Processing via 
Neutrosophic Techniques." Neutrosophic Sets and Systems 5, 1 (2014). 
https://digitalrepository.unm.edu/nss_journal/vol5/iss1/9 

Salama, A.; O. M. Khaled; and K. M. Mahfouz. "Neutrosophic Correlation and Simple Linear 
Regression." Neutrosophic Sets and Systems 5, 1 (2014). 
https://digitalrepository.unm.edu/nss_journal/vol5/iss1/2 

Mukherjee, Anjan and Sadhan Sarkar. "A new method of measuring similarity between two 
neutrosophic soft sets and its application in pattern recognition problems." Neutrosophic Sets and 
Systems 8, 1 (2015). https://digitalrepository.unm.edu/nss_journal/vol8/iss1/11 

Salama, A. A.; Mohamed Eisa; Hewayda ElGhawalby; and A.E. Fawzy. "Neutrosophic Features for 
Image Retrieval." Neutrosophic Sets and Systems 13, 1 (2016). 
https://digitalrepository.unm.edu/nss_journal/vol13/iss1/7 

Bouzina, Salah. "Fuzzy Logic vs Neutrosophic Logic: Operations Logic." Neutrosophic Sets and 


Systems 14, 1 (2016). https://digitalrepository.unm.edu/nss_journal/vol14/iss1/6 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 115 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21: 


22. 


23. 


24. 


25. 


Thao, Nguyen Xuan; Florentin Smarandache; and Nguyen Van Dinh. "Support-Neutrosophic Set: A 
New Concept in Soft Computing." Neutrosophic Sets and Systems16, 1 (2017). 
https://digitalrepository.unm.edu/nss_journal/vol16/iss1/16 

Ejaita, Okpako Abugor and Asagba P.O.. "An Improved Framework for Diagnosing Confusable 
Diseases Using Neutrosophic Based Neural Network." Neutrosophic Sets and Systems 16, 1 (2017). 
https://digitalrepository.unm.edu/nss_journal/vol16/iss1/7 

Salama, A. A.; Florentin Smarandache; and Hewayda ElGhawalby. "Neutrosophic Approach to 
Grayscale Images Domain." Neutrosophic Sets and Systems 21, 1 (2018). 
https://digitalrepository.unm.edu/nss_journal/vol21/iss1/3 

Ponce Ruiz, D. Vitalio; J. Carlos Albarracin Matute; E. José Jalon Arias; and L. Orlando Albarracin 
Zambrano. "Softcomputing in neutrosophic linguistic modeling for the treatment of uncertainty in 
information retrieval." Neutrosophic Sets and Systems 26, 1 (2019). 
https://digitalrepository.unm.edu/nss_journal/vol26/iss1/11 

Jayaparthasarathy, G.; V. F. Little Flower; and M. Arockia Dasan. "Neutrosophic Supra Topological 
Applications in Data Mining Process." Neutrosophic Sets and Systems27, 1 (2019). 
https://digitalrepository.unm.edu/nss_journal/vol27/iss1/8 

Zhang, Ming, Ling Zhang, and Heng-Da Cheng. "A neutrosophic approach to image segmentation 
based on watershed method." Signal Processing 90, no. 5:1510-1517. (2010). 

Sengur, Abdulkadir, and Yanhui Guo. "Color texture image segmentation based on neutrosophic set 
and wavelet transformation." Computer Vision and Image Understanding 115, no. 8:1134-1144. (2011). 
Rashno, Elyas, Ahmad Akbari, and Babak Nasersharif. "A convolutional neural network model based 
on neutrosophy for noisy speech recognition.” In 2019 4th International Conference on Pattern 
Recognition and Image Analysis (IPRIA), pp. 87-92. IEEE, (2019). 

Akbulut, Yaman, Abdulkadir Sengur, Yanhui Guo, and Florentin Smarandache. "NS-k-NN: 
Neutrosophic set-based k-nearest neighbors classifier." Symmetry 9, no. 9: 179. (2017). 

Ju, Wen, and H. D. Cheng. "A novel neutrosophic logic svm (n-svm) and its application to image 
categorization." New Mathematics and Natural Computation 9, no. 01:27-42. (2013). 

Mishra, Kritika, Hanthenral Kandasamy, Vasantha Kandasamy WB, and Florentin Smarandache. "A 
Novel Framework Using Neutrosophy for Integrated Speech and Text Sentiment 
Analysis."Symmetry 12, no. 10: 1715. (2020). 

Bloch, Isabelle. "Fusion of image information under imprecision and uncertainty: numerical methods." 
In Data Fusion and Perception, pp. 135-168. Springer, Vienna, (2001). 

Kludas, Jana, and Stéphane Marchand-Maillet. "Effective multimodal information fusion by structure 
learning." In 14th International Conference on Information Fusion, pp. 1-8. IEEE, (2011). 
Souvannavong, Fabrice, Bernard Merialdo, and Benoit Huet. "Multi-modal classifier fusion for video 
shot content retrieval." In Proceedings of WIAMIS. (2005). 

Marchand-Maillet, Stéphane, Donn Morrison, Eniké Szekely, and Eric Bruno. "Interactive 


representations of multimodal databases." Multimodal Signal Processing.279-307. (2010). 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 116 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Niaz, Usman, and Bernard Merialdo. "Fusion methods for multi-modal indexing of web data." In 2013 
14th International Workshop on Image Analysis for Multimedia Interactive Services (WIAMIS), pp. 1- 
4. IEEE, (2013). 

Atrey, P. K., Hossain, M. A., El Saddik, A., and Kankanhalli, M. S. Multimodal fusion for multimedia 
analysis: a survey. Multimedia Systems, 16:345-379. (2010). 

Liu, Dong, Meng Wang, Linjun Yang, Xian-Sheng Hua, and Hong Jiang Zhang. "Tag quality 
improvement for social images." In 2009 IEEE International Conference on Multimedia and Expo, pp. 
350-353. IEEE, (2009). 

Tang, Jinhui, Shuicheng Yan, Richang Hong, Guo-Jun Qi, and Tat-Seng Chua. "Inferring semantic 
concepts from community-contributed images and noisy tags." In Proceedings of the 17th ACM 
international conference on Multimedia, pp. 223-232. (2009). 

Romberg, Stefan, Rainer Lienhart, and Eva Horster. "Multimodal image retrieval.” International Journal 
of Multimedia Information Retrieval 1, no. 1: 31-44. (2012). 

Zhang, Yu, Stephane Bres, and Liming Chen. "Semantic bag-of-words models for visual concept 
detection and annotation." In 2012 Eighth International Conference on Signal Image Technology and 
Internet Based Systems, pp. 289-295. IEEE, (2012a). 

Nowak, Stefanie, Karolin Nagel, and Judith Liebetrau. "The CLEF 2011 Photo Annotation and Concept- 
based Retrieval Tasks." In CLEF (Notebook Papers/Labs/Workshop), pp. 1-25. (2011). 

Guillaumin, Matthieu, Jakob Verbeek, and Cordelia Schmid. "Multimodal semi-supervised learning for 
image classification." In 2010 IEEE Computer society conference on computer vision and pattern 
recognition, pp. 902-909. IEEE, (2010). 

Nagel, Karolin, Stefanie Nowak, Uwe Kiihhirt, and Kay Wolter. "The Fraunhofer IDMT at ImageCLEF 
2011 Photo Annotation Task." In CLEF (Notebook Papers/Labs/Workshop). (2011). 

Li, Wei B., Jinming Min, and Gareth JF Jones. "A text-based approach to the imageclef 2010 photo 
annotation task." (2010). 

Poria, Soujanya, Erik Cambria, Amir Hussain, and Guang-Bin Huang. "Towards an intelligent 
framework for multimodal affective data analysis." Neural Networks 63: 104-116. (2015). 

Poria, Soujanya, Erik Cambria, and Alexander Gelbukh. "Deep convolutional neural network textual 
features and multiple kernel learning for utterance-level multimodal sentiment analysis." 
In Proceedings of the 2015 conference on empirical methods in natural language processing, pp. 2539- 
2544. (2015). 

Poria, Soujanya, Iti Chaturvedi, Erik Cambria, and Amir Hussain. "Convolutional MKL based 
multimodal emotion recognition and sentiment analysis." In 2016 IEEE 16th international conference 
on data mining (ICDM), pp. 439-448. IEEE, (2016). 

Chen, M., Wang, S., Liang, P.P., Baltru‘saitis, T., Zadeh, A., Morency, L.P.: Multimodal sentiment 
analysis with word level fusion and reinforcement learning. In: Proceedings of the 19th ACM 


International Conference on Multimodal Interaction, ACM: 163-171. (2017) 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 117 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


Wang, Gang, Tat-Seng Chua, Chong-Wah Ngo, and YongCheng Wang. "Automatic generation of 
semantic fields for annotating web images." In Coling 2010: Posters, pp. 1301-1309. (2010). 

Bloch, Isabelle. "Fusion d’informations en traitement du signal et des images." Hermes Science 
Publication 2 (2003). 

Li, Yunpeng, David J. Crandall, and Daniel P. Huttenlocher. "Landmark classification in large-scale 
image collections.” In 2009 IEEE 12th international conference on computer vision, pp. 1957-1964. IEEE, 
(2009). 

Duygulu, Pinar, Kobus Barnard, Joao FG de Freitas, and David A. Forsyth. "Object recognition as 
machine translation: Learning a lexicon for a fixed image vocabulary." In European conference on 
computer vision, pp. 97-112. Springer, Berlin, Heidelberg, (2002). 

Barnard, K., Duygulu, P., Forsyth, D., de Freitas, N., Blei, D. M., and Jordan, M. I. Matching words and 
pictures. J. Mach. Learn. Res., 3:1107—-1135. (2003). 

Blei, David M., and Michael I. Jordan. "Modeling annotated data." In Proceedings of the 26th annual 
international ACM SIGIR conference on Research and development in informaion retrieval, pp. 127- 
134. (2003). 

Monay, Florent, and Daniel Gatica-Perez. "On image auto-annotation with latent space models." 
In Proceedings of the eleventh ACM international conference on Multimedia, pp. 275-278. (2003). 
Lienhart, Rainer, Stefan Romberg, and Eva Horster. "Multilayer pLSA for multimodal image retrieval." 
In Proceedings of the ACM international conference on image and video retrieval, pp. 1-8. (2009). 

L. Morency, R. Mihalcea, P. Doshi, Towards multimodal sentiment analysis: Harvesting opinions from 
the web, in: H. Bourlard, T.S. Huang, E. Vidal, D. Gatica Perez, L. Morency, N. Sebe (Eds.), Proceedings 
of the 13th International Conference on Multimodal Interfaces, [CMI 2011, Alicante, Spain, November 
14-18, ACM, 2011, pp. 169-176. (2011). http://dx.doi.org/10.1145/2070481.2070509. 

V. Pérez-Rosas, R. Mihalcea, L. Morency, Utterance-Level multimodal sentiment analysis, in: 
Proceedings of the 51st Annual Meeting of the Association for Computational Linguistics, ACL 2013, 
4-9 August 2013, Sofia, Bulgaria, in: Long Papers, vol. 1, The Association for Computer Linguistics, pp. 
973-982. (2013), URL http://aclweb.org/anthology/P/P13/P13-1096.pdf. 

S. Poria, I. Chaturvedi, E. Cambria, A. Hussain, Convolutional MKL based multimodal emotion 
recognition and sentiment analysis, in: F. Bonchi, J. Domingo- Ferrer, R.A. Baeza-Yates, Z. Zhou, 
X.Wu(Eds.), IEEE 16th International Conference on Data Mining, ICDM 2016, December 12-15, 2016, 
Barcelona, Spain, IEEE, pp. 439-448, (2016). http://dx.doi.org/10.1109/ICDM.2016.0055 

Chandrika, Pulla, and C. V. Jawahar. "Multi modal semantic indexing for image retrieval." 
In Proceedings of the ACM International Conference on Image and Video Retrieval, pp. 342-349. (2010). 
Nikolopoulos, Spiros, Stefanos Zafeiriou, Ioannis Patras, and Ioannis Kompatsiaris. "High order pLSA 
for indexing tagged images." Signal Processing 93, no. 8: 2212-2228. (2013). 

Wang, Meng, Kuiyuan Yang, Xian-Sheng Hua, and Hong-Jiang Zhang. "Visual tag dictionary: 
interpreting tags with visual words." In Proceedings of the Ist Workshop on Web-scale Multimedia 


Corpus, pp. 1-8. (2009). 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 118 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


Escalante, Hugo Jair, Carlos A. Hérnadez, Luis Enrique Sucar, and Manuel Montes. "Late fusion of 
heterogeneous methods for multimedia image retrieval." In Proceedings of the 1st ACM international 
conference on Multimedia information retrieval, pp. 172-179. (2008). 

Nowak, Stefanie, Karolin Nagel, and Judith Liebetrau. "The CLEF 2011 Photo Annotation and Concept- 
based Retrieval Tasks." In CLEF (Notebook Papers/Labs/Workshop), pp. 1-25. (2011). 

Wang, Gang, Derek Hoiem, and David Forsyth. "Building text features for object image classification." 
In 2009 IEEE conference on computer vision and pattern recognition, pp. 1367-1374. IEEE, (2009a). 
Mohd. Saif Wajid, Mohd Anas Wajid, The Importance of Indeterminate and Unknown Factors in 
Nourishing Crime: A Case Study of South Africa Using Neutrosophy, Neutrosophic Sets and Systems, 
vol. 41, pp. 15-29. DOI: 10.5281/zenodo.4625669. (2021). 

Kawanabe, Motoaki, Alexander Binder, Christina Miller, and Wojciech Wojcikiewicz. "Multi-modal 
visual concept classification of images via Markov random walk over tags." In 2011 IEEE Workshop on 
Applications of Computer Vision (WACV), pp. 396-401. IEEE, (2011). 

Elhassouny, Azeddine; Soufiane Idbrahim; and Florentin Smarandache. "Machine learning in 
Neutrosophic Environment: A Survey." Neutrosophic Sets and Systems 28, 1 (2019). 
https://digitalrepository.unm.edu/nss_journal/vol28/iss1/7 

Gao, Shenghua, Liang-Tien Chia, and Xiangang Cheng. "Web image concept annotation with better 
understanding of tags and visual features." Journal of Visual Communication and Image 
Representation 21, no. 8: 806-814. (2010). 

Liu, Ningning, Emmanuel Dellandréa, Liming Chen, Chao Zhu, Yu Zhang, Charles-Edmond Bichot, 
Stéphane Bres, and Bruno Tellez. "Multimodal recognition of visual concepts using histograms of 
textual concepts and selective weighted late fusion scheme." Computer Vision and Image 
Understanding 117, no. 5: 493-512. (2013). 

Liu, Ningning, Emmanuel Dellandrea, Bruno Tellez, and Liming Chen. "Associating textual features 
with visual ones to improve affective image classification." In International Conference on Affective 
Computing and Intelligent Interaction, pp. 195-204. Springer, Berlin, Heidelberg, (2011). 

Kim, D.H., Lee, M.K., Choi, D.Y., Song, B.C.: Multi-modal emotion recognition using semi-supervised 
learning and multiple neural networks in the wild. In: Proceedings of the 19th ACM International 
Conference on Multimodal Interaction, ACM, 529-535. (2017). 

Vielzeuf, V., Pateux, S., Jurie, F.: Temporal multimodal fusion for video emotion classification in the 
wild. In: Proceedings of the 19th ACM International Conference on Multimodal Interaction, ACM, 569-— 
576. (2017). 

Neverova, N., Wolf, C., Taylor, G.W., Nebout, F.: Multi-scale deep learning for gesture detection and 
localization. In: Workshop at the European conference on computer vision, Springer, 474490. (2014). 
A. Tamrakar, S. Ali, Q. Yu, J. Liu, O. Javed, A. Divakaran, H. Cheng, and H. Sawhney. Evaluation of 
low-level features and their combinations for complex event detection in open source videos. In CVPR, 


(2012). 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 119 


67. 


68. 


69. 


70. 


7Az 


72: 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


Kim, Kyung-Min, et al. "Multimodal dual attention memory for video story question 
answering." Proceedings of the European Conference on Computer Vision (ECCV). (2018). 

Huang, Feiran, et al. “Image-text sentiment analysis via deep multimodal attentive 
fusion." Knowledge-Based Systems 167: 26-37. (2019). 

Pandeya, Yagya Raj, and Lee Joonwhoan. "Music-video emotion analysis using late fusion of 
multimodal." DEStech Transactions on Computer Science and Engineering iteee (2019). 

Makadia, Ameesh, Vladimir Pavlovic, and Sanjiv Kumar. "A new baseline for image annotation." 
In European conference on computer vision, pp. 316-329. Springer, Berlin, Heidelberg, (2008). 
Torralba, Antonio, Rob Fergus, and William T. Freeman. "80 million tiny images: A large data set for 
nonparametric object and scene recognition." IEEE transactions on pattern analysis and machine 
intelligence 30, no. 11: 1958-1970. (2008). 

Guillaumin, Matthieu, Thomas Mensink, Jakob Verbeek, and Cordelia Schmid. "Tagprop: 
Discriminative metric learning in nearest neighbor models for image auto-annotation." In 2009 IEEE 
12th international conference on computer vision, pp. 309-316. IEEE, (2009). 

Li, Xirong, Cees GM Snoek, and Marcel Worring. "Learning social tag relevance by neighbor 
voting." IEEE Transactions on Multimedia 11, no. 7: 1310-1322. (2009). 

Jin, Yohan, Latifur Khan, Lei Wang, and Mamoun Awad. "Image annotations by combining multiple 
evidence & wordnet." In Proceedings of the 13th annual ACM international conference on Multimedia, 
pp. 706-715. (2005). 

Weinberger, Kilian Quirin, Malcolm Slaney, and Roelof Van Zwol. "Resolving tag ambiguity." 
In Proceedings of the 16th ACM international conference on Multimedia, pp. 111-120. (2008). 

Xu, Hao, Jingdong Wang, Xian-Sheng Hua, and Shipeng Li. "Tag refinement by regularized LDA." 
In Proceedings of the 17th ACM international conference on Multimedia, pp. 573-576. (2009). 
Kennedy, Lyndon, Malcolm Slaney, and Kilian Weinberger. "Reliable tags using image similarity: 
mining specificity and expertise from large-scale multimedia databases." In Proceedings of the 1st 
workshop on Web-scale multimedia corpus, pp. 17-24. (2009). 

Liu, Dong, Xian-Sheng Hua, Meng Wang, and Hong-Jiang Zhang. "Image retagging.” In Proceedings 
of the 18th ACM international conference on Multimedia, pp. 491-500. (2010). 

Zhu, Guangyu, Shuicheng Yan, and Yi Ma. "Image tag refinement towards low-rank, content-tag prior 
and error sparsity." In Proceedings of the 18th ACM international conference on Multimedia, pp. 461- 
470. (2010). 

Yang, Kuiyuan, Xian-Sheng Hua, Meng Wang, and Hong-Jiang Zhang. "Tag tagging: Towards more 
descriptive keywords of image content." IEEE Transactions on Multimedia 13, no. 4: 662-673. (2011). 
Wu, Lei, Rong Jin, and Anil K. Jain. "Tag completion for image retrieval." IEEE transactions on pattern 
analysis and machine intelligence 35, no. 3: 716-727. (2012). 

Xioufis, E. S., Sechidis, K., Tsoumakas, G., and Vlahavas, I. P. Mlkd’s participation at the clef 2011 photo 
annotation and concept-based retrieval tasks. In CLEF (Notebook Papers/Labs/Workshop). (2011). 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 120 


83. 


84. 


85. 


86. 


87. 


Wajid, Mohd Anas, and Aasim Zafar. "Multimodal Information Access and Retrieval Notable Work 
and Milestones." In 2019 10th International Conference on Computing, Communication and 
Networking Technologies (ICCCNT), pp. 1-6. IEEE, (2019). 

Smarandache, Florentin. "Neutrosophic set-a_ generalization of the intuitionistic fuzzy 
set." International journal of pure and applied mathematics 24, no. 3: 287. (2005). 

Zafar, Aasim, and Mohd Anas Wajid. Neutrosophic cognitive maps for situation analysis. Infinite 
Study, (2020). 

Zafar, Aasim, and Mohd Anas Wajid. A Mathematical Model to Analyze the Role of Uncertain and 
Indeterminate Factors in the Spread of Pandemics like COVID-19 Using Neutrosophy: A Case Study of 
India. Vol. 38. Infinite Study, (2020). 

Wajid, Mohd Anas, and Aasim Zafar. "PESTEL Analysis to Identify Key Barriers to Smart Cities 
Development in India." Neutrosophic Sets and Systems 42: 39-48, (2021). 


Received: May 2, 2021. Accepted: August 10, 2021 


Mohd Anas Wajid and Aasim Zafar, Multimodal Fusion: A Review, Taxonomy, Open Challenges, Research Roadmap and 


Future Directions. 


Neutrosophic Sets and Systems, Vol. 45, 2021 
T T, University of New Mexico 


ty a 


Pentapartitioned Neutrosophic Topological Space 


Suman Das!, and Binod Chandra Tripathy** 
‘2D epartment of Mathematics, Tripura University, Agartala, 799022, Tripura, India. 


Email: 'suman.mathematics@tripurauniv.in, sumandas18842@gmail.com, and *binodtripathy@tripurauniv.in, 


tripathybc@yahoo.com 


* Correspondence: binodtripathy@tripurauniv.in Tel.: (+91-9864087231) 


Abstract: 

The main focus of this study is to present the notions of pentapartitioned neutrosophic topological 
space. We introduce the notions of closure and interior operator of pentapartitioned neutrosophic 
sets in pentapartitioned neutrosophic topological space, and investigate some of their basic 
properties. Further, we define pentapartitioned neutrosophic pre-open (in short P-NPO) set, 
pentapartitioned neutrosophic semi-open (in short P-NSO) set, pentapartitioned neutrosophic 
b-open (in short P-N-b-O) set and pentapartitioned neutrosophic a-open (in short P-Na-O) set via 
pentapartitioned neutrosophic topological spaces. By defining P-NPO set, P-NSO set, P-N-b-O set, 
P-No-O set, we furnish some suitable examples and formulate some basic results on 


pentapartitioned neutrosophic topological spaces. 


Keywords: Neutrosophic Set; Pentapartitioned Neutrosophic Set; P-NPO; P-NSO; P-N-b-O; P-Na-O. 


1. Introduction: In the year 1998, Smarandache [30] introduced the notions of Neutrosophic Set (in 
short N-S) by extending the notions of Fuzzy Set [33] and Intuitionistic Fuzzy Set [4]. Later on, the 
notions of Neutrosophic Topological Space (in short N-T-S) was grounded by Salama and Alblowi 
[29] in the year 2012. Thereafter, Arokiarani et al. [3] defined the notions of neutrosophic semi-open 
functions. In the year 2016, Iswaraya and Bageerathi [19] presented the concept of neutrosophic 
semi-open set and neutrosophic semi-closed set via N-T-Ss. Later on, Dhavaseelan and Jafari [17] 
introduced the idea of generalized neutrosophic closed sets. The notions of neutrosophic generalized 
closed sets via N-T-Ss was studied by Pushpalatha and Nandhini [27]. The idea of neutrosophic 
b-open sets in N-T-Ss was presented by Ebenanjar et al. [18]. Thereafter, Maheswari et al. [22] 
presented the concept of neutrosophic generalized b-closed sets via N-T-Ss. In the year 2019, the 
concept of generalized neutrosophic b-open set via N-T-Ss was studied by Das and Pramanik [10]. 
Das and Pramanik [11] also grounded the notion of neutrosophic ®-open sets and neutrosophic 


@®-continuous mappings via N-T-Ss. Afterwards, Das and Pramanik [12] presented the notions of 
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neutrosophic simply soft open set via neutrosophic soft topological spaces. Das and Tripathy [16] 
introduced and studied the neutrosophic simply b-open set via N-T-S. Recently, Das et al. [7] applied 
the concept of topology on Quadripartitioned N-Ss [5] and introduced the notions of 
Quadripartitioned N-T-S. 

In the year 2020, Mallick and Pramanik [23] grounded the notions of Pentapatitioned 
Neutrosophic Set (in short P-N-S) by extending the notions of N-S and Quadripartitioned N-S. The 
main focus of this article is to procure the notions of Pentapartitioned Neutrosophic Topological 


Space (in short Pentapartitioned N-T-S) and study several properties of them. 


Research Gap: No investigation on pentapartitioned neutrosophic topological space has been 
reported in the recent literature. 
Motivation: To reduce the research gap, we procure the notion of pentapartitioned neutrosophic 


topological space. 


The remaining part of this article has been split into the following sections: 
In section-2, we recall some relevant definitions and results on N-S, N-T-S, and P-N-S. In 
section-3, we present the notions of Pentapartitioned N-T-S and formulate some results on it. In 


section-4, we conclude the work done in this paper. 


2. Preliminaries and Definitions: 


In this section, we give some some basic definitions and results those are relevant to the main 


results of this article. 


Definition 2.1. [23] Let W be a universe of discourse. Then P, a P-N-S over W is defined by: 

P = {(q,To(q),Co(q),Gr(q),Lln(q),Fo(q)): qeW}, where To(q), Co(q), Go(q), Ur(q), Fe(q) (€{0, 1]) are the truth 
membership, contradiction membership, ignorance membership, unknown membership, and falsity 
membership values of qeW. So, 0 < Tr(q) + Cr(q) + Gr(q) + Ur(q) + Fr(q) <5, for all qeW. 

Definition 2.2. [23] The absolute P-N-S (1pn) and the null P-N-S (Orn) over a fixed set W are defined 
as follows: 

(i) len= {(q,1,1,0,0,0): qeW}; 

(ii) Opw= {(q,0,0,1,1,1): qeW}. 

The absolute P-N-S 1pn and the null P-N-S Orn have other seven types of representations. They are 
given below: 

1pn= {(q,1,1,0,0,1): qeW}; 
1pn= {(q,1,1,0,1,0): qeW}; 
1en= {(9,1,1,1,0,0): qe W}; 
1pn= {(q,1,1,0,1,1): qeW}; 
1pn= {(4,1,1,1,0,1): qeW}; 
Lpn= {(q,1,1,1,1,0): qeW}; 
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(4,1,1,1,1,1): qeW}; 
(,0,0,1,1,0): qeW}; 


): 
Orn ): 
Opn= {(9,0,0,1,0,1): qeW}; 
Orn= {(q,0,0,0,1,1): qeW}; 
(4,0,0,1,0,0): qe W}; 
(4,0,0,0,1,0): qe WI; 
Orn= {(9,0,0,0,0,1): qeW}; 
Opn= {(9,0,0,0,0,0): qe W}. 
Remark 2.1. Throughout this article we shall use lpy= {(q,1,1,0,0,0): qeW} and Opn= {(q,0,0,1,1,1): 


Opn= 


Opn 


{ 
{ 
{ 
{ 
{ 
{ 
{ 
{ 


qe W}, since the complement of 1px needs to be Orn and the complement of Orn needs to be Irn. But for 
any combination of 1pv and Opn from the other seven types of combination, it does not hold. 

Clearly, Opvc X C 1pn, for any P-N-S X over W. 

Definition 2.3. [23] Let X = {(q,Tx(q),Cx(q),Gx(q),Ux(q),Fx(q)): qeW} and Y = {(q,Tv(q),Cy(q),Gy(q),Ur(q), 
Fy(q)): qe W} be two P-N-Ss over a fixed set W. Then, X c Y if and only if Tx(q) < Ty(q), Cx(q) < Cy(q), 
Gx(q) 2 Gr(q), Ux(q) = Ur(q), Fx(q) = Fr(q), for all qe W. 

Example 2.1. Let W= {1m, m2}. Consider two P-NSs X = {(111,0.4,0.3,0.7,0.7,0.8), (112,0.2,0.5,0.8,0.7,0.8)} 
and Y = {(11,0.7,0.5,0.5,0.5,0.4), (112,0.8,0.7,0.5,0.5,0.5)} over W. Then, X c Y. 

Definition 2.4. [23] Let X = {(q,Tx(q),Cx(q),Gx(q),Ux(q),Fx(q)): qeW} and Y = {(q,Tv(q),Cyr(q),Gyr(q),Ur(q), 
Fy(q)): qeW} be two P-N-Ss over a fixed set W. Then, the intersection of X and Y is defined by 

XAY = {(q, min{Tx(q),Tr(q)}, min{Cx(q),Cyr(q)}, max{Gx(q),Gx(q)}, max{Ux(q),Ux(q)}, max{Fx(q),Fx(q)}): 
qeW}. 

Example 2.2. Let W= {1m, m2}. Consider two P-N-Ss X = {(111,0.6,0.5,0.6,0.7,0.5), (11712,0.8,0.5,0.6,0.7,0.8)} 
and Y = {(11,0.7,0.6,0.5,0.5,0.2), (112,0.9,0.7,0.4,0.3,0.8)} over W. Then, intersection of X and Y is XNY = 
{(1711,0.6,0.5,0.6,0.7,0.5), (112,0.8,0.5,0.6,0.7,0.8)}. 

Definition 2.5. [23] Let X = {(q,Tx(q),Cx(q),Gx(q),Ux(q),Fx(q)): qeW} and Y = {(q,T(q),Cy(q),Gy(q),Ur(q), 
Fy(q)): qeW} be two P-N-Ss over a fixed set W. Then, the union of X and Y is defined by 

XUY = {(q, max{Tx(q),Ty(q)}, max{Cx(q),Cr(q)}, min{Gx(q),Gx(q)}, min{Ux(q),Ux(q)}, min{Fx(q),Fx(q)}): 
qeW}. 

Example 2.3. Let W= {1m, m2}. Consider two P-N-Ss X = {(111,0.5,0.5,0.4,0.7,0.6), (12,0.7,0.5,0.7,0.8,0.4)} 
and Y = {(111,0.8,0.5,0.7,0.8,0.9), (112,1.0,0.8,0.7,0.6,0.5)} over W. Then, XUY = {(111,0.8,0.5,0.4,0.7,0.6), 
(m2,1.0,0.8,0.7,0.6,0.4)}. 

Definition 2.6. [23] Suppose that X = {(q,Tx(q),Cx(q),Gx(q),Ux(q),Fx(q)): qeW} be a P-N-S over W. 
Then, the complement of X is defined by X°= {(q,Fx(q),Ux(q),1-Gx(q),Cx(q),Tx(q)): qeW}. 

Example 2.4. Let W = {111, m2}. Consider a P-N-S X = {(1111,0.7,0.8,0.6,0.8,1.0), (1112,1.0,0.9,0.5,0.4,0.8)} be 
a P-NS over W. Then, the complement of X is X°= {(11,1.0,0.8,0.4,0.8,0.7), (112,0.8,0.4,0.5,0.9,1.0)}. 


Now, we define the complement of a P-N-S in another way, which was given below: 
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Definition 2.7. Let X = {(q,Tx(q),Cx(q),Gx(q),Ux(q),Fx(q)): qeW} be a P-N-S over a fixed set W. Then, 
the complement of X i.e. X° is defined by 

X= {(q,1-Tx(q),1-Cx(q),1-Gx(q),1-Ux(q),1-Fx(q)): qeW}. 

Example 2.5. Let W= {nm mz}. Let X = {(111,0.5,0.8,0.4,0.7,0.5), (12,0.5,0.4,0.5,0.8,0.7)} be a P-N-S over 
W. Then, X¢= {(171,0.5,0.2,0.6,0.3,0.5), (112,0.5,0.6,0.5,0.2,0.3)}. 


3. Pentapartitioned Neutrosophic Topology: 
In this section, we procure the notions of pentapartitioned neutrosophic topology on P-N-Ss. 
Then, we introduce the interior and closure of a P-N-S from the point of view of pentapartitioned 


N-T-S, and prove some results on them. 
Definition 3.1. Let W be a fixed set. Then, a set 3 of P-N-Ss over W is called a Pentapartitioned 
Neutrosophic Topology (in short Pentapartitioned N-T) on W, if the following three conditions hold: 
(i) Opn, lpn €3; 
(ii) Y1, Y2ES > VINY2 €9; 
(iii) {Yr ic A} CI > VYied. 
Then, the pair (W,3) is called a Pentapartitioned Neutrosophic Topological Space (in short 
Pentapartitioned N-T-S). Each element of 3 is called a pentapartitioned neutrosophic open sets (in 
short P-NOS). If Ye, then Y¢is called a pentapartitioned neutrosophic closed set (in short P-NCS). 
Example 3.1. Let X, Y and Z be three P-N-Ss over a fixed set W={p, q, r} such that: 
X = {(p,0.7,0.4,0.6,0.7,0.5), (q,0.5,0.6,0.4,0.5,0.1), (,0.9,0.5,0.3,0.6,0.7): p, g, reW}; 
Y = {(p,0.6,0.4,0.7,0.8,0.9), (q,0.5,0.4,0.6,0.8,0.3), (1,0.4,0.4,0.7,0.7,0.8): p, g, reW}; 
Z = {(p,0.5,0.3,0.8,0.8,1.0), (q,0.4,0.3,0.8,0.9,0.4), (7,0.3,0.4,0.8,0.7,1.0): p, q, reW}. 
Then, the collection 3={Opn, lpn, X, Y, Z} forms a Pentapartitioned N-T on W. 
Remark 3.1. In a Pentapartitioned N-T-S (W,3), the null P-N-S (Orv) and the absolute P-N-S (1pn) are 
both P-NOS and P-NCS in (W,3). 

The pentapartitioned neutrosophic interior and pentapartitioned neutrosophic closure of a P-N-S 
are defined as follows: 
Definition 3.2. Let (W,3) be a Pentapartitioned N-T-S. Let X be a P-N-S over W. Then, the 
pentapartitioned neutrosophic interior (in short P-Nint) of X is the union of all P-NOSs contained in X 
and the pentapartitioned neutrosophic closure (in short P-Nc) of X is the intersection of all P-NCSs 
containing X, i.e. 
P-Nin(X) = U{Y: YCX and Y is a P-NOS in (W,3)}, 
and P-Ne(X) = A{Z: XCZ and Z is a P-NCS in (W,3)}. 
Remark 3.2. It is clearly seen that P-Nin(X) is the largest P-NOS in (W,3), which is contained in X and 
P-Na(X) is the smallest P-NCS in (W,3) that contains X. 
Theorem 3.1. Let (W,3) be a Pentapartitioned N-T-S. Let Q and R be any two P-N-Ss over W. Then, 
the following holds: 
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(i) P-Nin(Q) € QE P-Na(Q); 
(it) QC R= P-Na(Q) € P-Na(R); 
(itt) QC R => P-Nin(Q) & P-Nint(R); 
(iv) P-Nea(QUR) = P-Ne(Q) U P-Na(R); 
(0) P-Na(QAR) & P-Na(Q) 0 P-Na(R); 
(vi) P-Nin(QUR) D P-Nint(Q) U P-Nini(R); 
(vii) P-Nin(QAR) < P-Nint(Q) A P-Nint(R). 
Proof. (i) From definition 3.2., we have P-Nin(Q) = U{R: R is a P-NOS in (W,3) and RcQ}. Since, each 
RcQ, so U{R: R is a P-NOS in (W,3) and REQ} < Q, i.e. P-Nin(Q)CQ. 
Again, P-Ne(Q) = AZ: Z is a P-NCS in (W,3) and QcZ}. Since, each Z3Q, so M{Z: Z is a P-NCS in 
(W,3) and QEZ} > Q, ie. P-Nea(Q)2Q. 
Therefore, P-Nin(Q)CQCP-Na(Q). 
(ii) Let (W,3) be a Pentapartitioned N-T-S. Let Q and R be any two P-N-Ss over W such that QcR. 
Now, P-Na(Q) = A{Z: Z is a P-NCS in (W,3) and QcZ} 
c OZ: Zis a P-NCS in (W,3) and RcZ} [Since QcR] 
= P-Na(R) 
=> P-Na(Q) c P-Na(R). 
Therefore, QCR => P-Ne(Q)CP-Na(R). 
(iii) Let (W,3) be a Pentapartitioned N-T-S. Let Q and R be any two P-N-Ss over W such that QcR. 
Now, P-Nin(Q) = U{Z: Z is a P-NOS in (W,3) and ZcQ} 
Cc UZ: Z is a P-NOS in (W,3) and ZcR} [Since QcR] 
= P-Nin(R) 
=> P-Nin(Q) c P-Nin(R). 
Therefore, QCR => P-Nini(Q)CP-Nint(R). 
(iv) Let Q and R be two pentapartitioned neutrosophic subsets of a Pentapartitioned N-T-S (W,3). It 
is known that QCQUR and RCQUR. 
Now, Qc QUR 
=> P-Nea(Q) & P-Na(QUR); 
and Rc QUR 
=> P-Na(R) c P-Ne(QUR). 
Therefore, P-Na(Q)UP-Na(R) < P-Na(QUR) (1) 
We have, QcP-Ne(Q), RCP-Ne(R). Therefore, QUR C P-Nea(Q)UP-Na(R). Further, it is known that 
P-Nei(Q)UP-Na(R) is a P-NCS in (W,3). It is clear that, P-Na(Q)UP-Na(R) is a P-NCS in (W,3), which 
contains QUR. But it is known that P-Ne(QUR) is the smallest P-NCS in (W,3), which contains QUR. 
Therefore, P-Ne(QUR) € P-Na(Q)UP-Ne(R) (2) 
From eq. (1) and eq. (2), we have P-Nc(QUR) = P-Na(Q)UP-Nei(R). 
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(v) Let Q and R be two pentapartitioned neutrosophic subsets of a P-NTS (W,3). It is known that 
QAREQ, QARER. 
Now, QQNRcCQ 
=> P-Na(QNR) < P-Na(Q); 
and QARCR 
=> P-Ne(QNR) C P-Nei(R). 
Therefore, P-Na(QANR) C P-Ne(Q)AP-Na(R). 
(vi) Let Q and R be two pentapartitioned neutrosophic subsets of a Pentapartitioned N-T-S (W,3). It 
is known that QCQUR and RCQUR. 
Thus, we get 
QcQUR 
= P-Nin(Q) & P-Nin(QUR); 
and RCQUR 
=> P-Nini(R) Cc P-Nin(QUR). 
Therefore, P-Nini(Q)UP-Nin(R) C P-Nin(QUR). 
(vii) Let Q and R be two pentapartitioned neutrosophic subsets of a Pentapartitioned N-T-S (W,3). It 
is known that QONRCQ, QARER. 
Now, QQARcCQ 
=> P-Nin(QAR) C P-Nini(Q); 
and QARCR 
=> P-Nint((QNR) C P-Nin(R). 
Therefore, P-Nint(QAR) C P-Nint(Q)AP-Nint(R). 
Theorem 3.2. Let Q be a pentapartitioned neutrosophic subset of a Pentapartitioned N-T-S (W,3). 
Then, the following holds: 
(2) (P-Nint(Q))°= P-Na(Q’); 
(ii) (P-Na(Q)): = P-Nin(Q9). 
Proof. (i) Let (W,3) be a Pentapartitioned N-T-S and Q = {(w, To(w), Co(w), Ga(w), Ua(w), Fo(w)): 
we WY} be a pentapartitioned neutrosophic subset of W. 
We have, 
P-Nin(Q) = U{Zi: ie A and Zi is a P-NOS in (W,3) such that Zic Q} 
= {(w, VTz,(w), VCz,(w), AGz,(w), AUz,(w), AFz,(w)) : w €W}, where for all icA and Zi is a 
P-NOS in (W,3) such that ZicQ. 
This implies, (P-Nint(Q))°= {(w, ATz,(w), ACz,(w), VGz,(w), VUz,(w), VFz,(w)): we W}. 
Since, ATz,(w) < Tg(w), ACz,(w) < Ce(w), vGz,(w) 2 Ge(w), VUz,(w) 2 Ug(w), VFz,(w) 2 Fe(w), for each 
icA and weW, so P-Ne(Q* = {(w, ATz,(w), ACz,(W), VGz,(w), VUz,(w), VFz,(w)): we Wh} = Zi: 1€A and 
Zi is a P-NCS in (W,3) such that Q°cZi}. Therefore, (P-Nint(Q))°= P-Nei(Q*). 
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(ii) Let (W,3) be a Pentapartitioned N-T-S and Q= {(w, To(w), Co(w), Go(w), Uo(w), Fo(w)): we W} be a 
pentapartitioned neutrosophic subset of W. 
We have, 
P-Na(Q) = A{Zi: ieA and Zi is a P-NCS in (W,3) such that Zi>Q} 

= {(w, ATz,(w), ACz,(w), VGz,(w), VUz,(w), VFz,(w)): weW}, where Zi is a P-NCS in (W,3) such 
that Zi DQ, for all ic A. 
This implies, (P-Na(Q))°= {(w, VTz,(w), vCz,(w), AGz,(w), AUz,(w), AFz,(w)): weW}. 
Since vTz,(w) 2 Tg(w), VCz,(w) 2 Cy(w), AGz,(w) < Ge(w), AUz,(W) < Up(w), AFz,(w) < Fe(w), for 
each icA and weW, so P-Nin(Q’) = {(w, VTz,(w), VCz,(w), AGz,(w), AUz,(w), AFz,(w)): wEW} = U{Zi eA 
and Zi is a P-NOS in (W,3) such that Zic Q*}. Therefore, (P-Ne(Q))*= P-Nin(Q*). 
Theorem 3.3. Let X be a pentapartitioned neutrosophic subset of a Pentapartitioned N-T-S (W,3). 
Then, the following holds: 
(i) Qis a P-NOS if and only if P-Nin(Q) = Q; 
(ii)Q is a P-NOS if and only if P-Ne(Q) =Q. 
Proof. (i) Let Q be a P-NOS in a Pentapartitioned N-T-S (W,3). Now, P-Nin(Q) = U{Z: Z is a P-NOS in 
(W,3) and Z <Q}. Since, Q is a P-NOS in (W,3), so Qis the largest P-NOS, which is contained in Q. 
This implies, U{Z: Z is a P-NOS in (W,3) and Z <Q} = Q. Therefore, P-Nin(Q) = Q. 
(ii) Let Q be a P-NCS in a Pentapartitioned N-T-S (W,3). Now, P-Na(Q) = A{Z: Z is a P-NCS in (W,3) 
and QcZ}. Since, Q is a P-NCS in (W,3), so Q is the smallest P-NCS, which contains Q. This implies, 
MZ: Z is a P-NCS in (W,3) and QcZ} = Q. Therefore, P-Na(Q) = Q. 
Definition 3.3. Let (W,3) be a Pentapartitioned N-T-S. Then X, a P-N-S over W is called a 
(i) pentapartitioned neutrosophic semi-open (P-NSO) set if and only if X c P-Na(P-Nin(X)); 
(ii) pentapartitioned neutrosophic pre-open (P-NPO) set if and only if X ¢ P-Nin(P-Na(X). 
Remark 3.3. The complement of P-NSO set and P-NPO set in a Pentapartitioned N-T-S (W,3) are 
called pentapartitioned neutrosophic semi-closed (in short P-NSC) set and pentapartitioned 
neutrosophic pre-closed (in short P-NPC) set respectively. 
Theorem 3.4. Let (W,3) be a Pentapartitioned N-T-S. Then, 
(1) every P-NOS is a P-NSO set. 
(ii) every P-NOS is a P-NPO set. 
Proof. (i) Let (W,3) be a Pentapartitioned N-T-S. Let X be a P-NOS. Therefore, X=P-Nin(X). It is 
known that XCP-Na(X). This implies, X<P-Na(P-Nin(X)). Therefore, X is a P-NSO set in (W,3). 
(ii) Let (W,3) be a Pentapartitioned N-T-S. Let X be a P-NOS. Therefore, X=P-Nin(X). It is known that, 
XCP-Na(X). This implies, P-Nini(X)cP-Nini(P-Na(X)) i.e. X = P-Nini(X) C P-Nint(P-Ne(X)). Therefore, X c 
P-Nint(P-Na(X)). Hence, X is a P-NPO set in (W,3). 
Remark 3.4. The converse of the previous theorem may not be true in general. This follows from the 


following example. 
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Example 3.2. Let (W,3) be a Pentapartitioned N-T-S, where 3={Opn, lpn, {(a,0.3,0.4,0.5,0.4,0.3), 
(b,0.4,0.3,0.7,0.3,0.4)}, {(a,0.4,0.6,0.4,0.4,0.1), (b,0.5,0.4,0.5,0.1,0.3)}}. Then, 
(i) Q={(a,0.6,0.6,0.3,0.4,0.1), (b,0.9,0.8,0.4,0.1,0.2)} is a P-NSO set but it is not a P-NOS in (W,3). 
(ii) P={(a,0.3,0.7,0.2,0.9,0.2), (b,0.3,0.7,0.5,0.4,0.3)} is a P-NPO set but it is not a P-NOS in (W,3). 
Theorem 3.5. In a Pentapartitioned N-T-S (W,3), the union of two P-NSO sets is a P-NSO set. 
Proof. Let X and Y be two P-NSO sets in a Pentapartitioned N-T-S (W,3). Therefore, 
XCP-Na(P-Nint(X)) (3) 
and YcP-Ne(P-Nint(Y)) (4) 
From eq. (3) and eq. (4), we have 
XUY Cc P-Ne(P-Nint(X))UP-Na(P-Nint(Y)) 
= P-Na(P-Nint(X)UP-Nint( Y)) 
C P-Ne(P-Nin(XUY)). 

Therefore, XUY C P-Ne(P-Nin(XUY)). Hence, XUY is a P-NSO set in (W,3). 
Theorem 3.6. In a Pentapartitioned N-T-S (W,3), the union of two P-NPO sets is also a P-NPO set. 
Proof. Let X and Y be two P-NPO sets in a Pentapartitioned N-T-S (W,3). Therefore, 
XCP-Nint(P-Nei(X)) (5) 
and YCP-Nini(P-Na(Y)) (6) 
From eq. (5) and eq. (6), we have, 
XUYC P-Nint(P-Nei(X))UP-Nint(P-Nei(Y)) 

¢ P-Nint(P-Na(X)UP-Na(Y)) 

= P-Nint(P-Ne(XUY)). 

Therefore, XUY ¢ P-Nin(P-Na(XUY)). Hence, XUY is a P-NPO set in (W,3). 
Definition 3.4. Let (W,3) be a Pentapartitioned N-T-S. Then, a P-N-S X over W is called a 
pentapartitioned neutrosophic a-open (in short P-Na-O) set if and only if XCP-Nint(P-Na(P-Nin(X))). 
The complement of a P-Na-O set is called a pentapartitioned neutrosophic a-closed (in short 
P-Na-C) set. 
Proposition 3.1. In a Pentapartitioned N-T-S (W,3), every P-NOS is a P-Na-O set. 
Remark 3.5. The converse of the above proposition may not be true in general, which follows from 
the following example. 
Example 3.3. Let us consider a Pentapartitioned N-T-S (W,3) as shown in Example 3.2. Clearly, the 
pentapartitioned neutrosophic set Q={(a,0.6,0.6,0.3,0.4,0.1), (b,0.9,0.8,0.4,0.1,0.2)} is a P-Na-O set but it 
is not a P-NOS in (W,3). 
Theorem 3.7. In a Pentapartitioned N-T-S (W,3), every P-Na-O set is a P-NSO set. 
Proof. Let X be a P-Na-O set in (W,3). Therefore, XCP-Nint(P-Ne(P-Nint (X))). It is known that 
P-Nint(P-Ne(P-Nint(X))) & P-Na(P-Nin(X)). Thus we have, XCP-Na(P-Nin(X)). Hence, X is a P-NSO set. 
Therefore, every P-Na-O set is a P-NSO set. 
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Remark 3.6. The converse of the above example may not be true in general. This follows from the 
following example. 
Example 3.4. Let (W,3) be a Pentapartitioned N-T-S, where 3={Opn, lpn, {(4,0.5,0.6,0.5,0.7,0.8), 
(b,0.5,0.5,0.5,0.5,0.6)}, {(a,0.4,0.4,0.8,0.8,0.8), (b,0.5,0.5,0.8,0.8,0.8)}}. Then, it can be easily verified that 
A={(a,0.6,0.6,0.3,0.3,0.3), (b,0.5,0.5,0.4,0.4,0.4)} is a P-NSO set in (W,3), but it is not a P-Na-O set in 
(W,3). 
Theorem 3.8. In a Pentapartitioned N-T-S (W,3), every P-Na-O set is a P-NPO set. 
Proof. Let (W,3) be a Pentapartitioned N-T-S. Let X be a P-Na-O set in (W,3). Therefore, 
XCP-Nint(P-Na(P-Nin(X))). It is known that P-Nin(X)cX. This implies, P-Ne(P-Nin(X))cP-Na(X). 
Which implies P-Nin(P-Na(P-Nin(X))) ¢ P-Nin(P-Ne(X). Therefore, XCP-Nin(P-Na(X). Hence, X is a 
P-NPO set. Therefore, every P-Na-O set is a P-NPO set in (W,3). 
Remark 3.7. The converse of the above example may not be true in general. This follows from the 
following example. 
Example 3.5. Let us consider a Pentapartitioned N-T-S (W,3) as shown in Example 3.2. Then, the 
pentapartitioned neutrosophic set P={(a,0.3,0.7,0.2,0.9,0.2), (b,0.3,0.7,0.5,0.4,0.3)} is a P-NPO set in 
(W,3) but it is not a P-Na-O set in (W,3). 
Definition 3.5. Let (W,3) be a P-NTS. Then, a P-NS X over W is called a pentapartitioned 
neutrosophic b-open (in short P-N-b-O) set if and only if X ¢ P-Nint(P-Ne(X)) U P-Na(P-Nint(X)). 
Remark 3.8. A pentapartitioned neutrosophic set X is called a pentapartitioned neutrosophic 
b-closed (in short P-N-b-C) set iff X° is a P-N-b-O set i.e. if P-Nint(P-Nei(X))AP-Ne(P-Nint(X)) Cc X. 
Theorem 3.9. In a P-NTS (W,3), every P-NPO (P-NSO) set is a P-N-b-O set. 
Proof. Suppose that X be a P-NPO set in a P-NTS (W,3). Therefore, X ¢ P-Nin(P-Na(X)). This implies, 
X © P-Nin(P-Nea(X)) U P-Na(P-Nint(X)). Hence, X is a P-N-b-O set. Therefore, every P-NPO set is a 
P-N-b-O set. 

Similarly, it can be shown that every P-NSO set is a P-N-b-O set. 
Theorem 3.10. The union of two P-N-b-O sets in a P-NTS (W,3) is a P-N-b-O set. 
Proof. Let X and Y be two P-N-b-O sets in a P-NTS (W,3). 
Therefore, X ¢ P-Nint(P-Ne(X)) U P-Ne(P-Nini(X)) (7) 
and Y < P-Nin(P-Ne( Y)) U P-Na(P-Nint(Y)) (8) 
It is known that, X c XUY and Yc XU Y. 
Now, X c XUY 
=> P-Nin(X) Cc P-Nin(AUB) 
=>P-Na(P-Nin(X)) & P-Na(P-Nin(XUY)) (9) 
and X < XUY 
=> P-Ne(X) < P-Na(AUB) 
=>P-Nin(P-Na(X)) < P-Nint(P-Na(XUY)) (10) 


Similarly, it can be shown that 
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P-Na(P-Nint(Y)) & P-Nei(P-Nin(XUY)) (11) 
P-Nint(P-Na(Y)) & P-Nint(P-Na(XUY)) (12) 
From eq. (7) and eq. (8) we have, 
XUY Cc P-Ne(P-Nini(X)) U P-Nint(P-Na(X)) U P-Na(P-Nint(Y)) U P-Nint(P-Na(Y)) 
C P-Ne(P-Nin(XUY)) VU P-Nint(P-Na(XUY)) U P-Na(P-Nin(XUY)) U P-Nin(P-Ne(XVY)) 
[ by eqs (9), (10), (11), & (12)] 
= P-Ne(P-Nin(XUY)) U P-Nint(P-Na(XUY)) 
=> XUY c P-Na(P-Nin(XUY)) U P-Nint(P-Ne(XVY)). 
Therefore, XUY is a P-N-b-O set. 
Hence, the union of two P-N-b-O sets is a P-N-b-O set. 
Theorem 3.11. In a P-NTS (W,3), the intersection of two P-N-b-C sets is a P-N-b-C set. 
Proof. Let (W,3) be a P-NTS. Let X and Y be two P-N-D-C sets in (W,3). Therefore, 


P-Nint(P-Ne(X)) A P-Ne(P-Nint(X)) C X (13) 
and P-Nini(P-Nei(Y)) A P-Ne(P-Nini(Y)) Cc Y (14) 
Since, XNY & X and XNY € Y, so we get 

P-Nint( XY) & P-Nint(X) => P-Na(P-Nin(XAY)) & P-Ne(P-Nint(X)); (15) 
P-Na(XAY) © P-Na(X) = P-Nini(P-Ne(XOY)) & P-Nint(P-Na(X)) (16) 
P-Nin( XY) & P-Nini(Y) = P-Neat(P-Nint(XOY)) & P-Na(P-Nini(Y)) (17) 
and P-Ne(XMY) & P-Na(Y) = P-Nint(P-Ne(XAY)) & P-Nint(P-Ne(Y)) (18) 


From eq. (13) and eq. (14) we get, 
XAY D P-Nin(P-Na(X)) A P-Na(P-Nint(X)) A P-Nint(P-Nei(Y)) A P-Na(P-Nint(Y)) 
> P-Nint(P-Na(XAY)) 0 P-Na(P-Nint(XAY)) A P-Nint(P-Ne(XAY)) A P-Nea(P-Nin(XOY)) 
[by eqs (15), (16), (17) & (18)] 
= P-Nini(P-Na(XNY)) A P-Ne(P-Nin(XAY)) 
=> XNY 2 P-Na(P-Nint(XAY)) A P-Nint(P-Ne(XOY)). 
Hence, XNY is a P-N-b-C set in (W,3). 


Therefore, the intersection of two P-N-b-C sets is again a P-N-D-C set. 


4. Conclusion: In this study, we present the notions of pentapartitioned neutrosophic topological 
space and studied different types of open sets namely P-NPO set, P-NSO set, P-N-b-O set, and 
P-Na-O set. By defining P-NPO set, P-NSO set, P-N-b-O set and P-Na-O set, we formulate some 
results on Pentapartitioned N-T-Ss in the form of Theorems, Propositions, etc. We provide few 
illustrative counter examples where the results fail. We hope that, in the future, based on these 
notions and various open sets on Pentapartitioned N-T-S, many new investigation / research can be 
done. Further, the notion of pentapartitioned neutrosophic topological space can be used in area of 


decision making, data mining, etc. 
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Abstract: The purpose of this .research is, to define a fuzzy neutrosophic points in fuzzy neutrosophic. 
topological space namely [FNPs]. Also, we have study some new types of points in separation axioms T;, where 
i= 0,1,2 with some new construction based of fuzzy neutrosophic topological spaces as extension of Fatimah et 


al. work [ /]. Then, we investigate many theorems and examples to present and discuss. 


Keywords: fuzzy neutrosophic point; fuzzy neutrosophic topology; separation axioms. 


1. Introduction 


The concept of neutrosophic set theory introduced by Smarandache [ 2] and get the introduction of the 
term neutrosophic. components,(T,/,F,) which refers to the membership, non-membership and between them 
the indeterminacy values . Then, Salama et al..[3,4] study some .basic concepts and theire operations, of the 
neutrosophic.crisp set for building. new branches. of neutrosophic. mathematic. Then, many authors studied 
and presented the term of neutrosophic set theory and some of its applications in their works, 
(see[5,6,7,8,9,10]). 

Recently, many concepts of neutrosophic topological spaces have been extended in fuzzy neutrosophic 
topological spaces by the authors (see [11-20]). In this work, we put some basic concepts of the neutrosophic. 
set, with their operations, and because, of their useful and wide applications to solve many problems, we used 
these concepts of fuzzy neutrosophic sets as generalized of Ahmed et al. study [21] to define new types of 
neutrosophic points based of our space, also our interest is to study separation axioms To, Ti, T2 with new 
construction as extension of Fatimah et al. work [1] in fuzzy neutrosophic topological spaces by definitions, 
propositions and counter examples so in this paper, several types of fuzzy neutrosophic points in separation 
axioms via fuzzy neutrosophic topological spaces are going to be studied. Finally, we used the new concepts 


and definitions to examine the relationship between them in details. 
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2. Preliminaries: 

In this part of our research, we will refer to some definitions and operations which are useful in our 
study. 
Definition 2.1 [9]: "Let Xybe a non-empty fixed set. The fuzzy neutrosophic set (FNS), Sn is an object 
having the form Sn = {< X, Hs, (X), Osy(X), Vsy(X) >: XE Xn} where the functions [s,, Os,,Vsy: Xn > [0, 
1] denote the degree of membership function (namely [s,,(x)), the degree of indeterminacy function (namely 
Os, (x)) and the degree of non-membership function (namely vs,(x)) respectively of each element xe 


Xyto the setSn and OS Us, (X) + Os (x) + Vsgy(X)S 3, foreach xe Xy." 


Remark 2.2 [15]: "FNS un = {< u, Ayn(u), Opn(), Vun(u) >: u EU} can be identified to an ordered triple < u, 


uN, OuNn; Vin >in [0,1] on U." 


Definition 2.3 [9]: "Fuzzy neutrosophic topology (FNT) on a non-empty set Xyis a family t of fuzzy 
neutrosophic subsets in Xysatisfying the following axioms. 
i. Ow, lv€ T, 
ii. Sy, A Sy,€ Tt for any Sy,, Sn,€ T, 
iii. V Snj€ T,V {Sy,: JE J} St. 

In this case the pair (Xj, T) is called fuzzy neutrosophic topological space (FNTS). The elements of tT 
are called fuzzy neutrosophic -open sets (FN-open set). The complement of FN-open set in the FNTS (Xy, T) 


is called fuzzy neutrosophic-closed set (FN-closed set)." 


Definition 2.4 [9]: "Let S = (Us(x) , 0s(X) . Ys(X) > be aNS on Xy, then the complement of the set S (S‘, for 
short ) maybe defined as three kinds of complements: 

(C1) S° = {< x,1 — ps(x),1 — ys(X) >: x € Xy}, 

(C2) S° = {<x, Ys(X), 05 (X), Hs (x) >: x € Xu}, 

(C3) S°={< x, ys(x),1 — 05(x), Us(x) >:x € Xf." 


Definition 2.5 [10]: "Let Xy be a non-empty set and two NSs S with M in the form S=< 
Us (x), 05 (X),¥s(X) >, M = < U(X), Om (X) .Ym(x) >, then we may consider two possible definitions for 
subsets (S © M) may be defined as : 

(1) SEM © us(X) S Uy (X). ¥s(X) 2 Ym (x)and, os(x) S Oy (xX) VX E Xy, 

(2) SOM © us(X) S Um (X), ¥s(X) = Ym(X) and os(x) 2 Om (X)VX € Xy." 


Proposition 2.6 [10]: "For any neutrosophic set S the following are holds: 
(1) On SS, On € On, 
(2) S€1y,1y € 1y." 


Also, the intersection can be written as SA M and may be defined by: 
(I,) SAM =<x,Us(x) A Um (X), 6s) A Om (X), Ys) V Yu) >, 
(Iz) SAM =<x,Us(x) A Hm (x), Os) V Om (X), Ys(X) V Ym) >. 
Finally, the union can be written as SV M may be defined by: 
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(U,) SVM =<x, us (x) V Um (x), Os (CX) V Om (X), Ys(X) A Yu (X) >, 
(U2) SV M =<x, ps (xX) V U(X), Os(X) A Om(X), Ys(X) A Yu (X) >. 


3. Some New Separation Axioms in Fuzzy Neutrosophic Topological Spaces 


In this section, we present Tj- separation axioms where I = 0,1,2 based of fuzzy neutrosophic topological 


spaces and introduced it after giving some definitions of as follows: 
Definition 3.1: The object having the from S = (S,,S,,S3) is called: 


1. A fuzzy neutrosophic set of Type 1 [FNS/Typel ] if satisfying 
S; AS2 = 0,8; AS3=0 and Sz A S83 =0, 
2. A fuzzy neutrosophic set of Type 2 [FNS/Type2 ] if satisfying 
S; AS2 = 0,8; AS3=0 and Sz A S3=0,S, V Sz VS3 = 1, 
3. A fuzzy neutrosophic set of Type 3 [FNS/Type3 ] if satisfying 
8S; AS2 AS3=0, S,V Sz VS3 = 1. 


Example 3.2: Let Xy = {a}, then: 


1. S=<0.5,0,0 > isa FNS in Xy, 


Type 1: S,; AS; =0.5A0= 0,8, AS3 =0.55A0=0,S, AS3 =0 
Therefore FNS is FNi. 
2. S=<1,0,0 > isan (FNS) in Xy, 
Type 2: S, AS; =1A0=0, 8S; AS; =1A0=0,S, AS; =0_ 
S; VS2VS3 =1 
Therefore FNS is FN>. 
3. § =< 0.8,1,0> is an (FNS) in Xy. 
Type 3: S; AS2AS3=0 , 8S, VS2VS3 = 1. 
Therefore FNS is FN3. 
Remark 3.3: For the FNS we have: 


1. Every FN2 is FN, 
2. Every FN: is FN3. 
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The proof is directly. 


The converse of Remark 3.3 is not true as it shown in the next example. 


Example 3.4: Let Xy ={a}, then: 


1. S=<0.5,0,0 > isan (FNS) in Xy, 


Type 1: S; AS, =0.5A0=0,8, AS3 =0.5A0=0,S, AS3 = 0. 
Therefore FNS is FN; but is not FN. 


2. S=< 0.8,1,0 > is an (FNS) in Xy. 
Type3: S; AS,AS3;=0 , 8, VS, VS3 = 1. 


Therefore FNS is FN; but is not FNo. 


Definition 3.5: Types of FNSs 0y and1y in Xy can defined as follows : 


1. Oy may be defined in many ways as a FNS as four ways: 
1. Typel: Oy =< 0,0,1 >, 
2. Type2: 0y =< 0,1,1 >, 
3. Type3: Oy =< 0,1,0 >, 
4. Type4: 0y =< 0,0,0 >. 
2. 1, may be defined in many ways as a FNS as: 
1. Typel: 1y =< 1,0,0 >, 
2. Type2: ly =< 1,1,0 >, 
3. Type3: 1y =< 1,0,1 >, 
4. Type4: 1y =< 1,1,1 >. 


Definition 3.6: Let Xy be a non - empty set and the FNSs aand® in form a =< a4, Q2,03 >, B=< 


B,, Bz, Bz >, then we may consider two possible definitions for subsets a & B, may be defined in two ways : 


l. af Bp S&S a © Bj, a € By and az E Be, 


2. af&Bp & a © fi, Bo € ay and B3 € az. 


Definition 3.7: For all x ,y, z belonging to a non — empty set Xj, the fuzzy neutrosophic points related to x ,y, z 


are defined as follows: 


1. Xn, =< {x},0,0 >, is called a fuzzy neutrosophic point (FNPy, ) in Xy, 
2. Yn, =< 0, {y},0 >, is called a fuzzy neutrosophic point (FNPy, ) in Xv, 
3. Zy, =< 0,0, {z} >, is called a fuzzy neutrosophic point (FNPy, ) in Xy. 
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The set of all fuzzy neutrosophic points (FNPy,, FNPy, ,FNPy, ) is denoted by FNPy. 
Definition 3.8: Let Xy be anon - empty set and x, y, z € Xy. Then the fuzzy neutrosophic point: 


1. xy, is belonging to the fuzzy neutrosophic set S = < S; , Sz ,S3 >, denoted by xy, €S, if x € Sy 
where in xy, does not belong to the fuzzy neutrosophic set S denoted by xy, €S ,if xy, € S1, 

2. yn, is belonging to the fuzzy neutrosophic set S = < S; ,S2 ,S3 >, denoted by yy, €S, if y€ S2 
in contrast Yy,does not belong to the fuzzy neutrosophic set S denoted by yy, €S ,if Yn, E So, 

3. Zn, is belonging to the fuzzy neutrosophic set S =< S, ,S2,S3 >, denoted by zy, €S, if z € Ss 


in contrast Zy,does not belong to the fuzzy neutrosophic set S denoted by zy, €S ,if zy, € S3. 
Definition 3.9: Let (Xy,T) be a FNTS, Then Xy is called: 


1- FN, Tp -space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 
neutrosophic open set S ,M inXy such that xy, €S , yy, €S and xy, €M,yn, EM, 

2- FN2Tpo -space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 
neutrosophic open set S ,M inXy such that xy, €S , yn, €S and xy, €M,yn, EM, 

3-  FN3Tp -space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 


neutrosophic open set S, M inXy such that xy, €S , yn, €S and xy, € M, yn, € M. 


Example 3.10: Let Xy = {a,b,c} and t = {On, 1y,S}, 


Lb es S fe se : 


0.8,0,0 0,0,0 


c 


S ={< —_>,< Soy ey Se ae >} EX 
0, Xn, = { 0.8,0,0 ~” 0,0,0 ~’~ 0,0,0 } # yn, = 0.7,0,0 ~’ 0,0,0 ~’ ~ 0,0,0 } N° 
* ° a . 
There is a FNOS in (Xy,T) say xy, = {< ao >< ao >< Too. >} ES but yn, = {< 00 >< 


c 


>< 
0,0,0 0,0,0 


>}ES. 
Therefore, (Xy, T) is FN, To -space . 


b b 
O. Tf “SS{e 2 ne Se SS ho eh SS Se Hee SS 
1,1,0 0,1 ,0 0,1,0 2 1,1,0 1,0 ,0 0,1,0 


a b c 


Yn, ={< Mar ee 5a0 73 E Xn: There is a FNOS in (Xy,T) say Xn, ={< 
a b c a b Cc 
Tan >< ach >< ane >} €S but, Yn, = {< rer >< PEt >< ine >} ES. 


Therefore, (Xy, T) is FN Ty -space 
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b 
3. If S={<—* >.< Se SS: 
1,0.9,0 00,1 0,0,1 
S =(a" ° <>} # < Eee eX 
0, Xn, = { 0,01~’~ 0,017’ ~ 0,0.9,1° } # yn, = 0,01~’~ 0,017’ ~ 0.6,1,0 J € Xy. 
* ‘: a b c a 
There is a FNOS in (Xy,T) say, Xn, = {< ne >< are >< joo) ES but, yn, ={< iV eae 
b c . 
are >< ae. >} € S. Therefore, (Xy,T) is FN3 Tp -space . 
Definition 3.11: Suppose that (Xy, T) is a FNTS, Then Xy is called: 
1- FN, T,-space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 
neutrosophic open set S ,M inXy such that xy, €S , yy, € S and xy, €M, yn, EM, 
2- FN,T, -space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 
neutrosophic open set S ,M inXy such that xy, €S , yn, € S and xy, €M, yn, EM, 
3- FN,T, -space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 


neutrosophic open set S ,M inXy such that xy, €S , yn, € S and xy, €M,yn, € M. 


Example 3.12: Let Xy = {a,b,c}, tT = {On, 1y,5,M,SA M,S V M},Then. 


io de SSeS os Se Siyand 
0.5 ,0,0 0,0,0 0,0,0 


b 
M = {(< —— >.< —>,< —>}. 
0.3 ,0 ,0 0,0,0 0,0,0 


S Se ee ren ee SAE oe ce PS ee eX 
©, EN = 0.5,0,0~” 0,0,0~’ ~ 0,0,0 YN, = 0,03,0~°~ 0,0,0~’~ 0,0,0 Ne 


: : b c a b 
There is a FNOS in (Xy, T), Say Xn, Sega ago oon >} ES, xy, ={< ——>,< Parca 


c a b c a b 
is 500 3 EM and Vite 1S oso xo coo J EM, Yn, ={< > ,< 


c 
0,0,0 


>}¢€S . Therefore, (Xy,T) is FN, T, -space. 


b 
2. fS={<— 3,< —— >.< — >}, and 
1,1,0 0,1,0 0,1,0 


b 
M={<— >,< ——>,< ——>} 
0,0,0 0,1,0 0,1,0 
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a b c a b c 
Ss se >} # yy, ={<— >< —>< 
0,1,0 1,1,0 0,1,0 2 0,1,0 0,0 ,0 0,1,0 


So, XN, = {< >} E Xn 


c a 


‘ : a b 
There is a FNOS in (Xy,T), say xn, ={< ae >,< Wo eR >J ES, xy, = {< was >,< 
oe. Se M andy Hee ee 
11,0 ~” 0,1 ,0 YNz = 0,1,0 ; 0,0,0 ~ ’ 0,1,0 
a b c ‘ 
E M,yn, = {< rae >< a >< ne >} € S. Therefore, (Xy, T) is FNz T; -space . 
b 
3. IfS={< >< —->,<—— >} and 
1,0.2,0 0,0,1 0,0,1 
b c 
M={< >, < —->,< —_>} 
00.71 0,0,1 0,0,,1 
b 
SA M — {< 7 > ? } 
0 ,0.2,0 0,0,1 0,0,1 
a b c 
Sv M={< : j >}. 
1,0.7,1 0,0,1 0,0,1 
a b c a b Cc 
So, Xn, = {< 0,01 ~° 0,017’ 0,0.2,1 ie Yn, =f 0,01 ~°’ 0,017’ 0,0.7,1 >} € Xn 
. 2 a b c a b 
There is a FNOS in (Xy,T) say, Xn, = {< Toa >.<, aon >< er >} €S,xn, ={< aot >.<, aoa >< 
—_>}€M and eos ates Shel ={< S22 e 
0,0.2,1 ane” ag = 0,017’ ~’ 00,17’ ~0,0.7,1 » YN3 = On04. = 20,0? 


c 
0,0.7 ,1 


>} € S. Therefore, (Xy,T) is FN3T, -space. 


Definition 3.13: Suppose that (Xy, tT) isa FNTS. Then Xy is called: 


1- FN, T, -space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 
neutrosophic open set S,M inXy such that xy, €S , yn, €S and xy, €M,yn, EM with SAM =< 
0,0,0 >, 

2- FN2T, -space for every two different points from Xy are Xy,, yn, there exists two fuzzy 
neutrosophic open set S ,M inXy such that xy, € S, yn, €S and xy, €M,yn, €M with SAM =< 
0,1,0 >, 

3- FN3T2 -space for every two different points from Xy are Xy,, Yn, there exists two fuzzy 
neutrosophic open set S ,M inXy such that xy, € S , yn, S and xy, € M, yn, € M with SAM = 
<0,0,1 >. 
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Example 3.14: Let Xy = {a,b,c}, tT = {0n, 1y,5,M,SV M},Then. 


b 
1 If S={<— >< >.< —— >}, and 
0.6 ,0,0 0,0,0 0,0,0 
a b Cc 
M={ 0,0.8,0 ~ 7 0,00 ’  0,0,0 } 


SVM ={< Se 
0,6 ,0.8 ,0 0 ,0,0 0 ,0,0 


So, SAM =< 0,0,0 > 


Let ={< >.< —> <—>)}# Se eee A ey 
et Xn, = { 0.6,0,0~’ ~ 0,0,0 0,0,0 Deyn 0,0.8,0 ~’~ 0,00 ~ ’~ 0,0,0 , N 


Se ee ts a ee Cee 
~ 0.6,0.0~’ 0,00 ~° *~ 0,0,0 »Xn, = 0.6,0,0~ ? 0,0,0 


There is a FNOS in (Xv, T), say, Xn, 


c a b c a b 
a 0 ,0,0 >} €M andyy, = {< 0,0.8,0 oa 0 ,0,0 sie a 0 ,0,0 >} € Moyn, = {< 0,0.8,0 a 0,0,0 as 0 ,0,0 Z 


} € S. Therefore, (Xy, T) is N, Tp -space . 


2. FS={< 2 >.< 2 5, <—sy}and 
1,1,0 0 ,1,,0 0,1,,0 
M={< Sasa 
1,0 0,1 0 ,1,,0 


So, SAM =< 0,1,0 > 


Then, Xn, = 11,0 0,1,,0 Ne oprah er: 01,0 
There is a FNOS in(X Se ee ee eves ares Pose 
ere is a in(Xy,T), say Xn, = { rec ha ; rer } » Xn, = { ae alg 
Boe 2 2 Sew aid yg Se a Se ={< >> —>,< ——> 
1’71’0~’ > 0’ 1’0 YNz =~ 01,0 ~’~ 0,1,0~7 7 ~ 0,1,0 *YN2 = 0,1,,0 7’ 
<—*_>}€S . Therefore, (Xy, 1) is FN, T, -space . 
b 
3. IfS={< —“ >.< >.< ——>}, and 
1,0.9,0 0,0,1 0,0,1 
M={< >, <—->,< — >} 
0,1 0,0,1 0,0,1 
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b 
SVM = {< > ? - >} 
1,0.9,1 0,0,1 0,0,1 
So, SAM =< 0,0,1 > 
a b c a b c 
Then.xy, = {< 00,17’ ~001~’~ 1,0.9,1 PEE Vig 1S doa? So0a7°~ o0a >} € Xy 


. a b c a 
There is a FNOS in (Xy,T) say, xy, = {< jours Sqn oa! ES, xy, ={< joa < 


b c a b c a b 
joa. = 1,0.9,1 >} €M andyn, = {< Oe ae Goa 0,0,1 >} EM, yn, ={< soa? SGaare 


c 
0,0 ,1 


>} € S. Therefore, (Xy, T) is FN3 T3-space . 
Note_: Veereswari Y. [11] defined and construct several FNTSs as in the next definition so, we used it to study 
some new kinds of separation axioms with some relations and examples. 


Definition 3.15 [11]: Let (Xy,T) be a FNTS on Xy_ Then ,we can also construct several FNTSs on Xy in the 


following ways: 


l- 1 ={[]S:S € t}, where [ ]S =< x, Us (x), 05(x), 1 — Us (KX) >= 
FS =< Sy, So, SE >, 

2- To2 ={<>S:S € th, where < > S =< x,1 — Vs (x), 05(X), Vs (x) > = 
SE=< SS, S,,S3 >. 


Now, we defined and construct two new FNTSs from the FNTS (Xy,T) as the next definition. 


Definition 3.16: Let (Xy,T) be a FNTS such that t is not indiscrete such that tT = {Oy,1y} V {S;,i € J}. Then 


we can construct two (FNTSs) on Xy_as follows: 


1- tt = {Oy,1n} V{S2}, 
2- 1 = {Oy,1n} V {Sp}. 


Example 3.17: Let Xy = {a,b,c}, T= {Oy, 1y,.5, M, SV M },Then. 


a b c 


l. If S={< >}, and 
0.6 ,0,0 0,0,0 0,0,0 
a b c 
M ={< >< ; >} 
0 ,0.8 ,0 0,0,0 0 ,0,0 
b 
Sv M = {< —— >.< —>,< —>}. 
0,6 ,0.8 ,0 0,0,0 0,0,0 
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So, SAM =< 0,0,0 > 
t! = {0n,1y} V {0.6,0,0} v { 0,0.8,0} 
t! = {0n,1n, {0.6,0,0}, { 0,0.8,0}}. 
t* = {On.1n} V{S2} V {M2} 
t? = {0n,1y} V { 0,0,0} v {0,0,0} 
t? = {0n,1n, { 0,0,0}, {0,0,0}}. 


c 


a b c a b 
Let XN, = {< ——_ >,< >,< — >} + Yn, AS geh os eo >.< 0.00 >} € Xy 


0.6 ,0,0 0 ,0,0 0,0,0 


: ‘ a b c a 

There is a FNOS in (Xy,T) say, Xn, = {< eon >< ran >< nar >} ES, xn, ={< ea >< eT > 

Cc a b c a b 
s< ane >} éM andyn, = {< eae >< aoe >< ae >} E M.yn, = {< Agee >< anu >< Pars > 
} € S. Therefore, (Xy, T) is FN, Tp -space . 

2. FS={< 2 >.< 2 >, <—_sy}and 

1,1,0 0 ,1,,0 01,0 
Ma(o— Se Se es} 
0,1,0 01,0 0 ,1,,0 
So, SAM =< 0,1,0 > 
tt = {On,In} V{S1} VEMy} 
TS {0n,1n} Vv {1,1,0} Vv { 0,1,0} 
tt = {0y,1n, {1,0,0}, { 0,1,0}}. 
t? = {On,In} V{S2} V{M2} 
v? = {0n,1n} Vv { 0,1,0} Vv {0,1,0} 
t? = {0y,1y, { 0,1,0}, {0,1,0}}. 
a b c a b c 

If xy, ={< 0 1,0 eas 1,1,0~’ ~ 0,1,0 ?) F Yn = is 0,10 ~’~ 0,1,07” = 0 1,0 >} E Xn 
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‘ ; b bc 
There is a FNOS in (Xy,T) say, xy, = {< aes Tio < em ={< So alec 
a be a be a b c 
Poo 0 ord EM and yn, = {< m0 oo oa “ne >} € M.yn, = {< ae < ree 
T) is FN, T, -space . 
3. W#S={< 4 >.< 2 5,.< 5}, and 
1,0.9,0 0,0,1 0,0,1 
0,0,1 0,0,1 
SV Mea Per eo 
1,0.9,1 0,0,1 0,0,1 
So, SAM=< 0,0,1 > and ,t" = {Oy,1y} V{S,} V{M;}. 
tt = {Oy,1y} V {1,0.9,1} v {0,0,1} 
t! = {Oy,1n, {1,0.9,1}, { 0,0,0}}, 
tT? = {0n,1n} V{S2} V {M2} 
t? = {On,1y} V { 0,0,1} v {0,0,1} 
t? = {0n,1y, { 0,0,1}, {0,0,1}}. 
b 
If we put, xy, ={< Ti joa meih# ae eerren 1? <>< 
: : a b 
There is a FNOS in (Xy,T) Say, Xn, = {< oa. >< Tel >< non >} €S, 
ns ={< >>, Sos >.< o>} EM andyn, = {< = Gre <>< oo 7 ae M, yn, ={< 
b : 
cari >< jot >< cat >} € S. Therefore, (Xy,T) is FN3 T, -space . 


Definition 3.18: A FNTS (Xj, T) is called: 


1. FNTo-space if (Xy,T) is FNiTo-space, FN2To-space and FN3To-space. 
2. FNTi-space if (Xy,T) is FNiTi-space, FN2T\-space and FN3T1-space. 
3. FNT>2-space if (Xy,T) is FN 2To-space, FN2T2-space and FN3T2-space. 
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The next theorem gave the relations between the FNTj-space and the new defined construction to and t?. 


Theorem 3.19: Let (Xx, T) be a FNTS, then the following are equivalent: 
(i)- (Xy, T) is a FN T;, -space, 

(1i)- (Xy, Tp.1) is a FN T, -space, 

(iii)- (Xy, tT’) is a FN T, -space. 

Proof. (i) = (ii) Let xy, Yn € Xp such that xy # yy then there exist. 
Uxy = < Si, 52,53 > and Vy, =< M,,M2,M3 >, such that 


Xn € Uy, if Xn € S, and yy € V, 


YN’ 


<n? if yy © My 

Since FU, = < S1,S2,S¢ > and FV, =< My,,Mp2, My >. 

Then, xy € S; and xy € St , So Xy € FU, . Xn € FV, => Xn € My or Xy E Mf. 
Now if xy € M, , then xy € Mf. 

Therefore, xy ¢ FV,,.If xy € My ,then xy ¢ Mj and since M; A Mj = Oy. 

So, Xy € My ,Thus xy € FV,,. 

Similarly; yy € Vy, and Xy € FV,,. Therefore, (Xy, To.) is a FN T, -space . 

(ii) = (iii): Suppose that xy, Yn € Xn such that xy # yy, then there exist. 

FUx, = < S1,S2, Sj > and FV, =< M,, M2, My >in T 1. 

Where: U,, = < S;,S2,53 > and Vy, =< M,,M2, M3 > in T. 


such that Xy € FU,,, yn € FV,,, 


Xn € FV,, and yy € FU,,. 


Thus , xy € S,and not in M, and yyin M,not in S,, there (Xy,t*) isa FN T, -space. 


(iii) = (i) Let xy, Yn € Xy such that xy # yy then, there exist, xy € S; and xy € M, with yy € 


M,, yn €S,, where S,and M, are in t?. 
Put, Uxy =< Si; S2, S3 > and Wn =< M,,M2, M3 >. 


So, Ux,and V,, are in t and satisfy T,. Therefore, (Xy, T) is a FNT; -space. 
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Example 3.20: Let Xy = {a,b,c}, t= (On, 1y,5,M.SVM,SAM },Then. 


b 
Sa{< se >.< ——>},and 
1,0.4 ,0 0,0,1 0,0,1 
M={< fal Se St 
0,0.5 ,1 0,0,1 0,0,1 
a b 
Sv M ={<—— >< ——>,< >} 
1,0.5,1 0,0,1 0,0,1 


a b c 
>< —>,< —>} 


SAM = {< 
0,0.4 ,0 0,0,1 0 ,0,1 


a b c a b 
If xn, ={< 0,0,1 os 0,01 ns 1,0.4,0 Pile WN ggg ess 0,0,1, aie 0,0.5 ,1 ee eEe: 


b 
For the set S, t9, = {< —— >.< >< —_>} 
1,0.4,,0 0,0,1 0,0,6,1 
a b c 
For the set M, To, = {< >< >< >}. 
0,0.5,1 0,0,1 1,0.5 ,0 


a 
Then, for tT we have Tt), = {0 1 < >,< >,< >,< < 
? o1 = {0n, In, 1,0.4,0~ 0,01 ~ ’ ~ 00617’ 0,051 ~ ” 0,0,1 


Cc 
1,0.5 ,0 


>}and 


tt = {Oy.1y} V{S1} V{M,} ={0n.1y} V {1,0.4,0} v £0,0.5,1} 


That is tt = {Oy,1y, {1,0.4,0}, { 0,0.5,1}}. 


c 


: : a b a 
Then, There is a FNOS in Xy say, xy, = {< oie mor 7oa5 >} ES , xn, ={< —>,< 


0 ,0,1 


b c a b c 
0,0,1 knee >} €M and yy, = {< 0,0,1 ae 0,0,1 aS gee >} EM, yn, = {< 0,0,1 2 


b : 
oe >< wh 7 >} €S. Therefore, (Xy,T) is FN3 T2 -space . 


The next theorem gave the relations between the FNT\-space and the new defined construction to and t?. 
Theorem 3.21: Let (Xy, T) be a FN T, -space, then: 
(1)- (Xy, To.2) is a FN T,-space, 
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(ii)- (Xy, T7) isa FN T, —space. 


Proof. (i) Let (Xy,T) be a FNT,-space and Let xy, yy be any elements in Xy such that xy # yy then 
there exists U,, =< S1,52,53 >and Vj, =< M,,M2, M3 >, such that xy € Ux, ¥n © Vyy; 
YN € Ux: 


Xn € Vy, and 
Thus xy € U,,if xy € Sy , Xn €S3 and yy © My, Yu € M3. 

Also, Xy € My, yn € Sy. 

Since SUx, = < S§,S2,S3 > and SV,, =< M3,M2, M3 >. Then xy € S3 , SO Xy € S§ and yy € M3. 

Thus Xy € SU, and yy € SVy,y. 

Similarly, we can show xy € SVy, and yn € SU,,. 


Therefore, (Xy, T 2) is a FN T, -space. 


(ii) Suppose that xy, yn € Xy such that xy # yy then, there exists SU, = < $3,S2,S3 > and SV. =< 
M3,Mz, M3 > in To. So, there exist Ux, = < S;,,S2,S3 >and V,, =< M,,M2, M3 > in t such that xy € 
SUxy> Yn © SVy.. Xn E SV, and yn € SU,,. 


YN ’ 


Thus xy € S3 and notin M3 and yy € M3 notin S3. 
Therefore, (Xy, 7) isa FN T,-space . 


Remark 3.22:The converse of Theorem 3.21 is not true in general .The following examples show these cases . 


Example 3.23: Let Xy = {a,b,c},and Let t = {Oy, 1y,5,M, SAM, SV M },where 


b c 


S = {< (+—),(—).(—_) >}. and M = {< (—*_),( —),(—) >}, 


1,0.7 ,O0 1,0.5 ,0 1,0.8 ,0 1,0.7 ,O0 1,0,0 1,0.4 ,0 


b c 
).¢ 1,0.4 ,0 


SAM = {< (—*+),( 2),(—) >}, and sv M = {< 4) 


1,0.7 ,O0 1,0,0 1,0.8 ,0 1,0.7 ,O 1,0.5 ,0 


) >} 


1. For the set S, t92 = {< >S:S € tT}, where < > S =< x, 1 — Vg (x), 05(X), Vs (x) > 


a b 


jones ), (——) >, and 


=e 1,0.5,0°’ *1,0.8,0 
2. Forthe set M, to, = {< > M:M € Tt}, where < > M =< x,1 — Vy (x), oy (x), Vy (x) > 


a 
0 ,0.6,1 


Cc 
1,0.4 ,0 


>) 


=i 1,0,0 


),( yet 
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b 
Then, for t we have ty, = {Oy, 1y,.(— 


TER ER AC STR ; ).( ; ).¢ ; )}. 


0 ,0.6,1 1,0,0 1,0.4 ,0 


Also, t? = {Oy,1n} V {S2} V{Mz} 


= {Oy In} V{(2)} v (29). 


1,0.5 ,0 1,0,0 


Remark 3.24: For the FNTS (Xy,T) we have: 


1. Every FNT2-space is FNT-space. 


2. Every FNT\-space is FNTo-space. 
The proof is directly from definitions 3.9, 3.11 and 3.13. 


The converse of Remark 3.24 is not true as it shown in the next example. 


Example 3.25: Let Xy = {a,b,c}, tT = {On, 1y,S}, 


Le SSeS See ay, 
0.8,0,0 0,0,0 0 ,0,0 


a c a b c 
So, XN, ={< aaee < oor ee # yn, ={< 


>< Se >} € Xy. 
0.7,0,0 0,0,0 0,0,0 


a c 


There is a FNOS in (Xy,T) say XN, a >} eS but Yn, = {< 


b 
= {< eye SS eS 
0.8,0,0 0,0,0 


ee ae 
0.7,0,0 


b c 
wee oe eee 


Therefore, (Xy, T) is FN, Ty space but is not FN, T, —space and not FN,T, —space. 


b 
2. Th Safes S — 5 es}, 
1,1,0 0,1 ,0 0 ,1,0 


a b c a b c : 
So, xn, ={< 7G >< are is jo Vax dS Gag TR kak p10 73 © Xn. There is 
a FNOS in Xy say xy, ={< —~>,< >< >} €S but yy, ={< + >,< 2 >< 

N SAY Ng = 1450; ©" 1,0,0~’ ~ 0,1,0 >» YN2 = 0,1,0 ~’ 01,07’ 

Cc 

p10 7} ES. 


Therefore, (Xy, T) is FN Tp -space but, is not FNz T,; -space and not FN,T> space. 
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a b c 
3. If S={< F - >}. 
1,0.9,,0 0,0,1 0,0,1 
a b c a b c 
0, Xy, = = € Xy. 
So, N3 {< 0,01 ’ 0,01 ’ moor) * Yn; {< 0,01 ° ’ 0,01 ° ’ ° 0.6,1,0 >} - 


a 


There is a FNOTS in (Xy,T) say, xy, = {< >< ate —“_>} €S but, yn, ={< Se 


0,0,1 0,0,1 0,0.9,1 0,01 
b c 
0 ,0,1 a 0.6 ,1,0 aye 8. 
Therefore, (Xy, T) is FN Ty -space but is not FN, T, -space and not FN; T; -space. 
Example 3.26: Let Xy = {a,b,c}, tT = {0n, 1y,5,M,SA M,S V M},Then. 
b 
1 IfS={<——>< >.< ——>}Jand 
0.5 0,0 0,0,0 0,0,0 
b 
M={<—*_>,< Sh, 
0.3,0,0 0,0,0 0,0,0 
S Se) ee eS Se = {<— Dae eX 
OntNa =U G5007% 0007? 00,0 YN1 ~ tS 903,07? 0007? 00,0 Ns 
: : a b c a 
There is a FNOS in (Xy,T) say Xy, ={< Ea >< ani >< On >} ES, xn, ={< Er >< 


b c a Cc a 
coor sone and Vite = Sean cone coer hs Vier iS gua 8 
b : 3 
re ar , ; >} € S. Therefore, (Xy, T) is FN, T, —space but is not FN, T> -space. 
b 
2. f£S={<— >.< ——>,< ——>},and 


1,1,0 0,1,0 0,1,0 


c 


b 
M={<—_ >.< —_>< =} 
0,0,0 0,1,0 0,1,0 
So, xy, ={<— Baas SS (6S SS <“_>}EX 
pS N23 01,0 ~” 11,0 ~’ 0,10 YN2 0,10 ~” 0,0,0~’ 0,1,0 N 


c 
0,1,0 


There is a FNOS in (Xy,T) say Xy, = {< —— >,< sre 2 >} ES, xn, ={< 


b c a b 
viet Moc! é~éM .and YN> SAS ag: >,< mor 
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a b c 
E M.yn, = {< 0.10 >.< 0.0.0 >.< 01,0 >} E S. 


Therefore, (Xy, T) is FN T; -space but is not FN2 T> -space. 


a b c 


3. IfS={< >< >.< — >} and 
1,0.2 ,0 0,0,1 0,0,1 
b 
M= {< 2 ’ ’ . >} 
0 ,0.7 ,1 0,0,1 0,0 ,1 


b 
SAM = {< —— >,< —->,< + >} 
0 ,0.2 ,0 0,0,1 


b 
SV M={< —— >,< —->,< — >}. 
1,0.7,1 0,0,1 0,0,1 
a b c a b c 
So, Ns = {1S gor oor oo2a dF Ns = ES Tog Soa < ora} EAN 
F F a b c a b 

There is a FNOS in (Xy,T) say, Xy, = {< aT ><, mote more >} ES.xy, ={< hod Peas >< 

c a b c a b 
Tree Gas and yn, ={< 0,01 Vg Gia y ma Yn; ={< 0,0,1 POR ey eos 


—‘__ >} ¢S. Therefore, (Xy,T) is FN3T, -space but is not FN3T). 


0,0.7 ,1 


4. Conclusions 


In this research, the new type of fuzzy neutrosophic separation axioms has been defined in the fuzzy 
neutrosophic topological spaces by several new types of points and new constructions was studied. And many 
useful examples are presented to clear the newconcepts introduced. Also, proof some new theorems and 


characterizations relations among the new concepts and the other type are going to be found. 
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Abstract: In the wider problem-solving process, decision-making requires knowledge to choose 
the possible and optimum solution in the real time. Decision making become further complicated if 
the available criteria are more. In this research work our intend is to study the behaviour of 
Multi-Dimensional Single valued Plithogenic Neutrosophic Sets(MSVPNS) used in multi criteria 
decision making with multi values of attributes. We also introduce a novel method to find the 
optimum solution of Single valued Plithogenic Neutrosophic Sets(SVPNS) with its operators. We 
apply this concept in the field of agriculture which deals with multi values of attribute and obtain a 


fruitful result for practising agriculture in a successful way. 


Keywords: Decision making, Multi criteria decision making, Neutrosophic set, Plithogenic set, 


Plithogenic Neutrosophic set. 


1. Introduction 


Decision-making process may be termed as the investigation, identification and choice of 
alternatives, the most appropriate option for the perseverance. It is generally called a cognitive 
analysis, since it involves conceptual and logical reasoning. There are some strategies in 
decision-making that are worth exploring, but there is little interest in the number of different 
alternatives, rather than in describing all possible solutions and select the one with the greatest 
likelihood of success, or the one that best matches the specific target or purpose. 

Decision-making is a process that eliminates uncertainty to a significant degree. In most 
decisions, uncertainty is minimized rather than removed. Just in a few cases decisions are taken with 
absolute certainty. This means that most decisions require a certain amount of risk. 

If there is no uncertainty, so there is no decision; only since you have to act and assume a 
determined conclusion. Decisions decide the progress of the project, and often there are tough times 
when they seem not to be as straightforward as we assume they are tougher. 

Zadeh [14] brought a successful revolution by introducing a new theory of sets (i.e.) Fuzzy sets 


(FS) in the area of problem solving world and mathematics. Fuzzy sets accept the view that the 
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knowledge available in the real world is not always definite or crisp, but keeps the hand of 
uncertainty and the analysis of this uncertainty will aid a great deal in the decision making process. 

Atanassov [2] coined Intuitionistic fuzzy set (IFS) to manage vagueness which is an extension of 
the FS. IFS allocates both membership and non-membership degree for each component with the 
constraint that the addition of these two evaluations is less than or equal to unity. IFS plays a major 
role in resolving vagueness or uncertainty in decision making. 

Smarandache [7] proposed Neutrosophic sets (NSs), a generalization of FS and IFS.NSs is highly 
supportive for dealing with insufficient, indefinite, and varying data that occurs in the the real 
world. NSs are characterized by functions of truth (T), indeterminacy (I) and falsity (F) membership 
functions. This concept is very essential in decision making process since indeterminacy is clearly 
enumerated and the truth, indeterminacy, and falsity membership functions are independent. 

Smarandache [6] introduced the Plithogenic set (PS) as a generalization of neutrosophy in 2017. 
The components of PS are represented by one or many number of attributes and each of it have 
numerous values. Each values of attribute have its appurtenance degree for the component x (say) to 
the PS (say P) with reference to certain constraints. For the first time, Smarandache introduced the 
dissimilarity degree between each value of attribute and the predominant value of attribute which 
results in getting the enhanced accurateness for the plithogenic aggregation operators. 

In this research work, we study how the single valued plithogenic neutrosophic set used in multi 
criteria decision making with multi values of attributes. 

Section 1 gives the brief introduction with the organisation of the paper. Section 2 deals with the 
preliminary concepts. In this section we give the basic definitions, important results that is needed 
for our research work. Section 3 explains uni attribute value SVPNS with their operators. Section 4 is 
an extension of section 3 which is our proposed concept dealing with MSVPNS with their 
aggregation operators. Section 5 gives an algorithm for computing the optimum solution for 
numerical data. Section 6 explains the application of the constructed algorithm in the field of 
agriculture. Section 7 gives the results and discussions of the numerical problem and Section 8 


concludes the present research work with the future work. 
2. Preliminaries 


Definition 2.1 [14] Let J be a universal set and the fuzzy set F = ( aa D) |jeJ | is termed by 
a belonging degree y, asy, : J [0,1]. 


Definition 2.2 [2] Let H be a non-void set. The set B= (https \ne H| is called an 


intuitionistic fuzzy set (in short, IFS) of H where the function “,:H — [0,1], 9, :H —[0,1] 
represents the belonging degree (say 44,(h) ) and non- belonging degree (say @,(h) ) of each 
component h € H to the set B and satisfies the constraint that 0 < u,(h)+@,(h) <1. 


Definition 2.3 [9] Let H be a non-void set. The set B=({(n,Ap.4,,7\h eH} is called a 
neutrosophic set (say NS) of H where the function”, : H >[0,1],¢,:H —> [0,1] and v,:H [0,1] 
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represents the belonging degree (say 1, (h) ), neutral degree (say @, (/) ), and non- belonging degree 
(say 7,(h) )of each component heH to the set B and satisfies the limitation that 
O<Ag(h) + Op (h) +7, (h) S3. 


Definition 2.4 [6] Plithogenic set (PS) is a generalization of a crisp set, a fuzzy set (FS), an 
intuitionistic fuzzy set (IFS) and a neutrosophic set (NS), while these four categories are represented 
by a particular values of attribute (appurtenance): single value (belonging)-for a crisp set and a FS, 
two values (belonging, non-belonging)-for an IFS, or triple values (belonging, non-belonging and 
indeterminacy) for NS. 

In general, PS is a set whose members are determined by a set of elements with four or more 


values of attributes. 


Definition 2.5 [6] Let Z be the universal set. A non-void set B={f,,f,,..8,},521 of 
uni-dimensional parameters and / &€ B attributes is known as the values of attribute continuum of 
the PS. A given value whose range of all probable values is the non-void set U, is any finite discrete 
setU = {u,,u,...,.u,},1<s<, or infinitely countable set U ={u,,u,,...,u,,}, or infinitely uncountable 
set U =]x, y[,x < y, where ]...[ where U can be any open, quasi-open or closed interval from the set of 


real numbers of another universal set. 


Definition 2.6 [10] Let R be a non-void subset of U, where R is the collection of the values of all 
attributes that the researchers need for their application. Every component y & P is described by the 


values of all attributes in R={7,,1,....7,, },m21. 


Definition 2.7 [11] Generally there is a predominant values of attribute (DAV) within the value 
set R of the attribute, which is defined by the researchers upon their application. Predominant value 
is the most significant value of the attribute in which the researchers are involved. There are 
situations where such DAV may not be taken into consideration or does not exist, or several 


predominant (essential) values of attributes may exist when various methods would be applied. 


Definition 2.8 [10] Each values of attribute reR has its respective appurtenance 


degree d(y,r) of the element y to the set P, with reference to some given criteria. The appurtenance 


degree can be: a fuzzy or intuitionistic fuzzy or neutrosophic to the plithogenic set. Therefore the 


values of attribute appurtenance degree function is Vxe X,d:X xW + X({0,1]"), so d(y,r) is a 
PP 8 


subset of [0,1]’, where X([0,1]’) is the power set of the [0,1]’ , where T=1 for FS, T=2 for IFS or T= 
3 for NS. 
Definition 2.9 [6] Let the cardinal|R|21. Let C:R*R->[0,l] be the values of attribute 


dissimilarity degree function between any two values of attributes r,and r, represented by 


C(1,,%) which satisfies the following conditions 
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(i) C(,,%) =0, the dissimilarity degree among the same values of attribute is zero; 


(ii)  CH,m)=C(y,7,) commutativity. 


Remarks 

1. The degree of dissimilarity is often determined between uni-dimensional values of 
attributes. We divide multi-dimensional value of attribute into its equivalent uni-dimensional values 
of attribute. 

2. The dissimilarity function of the values of attribute allows the plithogenic operators and 
the relationship of plithogenic partial order to achieve a precise result. 

3. In every domain where the PS is used in connection with the application, the values of 
attribute dissimilarity degree function is designed to solve. If the aggregation is overlooked, it still 


works, but the result will lose exactness. 


Definition 2.10 [6] Plithogenic aggregation operators 
The degree of dissimilarity for the values of attribute is calculated between each values of 
attribute with reference to the DAV represented by r,. Most of the plithogenic aggregation 


operators (Intersection, Union, Partial orders) are linear combination of the fuzzy ¢ (symbolized 


norm 


bya,) and fuzzy ¢ (symbolized by v , ). 


conorm 


If one imposes the ¢ on DAV represented by r,, and the dissimilarity between r, and 


r,i8 C(r,, 7), then onto values of attribute r,one imposes 
Cry) l norm Yas 1) + Cas 12) * © conorm Tas 1) 


or by using notations 
HL -— Cry. mA ¢ a2) + CU 2) * Vp Cat2) 


Likewise if one imposes the / on DAV represented by r,, and the dissimilarity between r, and 


conorm 


r, iS C(r,,r,), then onto values of attribute +, one imposes 
[1 7, Cry 51%) ]* ee (7, 11) + C(t ,%) one ("y.7) 


or by using notations 


H- Cy. )IFV past) + Ci) #A 5 a2) - 


3. One Attribute Single valued Plithogenic Neutrosophic set (OASVPNS) 


The attribute is ® =“appurtenance” 

The set of values of attributes R= {belonging, indeterminacy, non-belonging}, whose cardinal 
IRI =3; 

The DAV = belonging; 

The values of attribute appurtenance degree function: 

d:P*R7> [o.1], d(y, belonging) €[0,1],d(y, indeterminacy) €[0,1],d(y,non belonging) €[0,1] 

with 0<d(y, belonging) + d(y,indet ermin acy) + d(y,non belonging) < 3; 


and the values of attribute dissimilarity degree function: 
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C:R*R->(01], 
C(belonging , belonging ) = C(indeterminacy, indeterminacy ) = C(non belonging , nonbelonging =0, 


C(belonging ,nonbelonging ) =0, 


1 
C(belonging , indeterminacy ) = c(nonbelonging , indeterminacy ) = = 


which means that for the SVPNS aggregation operators (Intersection, Union, Complement etc.), if 


one imposes the /,,,,,0n belonging function, then one has to impose the / on non-belonging 


norm conorm 


(and mutually), while on indeterminacy one imposes the average of ¢ and ¢ 


3.1 OASVPNS operators 
Let us consider the single valued plithogenic neutrosophic degree of appurtenance of values of 
attribute r of x to the set P with reference to some given criteria: 
A" K(r) = (2,3) €[0,1P and d™e(r) =(&,€),€3) € 01 
3.1.1 OASVPNS Intersection 
1 
(K,,Ky,K3) Ap (€),€),€3) =(K, Ap aE A ¢ Ey + Ky V ¢ Ey), Ky Vp €3) 
3.1.2 OASVPNS Union 
1 
(K,,K>,K3) Vp (E),€55,€3) = (K, Vp Gi Oe A ¢ €9 + KV ¢ Ey), K3 Ap &3) 
3.1.3 OASVPNS Negation 


a p(K,,Ky,K3) =(K3,Ky,K,) 
a p(K,,Ky,K3) =(K;,1—K,,K,) 


a p(kK,,Ky,K3)=(l-k,,K,,1—K,)  etc., 


3.1.4 OASVPNS Inclusions (Partial orders) 


(i) Simple Neutrosophic Inclusion 


(Ky, Ky,K3) Sy (€),6),€3) f KS), Ky 28), K3 28; 
(ii) Complete Neutrosophic Inclusion 
(K,,K7,K3) Sp (€,,€,€3) f K, SE, ,K, 20.5 * €, Ky 2 E, 


3.1.5 OASVPNS Equality 
(i) Simple Neutrosophic equality 
(K,,K,K3) =y (€),€5,83) Uf (KK, K3) Sy (€),65,€3) and (E€,,€5,€3) Sy (K),K2,K3) 
(ii) Complete Neutrosophic equality 
(K\,K,K3) =p (€;,€5,83) if (K,,K,K3) Sp (€,,€5,€;) and(€,,€5,€3) Sp (K,,K5,K3) 


4. Proposed Multi-Dimensional Single valued Plithogenic Neutrosophic set (MSVPNS) 


S.P.Priyadharshini, F.Nirmala Irudayam, A new approach of Multi-dimensional single valued Plithogenic Neutrosophic 


set in Multi criteria decision making 


Neutrosophic Sets and Systems, Vol. 45, 2021 156 
Consider a universal set E and A,B C E be two single valued plithogenic neutrosophic sets. 
Let 6, =f, * B, *-..8, be an n-dimensional attribute forn21, and every attribute £; , 
1<i<n,has v, 21 values: 
Ri {ips tae Ty; } 


Anelement xe Pis characterized by v, *v,*...v, =vvalues: 


m 
R=) Cistiasstey = (istiastiv, Paha My? Pas Made Tan, 
i=l 


={"1 22 Thin }1l< wi <vyls J2 Svo,..18 In <v,}. 


Let C(p.%) =Cyx CIO} be the neutrosophic degree of dissimilarity between the attribute 


predominant value (represented by 1) and other attribute yw, value (represented by 1,) 


forl<i<n,andl<k<v,. AndC;, as a part of the unit interval [0, 1], may be a subset, or an 
interval, or a hesitant set, or a single number etc. 


We break up the n dimensional attribute into n uni dimensional attribute. And when applying 


the plithogenic aggregation operators onto an n-uple (1); 5/9), ++ly,), we independently apply 


the fy4ms © conom OF a linear combination of its n- components: Jj j, 5/9; °+-Tnj, 


Let d,:P%*R, > P({0,1])° for each 1<i<n,be the appurtenance neutrosophic degree function, 


whereas P((0,1]) is the power set of the unit interval [0, 1], i-e. all subsets of [0, 1]. 
L 


“ conorm 


Upon the values of attribute degree function, the ¢ and their linear combinations are 


norm’ 


adjusted to the neutrosophic sets. 
Consequently d, : P* R, > P({0,1])° 


4.1 Multi-Dimensional Single valued Plithogenic Neutrosophic set operators (MSVPNS) 
Let us consider the notations for two n-uple PSVNS denoted by 
Xa ={d,4(x,wW,),..d 4 (x, w;),..d 4 (x, W,)} and 
xp ={dp(x,w),..dg(x, w;),..dp(x,w,)} 
4.1.1 MSVPNS Intersection and Union 
Let w,, be the attribute £, predominant value and w, be any of the attribute 
B, value, i € {1,2,...,7} 


X4 Ay Xp ={U-—C(Wig, W;)) #1 4 (% Wig) A ¢ Tp (% WFC (Wig, W;) #10 4 (1 Wig) V p Ug (ew, J] Sisn 


X4V,_ Xp ={1-COw,,,w;)) *[d 4 (% Wig) V ¢ dg (XW) I+ C(Wig W;) *1d 4 (% Wig) Ap dg) 1 sisn 
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4.1.2 MSVPNS Negation 
Without loss of generality, we assume the values of attribute dissimilarity degrees are 
C(Wra > Wy oC (Wig s Wi overs C Wag Wa) 

The plithogenic neutrosophic element values of attributes are {w,,...,w;,...,W,}.The values of 
attributes appurtenance degree: {d,(x,w,)....d,(x,w;,),..d,(x,w,)} . Then the plithogenic 
neutrosophic complement (negation) is 

1—C(Wy a2) L- CW. W; 1 -— C(Wigs W,, )s anti(W ),..., anti(w; ),..., anti(w, ) 
Or 


aX, ={ dy(x, anti(w,) = d (XW), (x, anti(w;) = d(x, W;)--5 14 (x, anti(w, ) = d(x, W,) 


where = anti(w,;),lSi<n, is the attribute 8, contradictory value of w, or 
C(w,,, anti(w;)) =-Cw,7,w;)] 
4.1.3 MSVPNS Partial order 

Consider a partial order relation x, <, x, on P({0,1])° 


if and only if 


d 4(x,w;) S$ 1-C(Wig Wj) * dp (x, w;), for0 < C(wig w;) < 0.5 and 
d 4(x,w;) 2 (1-C(wig Wj) * dp (x, w;), forCwig Wj) €[0.5,] forall l<sisn 


4.1.4 MSVPNS Equality 
Consider a relation of total order has been represented on P((0,1])° then 


X4 =) Xp Uf X4 S, Xp and XgS, Xq. 


5. Proposed Method to find the optimal solutions of MSVPNS 


Step 1: Classify the problem with the attributes and its corresponding values of attribute. 


Step 2: The cardinal number can be found as per the multi attribute dimension (say ‘m’) and 


denote itby R,, and find 


Fin 


Step 3: Split the multi-dimensional attribute into its equivalent uni-dimensional attribute and 
compute the dissimilarity degree. Also Dissimilarity degree between two different attributes are 
zero. 

Step 4: Choose the predominant values of attribute for each corresponding uni-dimensional 
attribute. 

Step 5: Calculate the SVPNS intersection for n attribute which is given by 


(i) for interior degrees of dissimilarity 
: : 1 : 
(Ai. Ain» 4i3), 1 Sis m) ‘Np (Mir Mir» Hix, 1S ism) =A; Np Hi ay Hig + RinV ¢ Hir)s Ai3V p Mj3],1<Si<m) 


(ii) 
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X4Ap_ Xp ={U-CWjq,W;)) *1d 4 (%, Wig) A ¢ Ap (a, W; J +C(Wig. W;) * 1d 4 (X, Wig) V p dg; | 1sism 


Select the optimal representation of x from the intersection of x, and x, 


Note. Here we have used the intersection operator. But the option is free for the reader to collaborate 


with other operators (union, complement, partial order and equality) of their choice. 


6. Application 


In this section, we give a numerical example to find the optimum solution of Multi Single valued 
Plithogenic Neutrosophic Set which has 40 values of attribute. 

Let P be a plithogenic neutrosophic set representing the factors needed for agriculture. 

According to the experts A and B, x <€P be the type of agriculture characterized by 3 attributes 
(Soil, Water, Crops) that has to be evaluated 

Soil - whose values of attributes are {sandy, clay, loamy, Red, Black} = {s,,55,.53,54,55 } 

Water- whose values of attributes are {Rain-fed farming, Irrigation} = {w,, w,} 

Crops- whose values of attributes are {Food, cash, plantation, Horticulture} = {t,,1,,1,,4,}. 


The multi attribute of dimension 3 is, 
R, = ((s,,w,,t,), forall 1Si<5,15 jS21<k<4} 


The cardinal of R, is|R,|=5*2*4=40. 


The predominant values of attributes are s,,w,,t, respectively for every uni-dimensional attribute 
correspondingly. 


The uni- dimensional attribute dissimilarity degrees are: 


2 
C(its)=F, ch stJ=L- 


Letususe fuzzy@ =a’ ¢b=ab and fuzy ¢ =av ¢b=at+b—ab 
EY © norm f KEY © conorm f 


Dissimilarity 0 | 1/4 | 2/4 |3/ |1 |0 1 |;0 |13 | 2/3 )1 
Degree 
Values of 

i) 

Attribute < - 3 

e) = 

z 2 2 a | 2 

> Ds we oS] 8 & 

Bl eee. Ill eg ||) Pes cee | Sool = Wel Be lie 

a] & Ss 7) & os H| EH] 6 a Ss } 

A; U0] & 4 mie &) 8) ge] 5 a x 
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Expert A 
Plithogenic a| ala iP a) o | | & £— Q 
| SE I exe ee ie Se Se) Se a sxe 
Neutrosophic in} 6 Ts © N} NN} oe} 9 N 
So) esas, ||]? = Sef Sel SR S = 
Degree =| ‘© N || 82 PO) ee || | a N Se 
i=) i=) i=) i=) i=) i=) i=) i=) i=) i=) i=) 
~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— 
Expert Be cee Soult wat = aml a as) Ni) aS ~ — 
: , i ot 32) = a > P|) See am N N 
Plithogenic Ss}a}/eae}ea}sal\s es} eaj/a}e}e 
Oe a = al ee Ret ||) 2002111! 26 = 2 
Neutrosophic pee ee pce = Be cel xed ees Q = 
Ny) NS ae) an = ae) S08), 2692 )]/ OM 2 = 
Degree S| fe); cf J SS S| f| & oS J 


Tri-dimensional SVPNS Intersection 


Let x,={d,(x,5,,w,,t,) forall 1<i<5,15 j<2,1<k<4} 


and x, =(\d,(x,5,,w,,t,) forall 1<i<5,1< j<S2,1<k<4} 


Then 


X4(8,, Wp tA, Xp (5,,Wjt)= 
{(1—c(sip,5;)) *[d4(% Sin) Ap Ag % 5) +C(Sip, 5,) #14 4(% Sip) V ¢ Ag(%, 5, ] 1 Si <5; 
(l—c(Wip.W,)) * ld 4 (%, Wp) A Eg (% Ww, )]+CW jp. W;) *[d4(% Wp) V dg (XW, ILS 7 <2; 


(1—c(tyy,t, )) *[d, (Xt) Ay d, (x,t, )]+e(typ t,) 1d, (% typ) Vv 4, (%t,)] 1<k<4} 
Let us have 


x{d,(s,) = (0.1,0.5,0.3),d ,(w,) = (0.5,0.2,0.3) .d 4 (ts) = (0.2,0.5,0.7)] and 
xgld_(s;) = (0.2,0.3,0.4), dy (w,) = (0.6,0.1,0.5), dy (t,) = (0.8,0.1,0.2) ] 


We take only 3-values of attribute: (s,,w,,t,) for the other 39 3-values of attributes follow the 


same procedure. 


Xa Ap Xp= (0.1,0.5,0.3) , (0.2,0.3,0.4);(0.5,0.2,0.3)A , (0.6,0.1,0.5);(0.2,0.5,0.7) Ap (0.8,0.1,0.2) 
where 


dN a(x,81) Ap d™ B(x, 51) = (0.1,0.5,0.3)A , (0.2,0.3,0.4) 
First use the interior ‘n’ degree of dissimilarity among the ‘n’ components T, I and F (i.e.) 0, %, 1. 
1 
(0. 1,0.5,0.3) A , (0.2,0.3,0.4) = (0.1 Ap 0.2, ae Af 0.3) + (0.5 Vf 0.3)],0.3 Vp 0.4) 


=[0—-O)O.1A ¢ 0.2) + 0.0.1 v ¢ 02).505 A p 9.3+0.5 Vv p 0.3), —-0)(0.3 v ¢ 0.4)+0*(0.3A ¢ 0.4)] 
= (0.2,0.4,0.12) 


Similarly d™ a(x,w,)A, a" a(x,w,) = (0.5,0.2,0.3)A,, (0.6,0.1,0.5) = (0.8,0.15,0.15) and also 
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d™ a(x,t3) A, a” (x,t5) =(0.2,0.5,0.7) A, (0.8,0.1,0.2) = (0.61,0.03,0.34) 


Hence X4 A, Xg(S1,W25t3) © ((0.2,0.4,0.12); (0.8,0. 15,0. 15); (0.61,0.03,0.34)). 


We need to intersect the MSVPNS of the experts A and B to obtain the optimal representation 


of x. 


7. Results and Discussions 


Based on the Expert’s (A and B) data the optimal condition for the given scenario is obtained at 


S5,W, andt, with the values 
X4 A, Xp (84,W,t4) © ((0.8,0.2,0.5); (0.8,0.4,0.5); (0.8,0.5,0.7)) 


Therefore, black soil with irrigation water to cultivate horticulture is the best method for the 
factors needed for agriculture. 

The above procedure is more generalized as it uses MSVPNS which deals with more attributes 
simultaneously. The beauty of this method is its ease as the researcher need not to manage with 
complex lengthy computation based operators. Also this method has a practical approach of using 
broad spectrum that can engage modifications according to the necessity of the provided 
environment. We can generalize the model of this method in plithogenic neutrosophic 


environments that can manage difficulties of the physical world. 


8. Conclusion and Future Work 


In this research work, we studied the application of multi-dimensional single valued plithogenic 
neutrosophic set in MCDM problems specifically in the field of agriculture. We apply the concept in 
the research areas which dealing with multi values of attributes. Thus the plithogenic aggregation 
operators gives the optimal solutions for the plithogenic neutrosophic environment. In future we can 
extend the concept to interval valued plithogenic neutrosophic sets which may help abundantly in 


the areas related with decision making. 
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Abstract: The main objective of this article is to introduce the notion of interval neutrosophic soft matrix 
(IVNS-Matrix), which is an extension of the neutrosophic soft matrix and reveals various types of IVNS-Matrix 
along with different algebraic operations on them. A new method has been proposed to solve interval 
neutrosophic soft set based real-life group decision making problem effectively by introducing 


IVNSM-Algorithm. Finally, this algorithm has been applied in medical science for disease diagnosis. 


Keywords: Interval neutrosophic matrix; IVNSM-Algorithm; Choice Matrix; Decision making. 


1. Introduction 


Our life is surrounded by an aura of uncertainties or ambiguities or vagueness. So, when we are going to solve 
various real-life problems, which contain uncertainties, then we realize that such types of problems cannot be 
handled by traditional mathematical tools. Because in such cases we do not analyze data appropriately, as we do 
in case of precise and deterministic data. So, there is a problem in real decision making. The introduction of 
fuzzy set theory [1] by Zadeh (1965) handled the vague concept to some extent by introducing the membership 
function. The membership function determines the degree of belongingness of each element in a set and the 
membership value lies in the interval [0, 1]. Fuzzy set theory has been used extensively in different fields. In the 
fuzzy set theory, there is no scope of considering non-membership value as we find that the concept of 
non-membership value is equally as important as membership value. Practically also we used to find the dual 
character of an object. So, to make a balance in the characteristic of an object, an intuitionistic fuzzy set [2] was 
introduced by Atanassov (1986) where, for every membership function there corresponds a non-membership 
function and both belong to the interval [0, 1] and their sum cannot exceed one. Membership or 
non-membership value only assign a single real value. But sometimes the concept of uncertainty cannot be 
defined by a single real value. For that purpose interval-valued fuzzy set [3] was introduced(1987). Due to more 
complexity in the environment of uncertainty and for the dire need of an hour, many other theoretical concepts 
and the properties, whose base is the fuzzy set, have been introduced. Some of them are given in [4-6 ]. 
According to the nature of the problem domain, we will decide which tool is suitable for us to handle a 
particular problem. 

Zadeh’s fuzzy set theory is the most appropriate theory to deal with uncertainty with the help of the 


membership function. But in 1999, Molodtsov [7] observed some limitations of the fuzzy set theory. In fuzzy 
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set theory, a concept is handled by a membership function. But we should not impose only one way to define a 
membership function.The nature of a membership function is extremely individual. For example, to define the 
attractiveness of a house it is difficult to define a membership function. If one considers the membership degree 
as 0.6 then everyone may understand this in his or her own manner. For instance, Mr., X may understand that 
the house is highly attractive. Again Mr., Y may understand that it is very highly attractive. So there is a 
possibility of information loss in each particular case. Molodtsov said that the reason behind these limitations is 
the inadequacy of the parametrization of the theory. Then, to overcome this drawback he initiated the idea of 
soft set theory in the parametric form which is free from the above difficulties. In soft set theory, to define an 
object, no need to introduce a membership function. It is the more general form to represent the concept of 
vagueness parametrically. As we know that, because of the amalgamation of two or more concept together, 
gives a better shape and it provides more flexibility to handle various uncertain problems which we face in our 
day to day life, that’s why by embedding the idea of the soft set and other sets, some major contributions are 
developed in [8-13]. 

The concept of indeterminacy or neutrality is common in real life. For example, when there is a fight between 
two players there are other people surrounding them who do not support neither of the two players. In the real 
decision-making problem, the concept of indeterminacy is very important. There are various types of 
indeterminacy involved in real-world problems. To eradicate such difficulty, Smarandache(2005) introduced 
the notion of Neutrosophic set in[14]. With an aid of a neutrosophic set, we deal with uncertainty, 
incompleteness ,and indeterminacy involving a pragmatic problem. It has been used successfully in various 
fields such as Sociology, Economics, Logic, Artificial intelligence, Machine learning, Optimization problem, 
Game theory ,etc. Some extensions of the neutrosophic set have been discussed in [15-21]. 

Matrices play a significant role in representing, manipulating ,and modeling such a large number of data 
because of their compact form. In the field of computer science, mainly in Data Science, there is an abundant 
use of Matrix. The classical matrix theory cannot solve the problems based on uncertainty. Matrix 
representation of the fuzzy soft set is initiated by Yang et al. in [22] and it is successfully used in 
decision-making problems in [23]. Some other extensions are intuitionistic fuzzy soft matrix[24-25], 
interval-valued fuzzy soft matrix[26], interval-valued intuitionistic fuzzy soft matrix and its application in 
medical diagnosis[27], interval-valued neutrosophic matrix[28] ,etc. Cagman et al. (2010), in [29], defined 
soft matrices and their operations and construct a decision-making method that can be used successfully to the 
problems that contain uncertainty. Also, in [30-31], Wang et al. discussed single-valued neutrosophic sets and 
interval neutrosophic sets respectively, Deli, in [32], used interval-valued neutrosophic soft sets in decision 
making, Smarandache[33] proposed the extension of the soft set by introducing hypersoft set, pilthogenic 


hypersoft set. 


Group decision-making leads to improve outcomes and it involves two or more people. It occurs when 
individuals collectively make a selection from the alternatives. Group decisions are subject to factors such as 
social influence, peer pressure ,and group dynamics. It interacts and collaborated to reach a collective decision. 
In the proposed study we have used the concept of the neutrosophic set because it helps to study the higher 
degree of uncertainty, present in various real-life problems, in an effective manner. As compared to other 
mathematical tools namely, fuzzy set, intuitionistic fuzzy set, interval-valued fuzzy set ,etc., the neutrosophic 


set is a more flexible and more general form to handle uncertain concepts. For more clarity, we know that the 
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neutrosophic set has three components namely T,/, F €[0,1] and each component has its own importance and 
they are independent of each other, which makes it superior to the other existing mathematical tools of 
vagueness. For example, if we consider the component J =Qin the neutrosophic set, then also it has the 
potential to tackle complete or incomplete or paraconsistent or conflicting information. We also added intervals 


with neutrosophic sets to address the issues where the components used in the neutrosophic sets cannot be 


expressed by a single real value. In interval neutrosophic set T,/, F <¢ Int({0,1]), where Jnt([{O,1]) denotes the 
set of all subsets of [0,1]. Moreover, with an aid of a matrix with an interval neutrosophic set, we made our 


calculation speedy and it helps to store big data in a computer easily. Some recent works based on neutrosophic 


set discussed in [34-37]. 


In [38], the concept of the neutrosophic soft matrix has been used in a group decision making problem. In our 
work, we have extended the earlier concept by introducing the notion of interval neutrosophic soft matrix and its 
types with concrete examples. We also introduce the choice matrix associated with interval neutrosophic soft 
set. An IVNSM-Algorithm has been proposed to solve real-life group decision making problem. Finally, with 
the help of an application, the [VNSM-algorithm has been successfully executed. 

2. Preliminaries 

Here we recall some basic definitions with examples that are appropriate as far as the article is concerned. 


2.1 Definition[7] 


Let X bean initial universe and E be a set of parameters. Let P (xX ) denotes power set of X andACE. 


Then the pair (F,.£) is called a soft set over X , where F', is a mapping given by F', :E > P(X) . 


A soft set is a parameterized family of subsets of the universe X. 


2.2 Definition [14] 
Let X bea universe of discourse,with a generic element in X denoted by x, the neutrosophic(NS) set A is 


defined as 


A= (x Hy (%),V, (*),.@, (x)),x E x}, 
Where the functions 4,Vv,@: X > | “0, ae define respectively the degree of membership (or Truth), the 


degree of indeterminacy (neutrality), and the degree of non-membership (Falsehood) of the element x € X to 


the set A with the condition 
“OS wi, (x)+Vv,4(x)+@,(x)<3* 


If t (0.4,0.1,0.5) belongs to, then it means that 40% A belongs to A, 50% does not belong to A and 10% is 
undecidable(not known exactly). If there is no indeterminacy involve in set A , then it reduces to an 
intuitionistic fuzzy set. Therefore, a neutrosophic set can be an intuitionistic fuzzy set. 

2.3 Definition [30] 


Let X be a universe of discourse with a generic element x. A single-valued neutrosophic set A is characterized 


by a truth-membership function Ty (x) , falsity-membership function F', (x) and the 
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indeterminacy-membership function I, (x) and it is denoted by A. = {x,< 


Ts (x) it, (x) 3 Fy (x) >: xe X }, where Ts (x) it, (x) : Eh (x) € [0,1] subject to the condition 


O< T(x) +1, (x)+F, (x) $3. 


Throughout our discussion we use the concept of single-valued neutrosophic set as it has a definite range. 
2.4 Definition [31] 


Let U be a space of points (objects), with a generic element JU. An interval-valued neutrosophic set 
(IVN-set) A in U is characterized by a truth-membership function JT, , an indeterminacy-membership 
function J, ,and a falsity-membership function F, . For each point uEU;T,,1, and Fy, C[O0,]]. 
Thus, an IVN-sets over U can be represented by the set of 


A={(Tq(u).14(u), Fy (u)) fue <u} 


Here, a (u).1 A (u),F "A (u)) is called interval-valued neutrosophic number for all uw€U and all 


interval-valued neutrosophic numbers over U will be denoted by /VN(U). 
2.4.1 Example 


Let U= {usu} be the universe of discourse and A be an interval-valued neutrosophic set inU . Then A 


can be expressed as follows: 


A={([0.5,0.7],[0.5,0.6].[0.5,0.7]) / 1, ([0.4,0.6].[0.7,0.8].[0.3,0.6]) /u5 } 


2.5 Definition [32] 


Let U =F GisCysOSe Opa be a Universal set and FE be the set of parameters given 


by E= {e, »€5 se cnse .Let ACE and CaF A) be a interval-valued neutrosophic soft set over U ,where 


F is a mapping given by F:A> I e where [ ” denotes the the collection of all interval-valued neutrosophic 


subsets of U. Then the interval-valued neutrosophic soft set can be expressed ina matrix form as follows: 


Amen =|, | or A=[ ay | §=1,2).00051 FSD Qpeoreeesl 


(7 (<;).t" (a) | ae sla)][F/()-F*(a)))) u 


| j 
: (({0.0),t1.11.01.11)) if 
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ger Cog ih j (c:)| represents the truth-membership value of c, in the interval-valued neutrosophic set 
F (e;) [7 e (c,).1 "(¢)] represents the indeterminacy-membership value of c, in the interval-valued 
neutrosophic set F (e,) and [F - (c,).F " j (c, )] represents the falsity-membership value of c; in the 


interval-valued neutrosophic set F(e,) with the condition 7", (c,)+ I” (e )+ ae (c,) <3. 

2.5.1 Example 

Let U= {c],C5} be a set of cars under consideration and E is a set of parameters which is a neutrosophic 
word. Let E = {e, =value, €, =mileage, @; =safety, €, =performance, @, =looks, @, = sit capacity} 


We give an interval valued neutrosophic soft sets(ivn-soft sets) overU as follows: 


(e1,{([0.2.0.9}0.3,0.6} 0.4,0.7])/a4 .((0.1,0.7][0.2.0.8][0.4,0.5])/u7}}, 


(e2([04 s])/a,((0 

Ie (ollenaiasasionrtnfosonooaorn 
(¢a,{((03, 9] yfea ([0. 

(<s.{([02 


\} 
} 
i} 
) 


The tabular representation of ivn-soft set Y; is as follows: 


U C Cy 


({0.2,0.9}[0.3,0.6},[0.4.0.7]) ({0.1,0.7],[0.2,0.8}0.4,0.5]) 
({0.1,0.7],[0.2,0.8}0.4,0.5]) ({0.3,0.9],0.1,0.8],[0.4,0.7]) 
e, | ([0.0,.0.6}{0.5,0.6}{0.3,0.7]) ({0.5,0.7}0.8,0.9],0.4.0.7]) 
({0.3,0.6},[0.5,0.8}[0.6,0.9]) ([0.5,0.8},0.6,0.8}[0.1,0.8]) 
({0.2,0.9}[0.1,0.5}[0.4,0.9]) ({0.6,0.8}[0.1,0.8}[0.2,0.5]} 


Table 1: Tabular representation of the ivn-soft set Lg 


2.6 Definition [29] 


Let (F,, E) be a soft set over U. Then a subset of UxE is uniquely defined by 
Ry = {(u, e) :ecAue Fy (e)} , which is called a relation form of (F,,£) . Now the characteristic function of 


R, is written by, 
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L(u, e) e Ra 
2 hed {0.1} -2R4 7 0,(u,e) eR, 
LetU = {uj.uy, site ; Um} ,E= {e.e9, ee ‘ e, | , then R, can be presented by a table as in the following form 
“I Fo  ——- N Saea tervals fee en 
" za, (4) ta, ee) | cascntecs zp, (ue) 
"2 XR, (ui) ce ne (eee AR 4 (u..¢,) 
‘n zp, (mw nt a eee zn, (oe) 


Table 2 Tabular representation of R , of the soft set (F "4? E) 


If a, = tR, (u, .e;) , we can define a matrix 


“1 %2 “1n 

[ ] a9, 499 a9n 
y mxn 

4m1 “m2 4mn 


Which is called a soft matrix of the order mxn corresponding to the soft set (F,.£) overU . A soft set 


(F,, E) is uniquely characterized by the matrix [ 4; | . Therefore we shall identify any soft set with its soft 
mxn 


matrix and use these two concepts as interchangeable. 


3. Some Notions of Interval Neutrosophic Soft Matrix Theory 


3.1 Definition 


Let (Fy. E) bean interval neutrosophic soft set (here soft set in the sense of Cagman and Enginglu) over U , 


where F’,': E ~ IVN u ,here IVN ” denotes the set of all interval neutrosophic sets over U, then a subset 


of U x Eis uniquely defined by 
Ry={(u,e):e EAUeE F;} 
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The relation R, is described by the truth-membership function T7,:UxE—c[0,1] , 
indeterminacy-membership function I A :UxE>c[0,]], and the falsity-membership 


function F, :U x E > [0,1]. 


Suppose U = {is Ung sree u_}and E= {e; pCa geceeee Cn }, then the relation set R, can be expressed in the 


U,, 


following matrix form 


e, e, e 


uy | Cie Pont Lia) (ea Eee a a eee (aia, [ete | Laat | 


« Geet.) \(eletles) | (eele.).e) 


Uu l u l u 1 u 1 u l u 1 u 1 u 1 Uu l u 
m Fav? Tnt |o} Amie tm || Amt? Fmt T2>*m2 {>| 4m2>!m2_|>| 4m2>fm2 |] | eee Tam? iam |?| 4mm !mm || Am An 


Table3 Tabular representation of R, of [VN : 


The above matrix representation is useful for computer storage of such a big expression in concise form so that 


we can retrieve it very easily and it is handy for doing different algebraic operations under certain condition. 


3.2 Definition 


An interval neutrosophic soft matrix is said to be a null or void interval neutrosophic soft matrix if all the entries 


of R, are ((0, OF [0, OF [1, 1) and it is denoted by D”’. 


3.3 Definition 


An interval neutrosophic soft matrix is said to be a complete interval neutrosophic soft matrix if all the entries of 


R, are ({1.1] [0,0]. [0, 0}) and it is denoted by 


3.4 Definition 


Let X be an interval neutrosophic soft matrix. Then the transpose of X™ is obtained by interchanging its 


t 
rows and columns and it is denoted by (x") i 


3.5 Definition 
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Let A” and B ‘be two interval neutrosophic soft matrices of the same order. Then A ‘is said to be a 


interval neutrosophic soft sub matrix of B if for every elements of A their corresponds another element in 


Bo such that 7, $T,, Ti <7; [21,05 20; and FL > FF), Fi > Fy and it is denoted by 
A'CcB". 


3.6 Definition 
Let A’ and B ‘be two interval neutrosophic soft matrices of the same order. Then their sum is denoted by 
A’ @®B° and itis defined as 


1 l u u 
I, +Ip I, + lp 


= a l _l uu : Ll F uu 
A ' @B'= | max (74.7 )-max(74.74) | a ee || min (4. Fy )-min (FY Fp ) 


We can extend it for more than two matrices. 
3.7 Definition 
Let A™ and B ‘be two interval neutrosophic soft matrices of the same order. Then their sum is denoted by 


A’'‘©B'° and it is defined as 


t p eas 
a ane ; bal : U pu A ‘B ‘A ‘B Lol u pu 
A '@B'= | min (74.7% )-min (74.74 ) | ae || max (e4.Fh )-max (FA. Fy) 


3.8 Definition 
Let A™ and B ‘be two interval neutrosophic soft matrices of the same order. Then the product of A‘ and 


B™ exist if the number of column in Ais equal to the number of rows in B™ and it is denoted by 
A’ @B' and itis defined as 
A’ @®B" 


in ma! Fl )} 
A; B; 
ati T! } an {i Ts | an ri } nin ma Te } : : 
Ay HG oe ae Ay Ay * 
min | max 


3.9 Definition 
Let X be an interval neutrosophic soft matrix. Then the complement of X™ is obtained by interchanging the 


truth-membership and falsity-membership intervals, without altering the indeterminacy-membership interval of 
Cc 


all the elements of X “and it is denoted by (x”) 


3.10 Definition 


A square interval neutrosophic soft matrix X ‘is said to be a diagonal interval neutrosophic soft matrix if all of 


its non-diagonal elements are ([0. 0] : [0, 0] ; [1, 1}) . 


3.11 Definition 
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Let X™ be a square interval neutrosophic soft matrix of order 71x, where m=n. Then the Trace of X ‘jg 
denoted by tr(X~) and it is defined as 
tr(X”) 


= ([ max(7; (6 ) ,max(7;" (e )] [ max(7' (@ ) »max(J;* (e )] [ min(F;! (c, ) »min(F;" (c, ))) : 
3.12 Definition 


Let X* be achoice matrix corresponding to a square interval neutrosophic soft matrix X". The elements % 


of X “are defined as follows 


([I. 1 [0,0] [0.0]), where both the entries are the entries of the choice parameters of the decision-makers 


xi ({0,0] [0,0] [1.1]). where atleast one of the parameters be not under choice 


Choice matrices depend upon the number of decision makers. To get a clear idea about choice matrices, we 
consider the following algorithm and apply this algorithm in example 4.1 

4. Construction of IVNSM-algorithm for decision making and its application 

For solving a real decision making problem we consider the following steps: 

Step 1: Input the interval neutrosophic soft set over the set of attributes and construct interval neutrosophic soft 
matrix. 

Step 2: Compute the product interval neutrosophic soft matrices by multiplying the given interval neutrosophic 
soft matrix with the combined choice matrices as per the rule of multiplication of interval neutrosophic soft 
matrices. 

Step 3: Calculate the sum of all the product interval neutrosophic soft matrices as per the rule of matrix addition 
of interval neutrosophic soft matrices. 

Step 4: Construct the lower-value matrix and the upper-value matrix corresponding to the resultant matrix. 
Step 5: Compute the value matrices corresponding to the lower-value matrix and the upper-value matrix. 

Step 6: Find the row sum of the value matrices. 

Step 7: By adding the corresponding elements of the row sum of the value matrices, we obtain the weight of 
each object. Among these, the highest weight becomes the optimal choice object. If more than one object having 


the highest weight then any one of them may be chosen as the optimal choice object. 


To understand IVNSM-algorithm properly, we have the following example. 
4.1 Example 
Suppose Mr., Debnath wants to buy a house and for that purpose, he appointed three brokers to inspect and 


report the house. According to their report, he will choose the house which fulfills the optimality criteria i.e the 
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best option he affords. But the problem is that each broker has its own point of view and the owner has come to 


one decision. Keeping it in mind we consider the following problem: 


Let U ={h,,h,,h,,h,}be the set of four houses under consideration and E= {good location, cheap, green 


surrounding, costly}={@,,€,,€,,€,} be the set of parameters. The set of brokers is denoted by B= {Mrs., 


Rama, Mr., Advik, Mrs., Shewly}. 


Now, let us construct the interval neutrosophic soft set (Fy. E) which describes the attractiveness of the 


houses and it is given by 


good location of houses = {h, | ({0.4,0.7][0.5,0.8][0.5,0.7]), h, / {{0.5,0.6][0.3, 0.5][0.4,0.6]),h, / ([0.2,0.5][0.4, 0.6][0.6,0.7]) A, / ({0.3, 0.5][0.4, 0.6][0.5,0.8])} 
cheap house = {h, / (0.3, 0.6][0.7,0.9][0.6,0.8]), 4, / ({0.1,0.3][0.3,0.6][0.5,0.7]), A, / ([0.3,0.4][0.5,0.7][0.8,0.9]), /((0.4,0.5}[0.2,0.4][0.3,0.6})} 

houses at green surroundings ={h, /{{0.6,0.9][0.1,0.2][0.6,0.7]) ,h, / ({0.3,0.4][0.2,0.4][0.5,0.6]), A, / ((0.3,0.4][0.6,0.7}[0.3,0.5]), A, / ({0.4,0.5][0.3,0.5][0.7,0.8])} 
cosily house = {h, / ([0.2,0.5][0.5,0.7][0.4,0.6]), A, / ({0.3,0.6][0.4, 0.6][0.5,0.7]) ,h, / {{0.1,0.3][0.3,0.5][0.7,0.8]) ,A, / ({0.4,0.5][0.4, 0.6][0.6,0.8])} 


(Fe.£)= 


The matrix representation of the set (Fy; E) is given by 


([0.4, 0.7][0.5, 0.8][0.5, 0.7]) 
_| ({0.5,0.6][0.3, 0.5]10.4, 0.6]) 
~ | ({0.2, 0.5][0.4, 0.6][0.6, 0.7]) 

( ) 


= 


[0.3, 0.6][0.7, 0.9][0.6, 0.8] 


) ({0.6, 0.9]f0.1,0.2][0.6,0.7}) ({0.2, 0.5][0.5, 0.7][0.4, 0.6] 
[0.1,0.3][0.3, 0.6][0.5, 0.7]) ( 


[0.3,0.4][0.2, 0.4][0.5,0.6]) ({0.3,0.6][0.4, 0.6][0.5, 0.7]) 
[0.3, 0.4][0.6, 0.7}[0.3,0.5]) ([0.1, 0.3][0.3, 0.5][0.7, 0.8]) 
(0.4, 0.5][0.3,0.5][0.7,0.8]) ({0.4,0.5][0.4, 0.6][0.6, 0.8]) 


M 
(0.3, 0.4][0.5, 0.7][0.8, 0.9] 


[0.3, 0.5][0.4, 0.6][0.5,0.8]) ({0.4, 0.5][0.2, 0.4][0.3, 0.6] 


—_ 
mals i E- —=™™ 


Suppose the choice parameter sets of Mrs., Rama, Mr., Advik ,and Mrs., Shewly are 


respectively X = {€,,e,,e,}, Y ={e,,e;,e,}and Z={e,,e,,e,} and all these are the subsets of E. 


By the definition of the choice matrix, we consider the separate choice matrices of Mrs., Rama, Mr., Advik and 


Mrs. Shewly are given by, 


(o.o]fo.o]f.a]) (o.olfo.o}f.a)) (o.o]fo.o]fus])  (o.0]fo.o]p.r) 
one ({o.o]fo.o][1.1]) ({L1][o.o][o.0]) ({11][o.0][o.0]) ({1.4][0.0][0.0}) 
TX | ((o,o]fo.o][1.1]) ({i1][o.o][o.0]) ({1.1][0.0][0.0]) ({1.1][0.0]fo,0]) 
({o,0][o.0][1.1]) ({t.1][0.0][o.0]) ({1.1][0,0][o,0]) ({1.1][o,0][o,0]) 
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Mm @(. Ss mene 


([0.4,0.7][0.5,0.8][0.5,0.7]) ({0.3, 0.6][0.7, 0.9][0.6, 0.8] 
({0.5,0.6][0.3,0.5][0.4,0.6]) ({0.1,0.3][0.3, 0.6][0.5, 0.7] 
([0.2,0.5][0.4, 0.6][0.6, 0.7]) 


(0.3, 0.5][0.4, 0.6][0.5, 0.8] 


) ({0.6,0.9]{0.1,0.2][0.6,0.7]) ([0.2,0.5][0.5, 0.7][0.4, 0.6]) 

) ({0.3,0.4][0.2,0.4][0.5,0.6]) ([0.3, 0.6][0.4, 0.6][0.5, 0.7]) 
([0.3,0.4][0.5,0.7}[0.8,0.9]) ({0.3,0.4][0.6,0.7}[0.3,0.5]) ([0.1, 0.3][0.3, 0.5][0.7, 0.8] 
( ze ) ) 


(0.4, 0.5][0.2, 0.4][0.3,0.6]) ([0.4,0.5][0.3, 0.5][0.7, 0.8] ([0.4,0.5][0.4, 0.6][0.6, 0.8] 


@ 
(o.o]foo]fi) (uilfo.o]fo.o) (uilfo.o}f.o})  (.ilfo.0}f.0) 
(o.o]fo.o}p..]) o.olfo.o]fus]) ((o.oJf.o]f.s]) (o.o}fo.off.a) 
(o.o]fo.oJp.r}) (o.olfo.o]fus]) ((o.o}f.o]fus]) (o.o]fo. off.) 
(o.o]fo.o}p.r]) (lfo.o]o.0]) (urlfo.o]fo.o}) (uIfo.0]f.0} 
({0.0,0.0][0.0,0.2][1.1]) ([0.4,0.7][0.0,0.2][0.4,06]) ([0.4,0.7][0.0,0.2][0.4,0.6]) ([0.4,0.7][0.0,0.2][0.4,0.6]) 
({0.0,0.0][0.0,0.4][1.1]) ({0.5,0.6][0.0,0.4][0.4,0.6]) ([0.5,0.6][0.0,0.4][0.4,0.6]) ([0.5,0.6][0.0,0.4][0.4,0.6]) 
"| ({0.0,0.0][0.0,0.5][1,1]) ({0.2,0.5][0.0,0.5][0.6,0.7]) ({o.2,0.5][0.0,0.5][0.6,0.7]) ([0.2,0.5][0.0,0.5][0.6,0.7]) 
([0.0,0.0][0.0,0.4][1.1]) ([0.4,0.5][0.0,0.4][0.5,0.8]) ([0.4,0.5][0.0,0.4][0.5,0.8]) ([0.4,0.5][0.0,0.4][0.5, 0.8]) 
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* 
Cpe 7 
([0.4,0.7][0.5,0.8][0.5,0.7]) ([0.3,0.6][0.7,0.9][0.6,0.8]) ([0.6, 0.9][0.1, 0.2][0.6,0.7]) ({0.2,0.5][0.5, 0.7][0.4, 0.6]) 
({0.5, 0.6][0.3, 0.5}[0.4,0.6]) ([0.1,0.3][0.3,0.6][0.5,0.7]) ({0.3,0.4][0.2,0.4][0.5,0.6]) ([0.3, 0.6][0.4, 0.6][0.5, 0.7]) 
([0.2,0.5][0.4,0.6][0.6,0.7]) ([0.3,0.4]{0.5,0.7][0.8,0.9]) ([0.3,0.4][0.6,0.7][0.3,0.5]) ([0.1, 0.3][0.3, 0.5][0.7, 0.8]) 
([0.3,0.5][0.4,0.6][0.5,0.8])  ({0.4,0.5][0.2,0.4][0.3,0.6]) ({0.4, 0.5][0.3, 0.5][0.7,0.8]) ([0.4, 0.5][0.4, 0.6][0.6, 0.8]) 


(o.olfo.0]f.1)) (o.0}fo.0]f..]) ((o.oJfo.o}f.1}). (0.0}(0.0}6.1) 

({1-1][0.0][0.0]) ((0,0][0.0][1.1]) ((1.1][0.0][0.0]) ([1.1][0.0][0.0]) 

(o.olfo.o]f.1)) (o.0}fo.o]fu.]) ((o.o}fo.o}f.1}). (0.0}{0.0}6.1) 

({1-1][0.0][0.0]) ({0.0][0.0][1.1]) ({1.1][0.0][0.0]) ([1.1][0.0][0.0]) 
({0.3,0.6][0.0,0.2][0.4,0.6]) ({0.0,0.0][0.0,0.2][1.1]) ({0.3,0.6][0.0,0.2][0.4,0.6]) ([0.3,0.6][0.0, 0.2][0.4,0.6]) 
_| ({0.3,0.6]f0.0,0.4][0.5,0.7]) ([0.0,0.0]f0.0,0.4][1,1]) [0.3.0.6] [0.0,0.4][0.5,0.7])  ({0.3,0.6][0.0,0.4][0.5,0.7]) 
| ((0.3,0.4][0.0,0.5][0.7,0.8]) ({0.0,0.0][0.0,0.5][1,1]) ([0.3,0.4][0.0,0.5][0.7,0.8]) ([0.3,0.4][0.0,0.5][0.7, 0.8]) 
({0.4,0.5][0.0,0.4][0.3,0.6]) ([0.0,0.0][0.0,0.4][1,1]) ({0.4,0.5][0.0,0.4][0.3,0.6]) ([0.4,0.5][0.0,0.4][0.3, 0.6]) 


([0.6,0.9][0.0,0.2][0.4,0.6]) ({0.6,0.9][0.0,0.2][0.4,0.6]) (0.0, 0.0][0.0,0.2][1,1]) (0.6, 0.9][0.0,0.2][0.4, 0.6]) 
({0.3,0.6][0.0,0.4][0.5,0.6]) ({0.3,0.6][0.0, 0.4][0.5,0.6]) ({0.0,0.0][0.0,0.4][1.1]) ([0.3,0.6][0.0,0.4][0.5,0.6]) 
({0.3,0.4][0.0,0.5][0.3,0.5]) ({0.3,0.4][0.0,0.5][0.3,0.5]) ([0.0,0.0][0.0,0.5][1.1]) ({0.3,0.4][0.0,0.5][0.8,0.9]) 
({0.4,0.5][0.0,0.4][0.6,0.8]) ({0.4,0.5][0.0,0.4][0.6,0.8]) ({0.0,0.0][0.0,0.4][1.1]) ([0.4,0.5][0.0,0.4][0.6, 0.8]) 


® 
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| ([0.0,0.0][0.0,0.2][1.1]) ([0.4,0.7][0.0,0.2][0.4,0.6]) ([0.4,0.7][0.0,0.2][0.4,0.6]) ([0.4,0.7][0.0, 0.2][0.4, 0.6]) 
({0.0,0.0][0.0,0.4][1,1]) ([0.5,0.6][0.0,0.4][0.4,0.6]) ([0.5, 0.6][0.0,0.4][0.4,0.6]) ([0.5, 0.6][0.0, 0.4][0.4, 0.6]) 
({0.0,0.0][0.0,0.5][1,1]) ([0.2,0.5][0.0,0.5][0.6,0.7]) ([0.2,0.5][0.0, 0.5][0.6,0.7]) ({0.2,0.5][0.0, 0.5][0.6,0.7]) 
| ({0.0,0.0][0.0,0.4][1,1]) ([0.4,0.5][0.0,0.4][0.5,0.8]) ([0.4,0.5][0.0,0.4][0.5,0.8]) ([0.4,0.5][0.0,0.4][0.5,0.8]) 


0.4,0.6]) ({0.3,0.6][0.0, 0.2] 


) ({o3,06][ 
0.5,0.7]) ([0.3,0.6][0.0,0.4] 
) ((o3,04][ 


0.4, 0.6]) 
0.5,0.7]) 
0.7,0.8]) 

) 


0.3, 0.6] 


0.0,0.0][0.0, 0.2] 


([0.0,0.0][ 

({0.0, 0.0][0.0,0.4] 
({0.0,0.0][ 

([ 


1,1]) ({0.3,0.6][0.0, 0.2] 


) ((o3,06][ 
L1}) ({0.3,0.6][0.0, 0.4] 
) ((o3.04][ 


| ([0.3, 0.6][0.0, 0.2][0.4,0.6]) 
({0.3,0.6][0.0,0.4][0.5,0.7]) 
([ [ ) 0.7,0.8]) ({0.3,0.4][0.0,0.5] 
LL 0.3,0.6]) ([0.4,0.5][0.0,0.4] 


0.0,0.0][0.0, 0.5] 
[0.0,0.0][0.0,0.4] 


L1]) ({0.3,0.4][0.0,0.5] 
Ll} ({0.4,0.5][0.0,0.4] 


0.3,0.4][0.0,0.5][0.7, 0.8] 
0.4,0.5][0.0,0.4][0.3,0.6]) 


Sa — 


_| [0.3,0.6][0.0,0.6][0.5,0.6] — [0.5,0.6][0.0,0.6][0.4,0.6] — [0.5,0.6][0.0,0.6][0.4,0.6] — [0.5,0.6][0.0,0.6 [0.4.0.6] 
| [0.3,0.4][0.0,0.75][0.3,0.5] _[0.3,0.5][0.0,0.75][0.3,0.5] [0.3,0.5][0.0,0.75][0.6,0.7] _[0.3,0.5][0.0,0.75]]0.6,0.7] 


([0.6,0.9][0.0,0.3][0.4,0.6]) [0.6,0.9][0.0,0.3][0.4.0.6] _[0.4,0.7][0.0,0.3][0.4.0.6] — [0.6,0.9][0.0,0.3][0.4,0.6] 
[0.4,0.5][0.0,0.6][0.3,0.6] — [0.4,0.5][0.0,0.6][0.5,0.8] — [0.4,0.5][0.0,0.6][0.3,0.6] _ [0.4,0.5][0.0,0.6][0.3,0.6] 


Let 

([0.6,0.9][0.0,0.3][0.4.0.6]) [0.6,0.9][0.0,0.3][0.4,0.6] —[0.4,0.7][0.0,0.3][0.4,0.6] —_[0.6,0.9][0.0,0.3 [0.4,0.6] 
[0.3,0.6]]0.0,0.6]]0.5,0.6] —_[0.5,0.6][0.0,0.6][0.4,0.6] — [0.5,0.6][0.0,0.6][0.4,0.6] — [0.5,0.6]]0.0,0.6 ][0.4,0.6] 
[0.3,0.4][0.0,0.75][0.3,0.5] [0.3,0.5][0.0,0.75][0.3,0.5] [0.3,0.5][0.0,0.75 ]]0.6,0.7] _[0.3,0. 5][0.0,0.75][0.6,0.7 ] 
[0.4,0.5][0.0,0.6]]0.3,0.6]  [0.4,0.5][0.0,0.6 ]]0.5,0.8] —_[0.4,0.5]]0.0,0.6][0.3,0.6] — [0.4,0.5][0.0,0.6 ][0.3 0.6] 


S= 


Taking all the lower limits and all the upper limits separately of each entry of S we construct another two 


matrices, given by 


(0.6,0.0,0.4) (0.6,0.0,0.4) (0.4,0.0,0.4) (0.6,0.0,0.4) 
_| (0.3,0.0,0.5) (0.5,0.0,0.4) (0.5,0.0,0.4) (0.5,0.0,0.4) 
~ | (0.3,0.0,0.3) (0.3,0.0,0.3) (0.3,0.0,0.6) (0.3,0.0,0.6) 

(0.4,0.0,0.3) (0.4,0.0,0.5) (0.4,0.0,0.3) (0.4,0.0,0.3) 


(0.9,0.3,0.6) — (0.9,0.3,0.6) —_(0.7,0.3,0.6) —(0.9,0.3,0.6) 
(0.6,0.6,0.6) — (0.6,0.6,0.6) — (0.6,0.6,0.6) —_(0.6,0.6,0.6) 
(0.4,0.75,0.5) (0.5,0.75,0.5) (0.5,0.75,0.7) (0.5,0.75,0.7) 
(0.5,0.6,0.6) — (0.5,0.6,0.8) — (0.5,0.6,0.6) —_ (0.5,0.6,0.6) 


and s“ = 


; ; l u 
Compute the value matrices corresponding to S and S are 


0.2 02 00 0.2 

F 02 O1 O11 O.1 
VS)= 

0.0 0.0 -0.3 -0.3 

0.1 -O.1 O01 O.1 
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06 06 04 06 
06 06 06 06 
V(S")= 
0.65 0.75 0.55 0.55 
05 0.3 05 05 


0.6 2.9 
0.1 2.4 

V(S')= d /V(S")= 
ZOE gee BOTA a. 
0.2 1.8 


W (h,) =0.6+2.2=2.8 

W (h,) =0.14+2.4=2.5 

W (h,) =-0.6+2.5=1.9 

W (h,) =0.2+1.8=2.0 

Among all the values above, /, has the highest weight. So, Mr., Debnath will prefer to buy the house h, . 


5. Application in medical science 


In medical science, one symptom is related to various diseases. For instance, the symptom fever is related to 
different diseases including typhoid, peptic ulcer, food poisoning ,etc. So, proper disease diagnosis is a very 


difficult task. For medical diagnosis problems, we consider the following example. 
Suppose Mr. X is suffering from a fever having the symptoms of body pain , breathing difficulty, headache ,and 


cough and the possible diseases, as per experts advice, relating to the proposed symptoms are viral 
fever,dengue,food poisoning ,and diptheria. But all experts should come to a common decision so that it helps to 
diagnose the patient. For this, we consider the set of four diseases U = {viral fever, dengue, food poisoning, 


diphtheria}, as a universal set and some related symptoms of these four diseases E = {body pain, breathing 
difficulty, headache, cough, }, as a set of parameters and a set of doctors D= {d, 5 d, 5 d, },called a set of 


decision makers or experts or doctors. In reference to example 4.2, if we compare the set of houses as a set of 
diseases , set of parameters as a set of symptoms , set of decision makers as a set of doctors and then by using 
this information we construct interval neutrosophic soft set frame work, by considering the same data set 
proposed in section 4.1. Then, with the help of IVNSM-algoritm, proposed in section 4, we come to the 
conclusion that Mr. X is suffering from viral fever. The main advantage of using IVNSM-algoritm is that it 
helps the doctors to diagnose the correct disese and so it prevents the wrong treatment of the patient and it saves 
time as well. In case no such conclusion can be drawn with the given information then we need to reassess all 


the symptoms with the help of expert and then repeat all the steps proposed in IVNSM-algorithm. 
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6. Conclusions 


In this paper, we have studied the various concept of interval neutrosophic soft set, which is an extension of 
neutrosophic soft set. We also introduce the choice matrices, which are associated with the interval 
neutrosophic soft sets. An algorithm, called IVNSM-algorithm, has been introduced for real decision making 
problem with the help of a group of decision makers. Finally, it has been discussed, how we use the 


IVNSM-algorithm in medical diagnosis problem. 


7. Future Scope 

In our work , we do not consider the information ‘time duration’ of the symptom or attribute though it has its 
own significance together with the belongingness or non-belongingness or indeterminacy level of a symptom 
for proper diagnosis of a patient. Which may be cover up by introducing complex interval neutrosophic soft set. 
Also, instead of introducing a soft set, we introduce a hypersoft set, pilthogenic hypersoft set, introduced by 
Smarandache(2018) in [33], to extend the concept used in this paper. 
Acknowledgments: Author is thankful to the reviewers for their valuable suggestions. 
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Abstract. The importance of the theory of neutrosophy is due to its connections with several fields of sciences, 
engineering, and technology. So, the aim of this paper is to relate neutrosophy with some algebraic structures 
mainly the ordered semigroups. In this regard, we define single valued neutrosophic sets in ordered semigroups. 
More precisely, we study single valued neutrosophic ideals of ordered semigroups and single valued neutrosophic 


bi-ideals of ordered semigroups. 


Keywords and phrases: semigroup, ordered semigroup, single valued neutrosophic set, neutrosophic ideal, neu- 
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1. Introduction 


The neutrosophic set is a generalization of intuitionistic fuzzy set which in return is a 
generalization of fuzzy set. Fuzzy set was introduced by Zadeh [18] in 1965 where he considered 
that every element in a certain set has a degree of membership (truth value) in the unit interval 
[0,1]. Then in 1986, Atanassov [5] introduced intuitionistic fuzzy set as a generalization of the 
fuzzy set where he considered that every element in the set has a degree of membership (truth 
value) and degree of non-membership (falsityhood value). Later in 1998, Smarandache [15] 
generalized these two concepts and introduced the neutrosophic sets where he considered that 


each element has a truth value (T), falsity value (F) and indeterminacy value (I). 
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Neutrosophy is considered as a connection of mathematics with philosophy where it studies 
the idea in a philosophical way. It is applicable in psychology, sociology, decision making, 
engineering, information technology, probability and statistics, etc. It proposes any idea and 
studies its origin, nature, scope and interactions with ideational spectra and reveals that 
the world is full of indeterminacy. It considers the idea studied as < A >, its opposite as < 
Anti—A >, its negation as < Non—A > and its spectrum of neutralities as < Neut—A >. For 
details about neutrosophy, we refer to [15-17]. The new topic of neutrosophy had grabbed the 
attention of many algebraists and as a result, neutrosophic algebraic structures was introduced. 
For details about neutrosophic algebraic structures, we refer to [2,3,12—14]. Recently, a relation 
between neutrosophy and ordered algebraic structures was defined [1, 4]. 

In 2020, Al-Tahan el al. [1] defined single valued neutrosophic sets in ordered groupoids and 
investigated the various properties of single valued neutrosophic ideals in it. In this paper, we 
study the relation between neutrosophy and ordered semigroups and it is organized as follows: 
After a brief introduction about neutrosophy, Section 2 presents some preliminaries about 
some algebraic structures such as semigroups and ordered semigroups and give some concepts 
about neutrosophy. Section 3 presents some definitions, properties and examples about single 
valued neutrosophic ideals in ordered semigroups. Finally, Section 5 presents single valued 
neutrosophic bi-ideals in ordered semigroups and provides some related important theorems 


and examples. 


2. Preliminaries 


In this section, we present some definitions, concepts and examples related to (ordered) 


semigroups, neutrosophy, and single valued neutrosophic sets that are used throughout the 


paper. 


2.1. Semigroups and ordered semigroups 


Definition 2.1. [7] Let S be a non-empty set of elements and x be a binary operation defined 
on S. Then S$ is said to be semigroup if it is binary closed and the associative property holds. 


In other words, for every x, y and z in the set S, (waxy) *z=ax (yz). 


Example 2.2. Let Z be the set of integers, then (Z,-), where “-” is the usual multiplication, 


is a semigroup. 


Remark 2.3. (1) A semigroup is an associative groupoid. 
(2) Every semigroup is a groupoid but not every groupoid is a semigroup. 
(3) A semigroup with identity is called a monoid. 
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Definition 2.4. [11] Let (S,x) be a semigroup. Then a subset A of S is called a subsemigroup 


if (A, x) is a semigroup. 


Remark 2.5. To prove that a non-empty subset A of a semigroup (S,*) is a subsemigroup, 


it suffices to show that Ax AC A. 


Example 2.6. Let (Z,+) be the semigroup of integers under standard addition. Then (N, +), 


the set of non-negative integers under standard addition, is a subsemigroup of (Z, +). 


Definition 2.7. [11] Let (S,x) be a semigroup and A C S a subsemigroup of S. Then A is 
called a: 

(1) Right ideal if Ax SC A, 

(2) Left ideal if S* AC A, 

(3) Ideal if it is both right and left ideal of S, 

(4) Bi-ideal if AxS* ACS. 


Example 2.8. Let (Z,-) be the semigroup of integers under standard multiplication and let 
I =nZ = {nq\q € Z}. Then J is both right and left ideal of (Z,-). Hence, it is an ideal of 


(Z,-). 


Definition 2.9. [6] Let G be a non-empty set of elements. A partial order is a binary relation 
“<” over a set G such that < is reflexive, antisymmetric, and transitive. 
In other words, for all a,b,c € G, < satisfies: 

(1) aa, 

(2) Ifa<bandb<athena=b, 

(3) Ifa<bandb<cthena<ce. 


Definition 2.10. [6] A total order is a binary relation “<” over a set G such that < is a 
partial order and every two elements in G are comparable. 


In other words, for all z,yE€ G,x<yory<z. 


Definition 2.11. [8] Let (.5,-) be a semigroup and “<” be a partial order on S. Then (S,-,<) 


is said to be an ordered semigroup if for all z € S the following condition holds 


ife<ythen z-a<z-yanda-z<y-zforalla,yeS. 
Remark 2.12. Every ordered semigroup is an ordered groupoid. But the converse is not true. 


Example 2.13. The set defined in Example 2.2 is an ordered semigroup under the partial 
order “<” which is for every x,y € Z, « < y if and only if # = y. 


This order is called trivial order. 


Definition 2.14. [8] Let (S,-,<) be an ordered semigroup and A C S. Then 


H.AlAkara,M.Al-Tahan,J.Vimala,SomeResultsonSingle Valued 
Neutrosophic Bi-ideals in Ordered Semigroups 


Neutrosophic Sets and Systems, Vol. 45, 2021 184 


(A] = {a € S|xz <a for some a € A}. 
Remark 2.15. If (.S,-,<) is an ordered semigroup and A C S then A C (A]. 


Definition 2.16. [8] Let (.S,-,<) be an ordered semigroup and A C S, then A is called: 
(1) Left ideal of S if S- AC A and (A] C A, 
(2) Right ideal of S if A-.S C A and (A] C A, 
(3) Ideal if it is both right and left ideal, 
(4) Bi-ideal if A-S-AC A and (A] C A. 


Example 2.17. Let S = {a,b,c,d} and let (S,«) be the semigroup defined by the following 
table: 


#1) |B] et | 
a|d|\d|d|d 
b/d|djdjd 
c|d|d|jdjd 
d|d\di\dlja 


And let < be defined as: 


<= {(a,a), (0, ), (b,c), (c,c), (d,d)}. 
Then (S,*, <<) is an ordered semigroup. Now, let J = {a,b,d}, then J is a right and left ideal 
of the ordered semigroup (S,*, <<). Hence J is an ideal of (S,x). 


2.2. Neutrosophy and single valued neutrosophic sets 


Definition 2.18. [15] Neutrosophy is a new branch of philosophy which studies the origin, 
nature, scope and interactions of neutralities with ideational spectra. 


It considers: 


e Any idea, proposition, theory or event by < A>, 
e Its opposite by < Anti-— A>, 
e Its negation by < Non— A>, 


e Its of spectrum of neutralities in between them by < Neut — A>. 


Remark 2.19. In the theory of neutrosophy, every idea < A > has a truth membership value 


(T’), false membership value (£’) and indeterminacy membership value (J). 


Definition 2.20. [15] Let X be a non-empty space of elements (objects). A single valued 
neutrosophic set(SVNS) A on X is characterized by its truth-membership function (Ty), its 
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indeterminacy-membership function (I,4), and its falsity-membership function (f'4) where for 
each element x € X, 0 < T(x), [4(a), Fa(x) < 1. 


Remark 2.21. Let X be a non-empty space of elements (objects). A single valued neutro- 
sophic set(SVNS) A on X is defined by Na(x) = (T(x), [4(x), Fa(x)) for all x € X. 


Definition 2.22. [1] Let X be a non empty set of elements and A and B be two single valued 


neutrosophic sets over X defined as follows: 


A= {a e€eX}and B= {or xe xX} 


ay Ta(e)Fatay) © pls @) Fae) | 


Then 


e ANB, which is the intersection of A and B, is a single valued neutrosophic set over 


X defined as follows: 


ANB= {raat a 


qlee X} 


Tana): Fans (@ 
where Tana(xz) = Ta(x) ATp(x), Lanp(x) = La(x) A ae and F4np(x) = F(x) V 
F(x) for all x € X. 

e AUB, which is the union of A and B, is a single valued neutrosophic set over X defined 


as follows: 


AUB={qoaawy syle eX} 


REO} Faun & 
where Tyup(x) = Ta(x) V Tp(x), Taup(x) = La(x) V i and Fup(x) = Fa(x) A 
F(a) for alla € X. 


3. Single valued neutrosophic ideals in ordered semigroups 


Inspired by the work in [9] done by Khan et al. related to fuzzy ideals in ordered 
semigroups and by the definition of single valued neutrosophic sets in ordered groupoids [1], we 
consider single valued neutrosophic sets in ordered semigroups. More precisely, we define single 
valued neutrosophic left ideals, single valued neutrosophic right ideals, study their properties, 


and provide some examples. 


Definition 3.1. Let (.S,-,<) be an ordered semigroup and A be a single valued neutrosophic 
set over S. Then A is a single valued neutrosophic subsemigroup of S if for all x,y € S, the 


following conditions hold: 


(1) Ta(x-y) = Ta(x) ATa(y), 

(2) La(w-y) = La(a) A Lay), 

(3) Fa(@-y) < Fa(2) V Fa(y), 

(4) Ifa < y then T(x) > Ta(y), La(x) > La(y) and F(x) < Fa(y). 
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Definition 3.2. Let (.S,-,<) be an ordered semigroup and A be a single valued neutrosophic 
set over S. Then A is a single valued neutrosophic left ideal of S if for all x,y € S, the following 


conditions hold: 


(1) Ta(a-y) 2 Ta(y), 

(2) Ia(x-y) 2 La(y), 

(3) Fa(w-y) < Fa(y), 

(4) Ifa <y then Ta(x) > Ta(y), La(x) > La(y) and Fa(x) < Fa(y). 

Definition 3.3. Let (.S,-,<) be an ordered semigroup and A be a single valued neutrosophic 
set over S. Then A is a single valued neutrosophic right ideal of S if for all x,y € S, the 


following conditions hold: 


(1) Ta(z-y) = Ta(z), 

(2) Ia(z-y) = Ia(z), 

(3) Fa(v-y) < Fa(a), 

(4) Ifa <y then T(x) > Ta(y), La(x) > La(y) and F(x) < Fa(y). 

Definition 3.4. Let (.S,-,<) be an ordered semigroup and A be a single valued neutrosophic 
set over S. Then A is said to be a single valued neutrosophic ideal of S if it is both single 


valued neutrosophic right and left ideal of S. 


Remark 3.5. Let (.S,-,<) be a commutative semigroup and A be a single valued neutrosophic 


right (left ) ideal of S. Then A is a single valued neutrosophic ideal of S. 


Remark 3.6. Let (.S,-,<) be a commutative semigroup and a, 3, 7 € [0,1]. Then 


is a single valued neutrosophic ideal of S and it is called the trivial single valued neutro- 


sophic ideal of S. 


Example 3.7. Let S = {1,2,3,4} and (S,-) be defined by the following table: 


1/2)3/4 
1)/1;1);1)1 
2;1)1)1)1 
3/1l)1})1)1 
4;/1;1)1}1 


Let “<” be the partial order on S defined as follows: 


{(1, 1), (2,2), (8; 3), (4,4), (1, 2), (1, 3), (1, 4), (2,8), (3, 4)} 
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Then (S,.,<) is an ordered semigroup since is binary closed and associative, and “<” 
satisfies the monotone property (i.e. for all z,y € S,x < yand forallz€ S,x4-z=2z-r= 
Lele yee 2 a): 
Let A be an SVNS on S defined by Ny as follows 

Na(1) = (0.9, 0.8, 0.1), N4(2) = (0.7, 0.6, 0.2), N4(3) = (0.6, 0.6, 0.2) and 

Na(4) = (0.5, 0.4, 0.5). 

Then A is a single valued neutrosophic ideal of S since for all x,y € S, we have 
Ta(z-y) = Ta(1) = 0.9 > Ta(z) V Ta(y); 
Ta(a-y) = I4(1) = 0.8 2 La(z) V La(y); 
Fia(a-y) = Fa(1) = 0.1 < Fa(x) A Fay); 
Moreover, 1 < 2 < 3 < 4 implies that T4(1) > T4(2) > Ta(3) > Ta(4), La(1) > I4(2) = 
T4(3) > I4(4), and F'4(1) < F4(2) < F4(3) < Fa(4). 


Proposition 3.8. Let (S,-,<) be an ordered semigroup with identity “e” and A be a single 
valued neutrosophic set over S. Then A is a single valued neutrosophic left(right) ideal of S if 


and only if A is the trivial single valued neutrosophic ideal of S. 


Proof. The proof is similar to the case in ordered groupoids [1]. 


Example 3.9. The only single valued neutrosophic right(left) ideal of the semigroup of non- 


negative integers under addition is the trivial single valued neutrosophic set. 


Lemma 3.10. Let (S,-,<) be an ordered semigroup and Aq a single valued neutrosophic left 
ideal, right ideal or subsemigroup of S. Then ()\,, Aq which is the intersection of Aq for all a 


is a single valued neutrosophic left ideal, right ideal or subsemigroup of S. 


Proof. Let Ag be a single valued neutrosophic left ideal of S. Then for all x,y € S, 
Ta,(a-y) > Tay), Ia, (@-y) > La.(y), Fa.(e@-y) < Fa, (y) for all a. This latter im- 
plies that 

Tp, Aa(@* y) = infa Ta, (@-y) > infa Ta. (y) = Th, aay) 5 

Ip, Ao (@ +) = infa La, (@- y) = infa La, (y) = Ip, aay) 5 

Fry, Aa (£* Y) = SUPg Fa, (@+Y) S suPy Fa, (y) = Fr, aay) - 


Let « <y. Then T4,(x) > Ta,(y), La, (#) = Ia. (y), Fa.(t) < Fa.(y). So, 
Tp, Aa (@) = infa Ta, (2) = info Ta, (y) = Tp, aa (y); 
In, Aa (®) = inf I4, (&) = infa La. (y) = In, a. (Y): 
and Fp, Aq(£) = sup, F'a, (2) < sup, Fa, (y) = Fp, A. (y): 


Therefore, (],, Aa is a single valued neutrosophic left ideal of S. Similarly, we can prove that 
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the intersection of single valued neutrosophic right ideals or subsemigroups of S is a single 


valued neutrosophic right ideal of S. 


Remark 3.11. Let (S,-,<) be an ordered semigroup and A, a single valued neutrosophic 
subsemigroup of S. Then (),, Aq is not necessarily a single valued neutrosophic subsemigroup 
of S. 


Example 3.12. Let (N,+,<) be the ordered semigroup of natural numbers under standard 


addition and trivial order and let A and B be single valued neutrosophic sets on N defined as 


follows: 
(0.9,0.7,0.2) if x is divisible by 5 ; 
Na(x) = 
(0.4,0.3,0.4) otherwise. 
(0.9,0.7,0.2) if x is divisible by 7 ; 
Neg (x) = 
(0.4,0.3,0.4) otherwise. 


Then A and B are single valued neutrosophic subsemigroups of N. But AU B is not a single 
valued neutrosophic subsemigroup of N since Naug(5 + 7) = Naup(12) = (0.4, 0.3, 0.4) so we 
will have that T4ue(5 + 7) = Naue(12) = 0.4 Z Naus(5) A Naus(7) = 0.9. 


Example 3.13. Let (S,-,<) be the ordered semigroup defined in Example 3.7. Let A and B 
be the single valued neutrosophic sets on S' defined by N4 and Ng respectively as follows: 
Na(1) = (0.9,0.8, 0.1), N4(2) = (0.7, 0.6, 0.2), N4(3) = (0.6, 0.6, 0.2), N4(4) = (0.5, 0.4, 0.5); 
Np(1) = (0.9, 0.8, 0.1), Ng(2) = (0.8, 0.7, 0.2), Ng(3) = (0.7, 0.6,0.3), Ng(4) = (0.6, 0.4, 0.6); 
It is clear that A and B are single valued neutrosophic subsemigroups of S. Also AU B and 
ANB, defined by Naup and Nanqp respectively as follows. 
Naus(1) = (0.9, 0.8, 0.1), Naup(2) = (0.8, 0.7, 0.2), Naup(3) = (0.7, 0.6, 0.2), 
Naus(4) = (0.6, 0.4, 0.5); 
Nanp(1) = (0.9, 0.8, 0.1), Nanp(2) = (0.7, 0.6, 0.2), Nane(3) = (0.6, 0.6, 0.3), 
Nans(4) = (0.5, 0.4, 0.6) 


’ 


are also single valued neutrosophic subsemigoups of S.. 


Lemma 3.14. Let (S,-,<) be an ordered semigroup and Ag a single valued neutrosophic ideal 


of S. Then (),, Aa is a single valued neutrosophic ideal of S. 


Proof. Let A, be a single valued neutrosophic ideal of S. Then Ag is both, a single valued 
neutrosophic right and left ideal of S. So, by Lemma 3.10, (), Aa is both, a single valued 
neutrosophic right and left ideal of S. Therefore (],, Ag is a single valued neutrsophic ideal of 
S. 
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Lemma 3.15. Let (S,-,<) be an ordered semigroup and Aq a single valued neutrosophic ideal 


of S. Then U, Aa ts a single valued neutrosophic ideal of S. 


Proof. The proof is similar to that of ordered groupoids [1]. 


Example 3.16. Let (S,*, <<) be an ordered semigroup where (5, x) is defined by the following 
table: 


*}/1)2)3 


1T)1l}ij}il 


2;/1)1)3 


3/1)3}1 


and <= {(1,1), (1, 2), (1,3), (2, 2), (3,3)}. And let A and B be single valued neutrosophic sets 
over S defined by N4 and Ng respectively as follows: 
Na(1) = (0.9, 0.8, 0.1), N4(2) = (0.6, 0.6, 0.3), N4(3) = (0.4, 0.5, 0.3); 
Np(1) = (0.9, 0.8, 0.1), Ne(2) = (0.8, 0.5,0.5), Ne(3) = (0.6, 0.5, 0.3). 
It is clear that A and B are single valued neutrosophic ideals of S. Then AN B and AUB 
defined by Nang and Nau respectively as follows: 
Nana(1) = (0.9, 0.8, 0.1), Nane(2) = (0.6, 0.5, 0.5), Nang(2) = (0.4, 0.5, 0.3); 
Naus(1) = (0.9, 0.8,0.1), Naus(2) = (0.8, 0.6, 0.3), Naus(2) = (0.6, 0.5, 0.3) 


are also single valued neutrosophic ideals of S. 


Definition 3.17. Let ($1,-1, <1) and (S2,-2, <2) be two ordered semigroups, then (51 x S2,-,< 
) is an ordered semigroup where (x,y): (z,w) = (a@-1 2,y-2 w) and (a, y) < (z,w) if and only 


if x <1 z and y <2 w. 


Definition 3.18. Let ($),-1,<1) and ($2,-2,<2) be two ordered semigroups, and let A and 
B be two single valued neutrosophic sets over Sj x S_ defined as follows: 

Naxp(2,y) = (Taxa(2,y), Laxe(2,y), Fax p(2,y)) 
where Tay p(z,y) = Ta(x) ATp(y), Taxp(a,y) = La(x) A Ip(y) and Fay p(2,y) = Fa(x) V 
Fp(y). 


Theorem 3.19. Let ($1,-1, <1) and (S2,-2,<2) be two ordered semigroups, and let A and B 
be two single valued neutrosophic right (left) ideal of 5; and Sz respectively. Then A x B is a 
single valued neutrosophic right (left) ideal of Sy, x So. 


Proof. Let A and B be single valued neutrosophic left ideal of S; and S_ respectively. Then 


for all 71, y1 € S1 and x2, y2 € So, we have: 
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(v1- 41) 2 Ta(y1) and Tp (x2 - y2) = Ta (ya); 
(1+ y1) = Ia(yi) and Ip(x2- y2) = Ip(y2); 
Fa(x1 +41) < Fa(y1) and Fp (x2 y2) < Fa(y2); 

(11,22) < (yi,y2). This latter implies that T4(x1) > Ta(yi), Tp(a2) > Tp(y2), 
T4(x1) = Ia(y1), Ip (x2) = Ip (y2), Fa(w1) < Fa(yi) and Fg(x2) < Fp(y2). 
We get that, Taxe((#1, 22) - (yi, y2)) = Taxe(t1- yi, 22° y2) = Ta(t1- 41) A Ta(a2- ye) = 
Ta(y1) A Ta(y2) = Tax Be (yi, y2); 
Tax B((@1, £2) - (y1, y2)) = Lax B(@1 + yi, 22° y2) = Ta(a1- yi) A Tp (r2 + yo) = Tayi) A Ia (ye) = 
Tax B(Y1, 92); 
Fax p((21, £2) ° (yi, Y2)) = Fax e(t1-y1,%2°y2) = Fa(ai- yi) V Fe (x2-y2) < Fa(yi) V Fe(ye) < 
Fax p(y; Y2); 


and if (41,22) < (y1, y2), then 71 <1 y; and x2 <2 yo, so easily we can see that Ty, p(11, %2) > 


SS 


TaxB(yi,y2), Lax B(@1,%2) > Tax B(yi, ye), and Fax p(11, 22) < Fax p(y, y2)- 
Therefore, A x B is a single valued neutrosophic left ideal of S, x So. 


Similarly, we can prove the case of single valued neutrosophic right ideal. 


4. Single valued neutrosophic bi-ideals in ordered semigroups 


In this section, we define single valued neutrosophic bi-ideals in ordered semigroups, 
study some of their properties, and provide several examples. The results of this section can 


be considered as a generalization of fuzzy bi-ideals in ordered semigroups [10]. 


Definition 4.1. Let (.S,-,<) be an ordered semigroup and A be a single valued neutrosophic 
set over S. Then A is said to be a single valued neutrosophic bi-ideal of S if it is a single valued 
neutrosophic subsemigroup of S and if for all x,y,z © S, Na(x-y-z) > Na(x) A Na(y)(ie. 
Ta(a@-y-z) > Ta(x) A Ta(y), Ta(a-y- 2) > Ta(x) A Ta(y) and Fa(a-y-z) < Fa(x) V Fa(y)). 


Theorem 4.2. Let (S,-,<) be an ordered semigroup and A be a single valued neutrosophic 


left(right) ideal over S . Then A is a single valued neutrosophic bi-ideal of S. 


Proof. Let A be a single valued neutrosophic left ideal of S, then A is a single valued neu- 
trosophic subsemigroup and T4(x-y) > Ta(y),la(a-y) > Lay), Fa(a-y) < Fa(y) and if 
a <y,Ta(x) > Ta(y), La(2) = Ta(y), Fa(a) < Fay). 

Let x,y,z € S. Then Ta(x-y-z) > Ta(y- z) > Ta(z) = Ta(z) A Ta(z); 

Ia(a-y-z) > Ia(y-z) > Ia(z) > Ia(e) A Ia(z), and Fa(a-y-z) < Fa(y-z) < Fa(z) < 
F(x) V F(z) 


Therefore, A is a single valued neutrosophic bi-ideal of S. 
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Remark 4.3. Not every single valued neutrosophic bi-ideal is a single valued neutrosophic 


left or right ideal. 


Example 4.4. Let (S,-) be an ordered semigroup defined by the following table: 


a|ble 


aja|;a|;a 


blalale 


c);a|c;a 


Let “<” be defined as follows: <= {(a, a), (a,b), (a,c), (b, 6), (c,c)} and A be an SVNS on S$ 
defined by: Na(a) = (0.9, 0.8,0.1), Na(b) = (0.8, 0.5, 0.4) and Na(c) = (0.7,0.6,0.2). Then A 
is SVN bi-ideal of S' but it is neither SVN right nor left ideal of S since T4(b-c) = T4(c-b) = 
Ta(c) Z Ta(d). 


Theorem 4.5. Let (S,:,<) be an ordered semigroup and Ag a single valued neutrosophic 


bi-ideal of S. Then (), Aa is a single valued neutrosophic bi-ideal of S. 


Proof. Let Aq be a single valued neutrosophic bi-ideal of S for all a. Then Ag is a single valued 
neutrosophic subsemigroup of S. Hence by Lemma 3.10 (),, Aq is a single valued neutrosophic 
subsemigroup of S’.. 

Also, we have that T4,(x-y-z) > Ta,(x) A Ta,(z), Ta, (@- y+ 2) > Ia, (x) A La, (2) and 
Fai(a-y-z) < Fa,(x) V Fa,(z). This latter implies that 


Tp, Aa (@* y+ 2) = info Ta, (@- y+ 2) > info{T, (2) A Ta, (2)} = info Ta, (x) A info Ta, (2) = 
Tp), Aa (2) A Tp, Aa (2)3 
I Ay (oy 2) = infg ta, (eye Zz) > inte{ la (a) Ada (2) =n) * intada, (2) = 
In, Aa (®) A In, aa (2); 


Fy, Aa (f° Y* 2) = SUPg Fa, (@- y+ 2) S supy{ Fa, (£) V Fa, (2)} = supy Fa, (2) V sup, Fa, (Zz) = 
Fr, Aa(®) V Fy, Aa (2): 
Therefore, (), Aa is a single valued neutrosophic bi-ideal of S. 


Theorem 4.6. Let ($1,-1,<1) and (S2,-2,<2) be two ordered semigroups, and let A and B 
be two single valued neutrosophic bi-ideals of S; and Sq respectively. Then A x B is a single 


valued neutrosophic bi-ideals of S1 x So. 


Proof. Let A and B be single valued neutrosophic bi-ideals of S; and S2 respectively. Then 
for all 21,41, 21 € Si, %2,yo,22 € So , A and B are single valued neutrosophic bi-ideals of 
S, Ta(ti- y+ 21) = Ta(x1) A Ta(a1), Te(xe + yo: 22) = Ta(xe) A Ta(22), Ta(ti- yi: 1) = 
T4(a1) A Ia(21), Ip(x2- yo: 22) > Ip(x2) A Ip(z2), Fa(ai: yr: 21) < Fa(ai) V Fa(z1) and 
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Fp(x2- y2- 22) < Fp(x2) V Fp(z2). 


So, we get that 
TAx B((@1, €2)-(Y1, Y2)-(21, 22)) 


= Tx B(@1-Y1- 21, £2" Y2° 22) 
Ta(21) /\ T4(21) /\ Tp(a2) /\ Tp(Z2) 


= T4(a1-y1- 21) AT B(x2- yo: 22) = 


= Tax B(%1, £2) A T4x B(21, 22)} 


Tax B((21, £2): (yt, y2)-(21, 22)) = Lax B(@1: yi: 21, 02° yo: 22) = Ta(ti- yr 21) AI p(x2- yo: 22) > 
T4(x1) A La(21) A Ip(a2) A Ip(22) = Tax (21, £2) A Tax B(21, 22)3 


Faxp((#1, ©2).(41, y2)-(21, 22)) 


= Fay p(£1-y1- 21, 2° yo: 22) 
F4(x1) V Fy4(z1) V F'p(x2) V F'p(z2) 


= F4(v1-yi]- 21) V FB(x2-yo: 22) < 


= Fay p(r1, 22) V Fax p(21, 22). 


And as A and B are single valued neutrosophic subsemigroup of 5; and S2 respectively. Then 


by Theorem 3.19, we get that A x B is a single valued neutrosophic subsemigroup of $1 x So. 


Example 4.7. Let (.S,x) be the semigroup defined by the following table: 


and let “< ” be defined as follows: 


x}/O;}1)2 


0/0/00) 0 


1);0/;/1)2 


2/;0)14 2 


<= {(0, 0), (0, 1), (2, 2), (2; 


1), (0,2)}. Then (S,x,<) is 


an ordered semigroup. Let A be an SVNS on S defined by Ny as follows: 


Na(0) = 


(0.9, 0.3, 0.1), N4(1) = 


Then A is a single valued neutrosophic ideal of since 


T (0x 0) 

Ta(0*1) = Ta(0) = 0.9 > Ta(0 
T4(0*2) =Ta(0) = 0.9 > Ty (0 
Ta(1«0) = Ta(0) = 0.9 > Ty(1 
Ta(1*1) =Ta(1) =0.9 > Ta(1 
Ta(1* 2) = T4(2) =0.9> Ta(l 
Ta(2«0) = T4(0) =0.9 > Ty(2 
Ta(2*1) =Ta(1) =0.9 > Ty(2 
Ta(2* 2) = T4(2) = 0.9 > Ta(2 
14(0* 0) = T4(0) = 0.3 > 14(0) 
I4(0 *1) = I4(0) =0.3 > I4(0) 
Ia(0 x2) = I4(0) = 0.3 > Ia(0) 
Ia(1*0) = I4(0) =0.3 > fe 
I4(1*«1)=I4(1 


WwW Wwe wae wae we we DH Da 


= T,(0) = 0.9 > T,4(0) V T4(0) = 0.9; 


V T4(1) = 0.9; 
V Ta(2 
V T4(0 
VTa(1 
V Ta(2 
y TA 
Vv Fall 
( 


lie 
)= 
i 
lee 
)= 
= 
lee 
2) = 


(0.9, 0.2,0.2) and N4(2) = 


(0.9, 0.2, 0.2). 
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Ia(1* 2) = I4(2) = 0.2 > I4(1) V T4(2) = 0.2: 
I4(2*0) = I4(0) = 0.3 > I4(2) V I4(0) = 0.3; 
T4(2*1) = I4(1) = 0.2 > T4(2) V I4(1) = 0.2; 
I4(2* 2) = I4(2) = 0.2 > T4(2) V 14(2) = 0.2: 
F4(0« 0) = F4(0) = 0.1 < Fy(0) A Fa(0) = 0.1; 
F4(0«1) = F4(0) = 0.1 < Fy(0) A Fa(1) = 0.1; 
F4(0*2) = F4(0) = 0.1 < Fy(0) A Fa(2) = 0.1; 
F4(1*0) = F4(0) = 0.1 < Fa(1) A F4(0) = 0.1; 
F4(1*1) = Fy(1) = 0.2 < Fa(1) A Fa(1) = 0.2; 
F4(1*2) = F4(2) = 0.2 < Fa(1) A Fa(2) = 0.2; 
F4(2*0) = F4(0) = 0.1 < T4(2) A Fa(0) = 0.2; 
F4(2*1) = F4(1) = 0.2 < Fa(2) A Fa(1) = 0.2; 
F4(2*2) = F4(2) = 0.2 < Fa(2) A F4(2) = 0.2. 


Moreover, 0 < 1 < 2 implies that T4(0) > T4(1) > Ta(2), L4(0) > I4(1) > Ia4(2) and 
F4(0) < F4(1) < F(2). 


Therefore, A is a single valued neutrosophic ideal of S. 


Example 4.8. Let (S,*,<) be the semigroup defined in Example 4.7 and B a single valued 
neutrosophic set over S defined by Ng as follows 

Nz(0) = (0.9, 0.2,0.1), Np(1) = (0.8, 0.1,0.3) and Np(2) = (0.7, 0.1, 0.4). 
Then B is a single valued neutrosophic left ideal of S since 


Tp(0x 0) = Tp(0) = 0.9 > Tp(0) = 0.9; 


Tp(0*1) = Tp(0) = 0.9 > Tp(1) = 0.8; 

Ta(0« 2) = Ta(0) = 0.9 > Ta(2) = 0.7; 

Tp(1*0) = T(0) = 0.9 > Tp(0) = 0.9; 

Ta(1*1) =Ta(1) = 0.8 > Ta(1) = 0.8; 

Ta(1*2) = Tp(2) = 0.7 > Ta(2) = 0.7; 
Tp( (0) 
B( (1) 
( (2) 


Ip(0*0) = Tp(0) = 0.2 > > Ip(0) = 0.2: 
Ip(0* 1) = Ip(0) = 0.2 > Ip(1) = 0.1; 
Ig(0* 2) = Ip(0) = 0.2 > Ip(2) = 0.1; 
Ip(1*0) = Ip(0) = 0.2 > Ip(0) = 0.2; 
Ip(1*1) = Ip(1) = 0.1 > Ip(1) = 0.1; 
fa( x2) = 15 (2) S01 Tp(2) S02 
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Ip(2* 0) = Ip(0) = 0.2 > Ip(0) = 0.2; 
Ip(2*1) = Ip(1) =0.1 > Ip(1) = 0.1; 
Ip(2* 2) = Ip(2) =0.1 > Ip(2) = 0.1; 
Fg(0*0) = Fp(0) = 0.1 < Fg(0) = 0.1; 
F(0*1) = Fg(0) = 0.1 < Fp(1) = 0.3; 
Fp(0* 2) = Fg(0) =0.1 < Fp(2) = 0.4; 
Fp(1*0) = Fg(0) =0.1 < Fp(0) = 0.1; 
Fp(1*1) = Fp(1) = 0.3 < Fp (1) = 0.3; 
Fp(1* 2) = Fp(2) = 0.4 < Fp(2) = 0-4: 
Fp(2*0) = Fg(0) = 0.1 < Fg(0) = 0.1; 
Fp(2*1) = Fp(1) = 0.3 < Fp (1) = 0.3; 
Fp(2* 2) = Fp(2) = 0.4 < Fp(2) = 04. 


Moreover, 0 < 1 < 2 implies that Tg(0) > Tp(1) > Tp(2), Ip(0) > Ip(1) > Ip(2) and 
F'p(0) < Fp(1) < Fp(2). 
Moreover, since B is an SVN left ideal of S, it follows by Theorem 4.2 that B is a single valued 
neutrosophic bi-ideal of S. 
b 
Example 4.9. Let M2(N) be the set of 2 x 2 matrices (i.e. M2(N) = { (' ) ;a,b, c,d € N}). 
C 

And let A be an SVNS on M2(N) defined by Ny as follows 

(0.8,0.4,0.2) if Xe; 

(0.6,0.3,0.5) if X I. 


Na(X) = 


k 0 
where I = { ;k eN}. 
0 0 


Then A is neither a single valued neutrosophic left ideal nor single valued neutrosophic right 


ideal of M2(N). Moreover, it is a single valued neutrosophic bi-ideal of M2(N). 


Proof. First we show that A is neither a single valued neutrosophic right ideal nor a single 


valued neutrosophic left ideal of M2(N). 


1 2 2 
Let X = . €landY = <I 
0 0 2 2 
1 0 2 2 Qe 2 
So, we have, X.Y = : = ¢ I 
0 0 2 2 0 0 


Then N4(X.Y) = (0.6,0.3,0.5). But T4(X.Y) = 0.6 % T4(X) = 0.8. So, A is not an SVN 
right ideal of M2(N). 


2) 2 1 0 2 0 
Also we have, Y.X = = 


F = I 
2,42 0 O 2 ;) j 
Then Na4(Y.X) = (0.6,0.3,0.5). But Ta(Y.X) = 0.6 % T4(X) = 0.8. So, A is not an SVN left 


H.AlAkara,M.Al-Tahan,J.Vimala,SomeResultsonSingleValuedNeutrosophic 


Bi-ideals in Ordered Semigroups 


Neutrosophic Sets and Systems, Vol. 45, 2021 195 


ideal of M2(N). 


Next, we show that A is a single valued neutrosophic subsemigroup of M2(N). 


Let X,Y € Mo2(N). We consider the following cases. 


e Case X,Y € I, then we have N4(X) = Na(Y) = (0.8,0.4,0.2). Then X.Y € I, then 
Na(X.Y) = (0.8, 0.4, 0.2). 
So, easily we can see that, T4(X.Y) = 0.8 > T4(X) A Ta(Y) = 0.8, La(X.Y) = 0.4 > 
I4(X) A IA(Y) = 0.4, Fa(X.Y) = 0.2 < F4(X)V Fa(Y) = 0.2, and if X < Y, then 
Ta(X) = 0.8 > Ta(Y) = 0.8, Ia(X) = 04 > I4(Y) = 0.4 and F(X) = 02 < 
Pay y=0.2. 

e Case X,Y ¢ I, then we have N4(X) = Na(Y) = (0.6, 0.3, 0.5). So, easily we can see 

that, Ta(X.Y) > 0.6 =T4(X)AT4(Y), La(X.Y) > 0.3 = 14(X) ALA(Y), Fa(X.Y) < 

0.5 = F4(X) V F4(Y). 

Case X € I, Y ¢ I, then we have N4(X) = (0.8,0.4,0.2) and Na(Y) = (0.6, 0.3, 0.5). 

So, easily we can see that, T4(X.Y) > 0.6 = Ta(X) A Ta(Y), Ia(X.Y) > 03 = 

IA(X) AIA(Y), Fa(X.Y) < 0.5 = Fa(X) V Fa(Y). 

Therefore, A is an SVN subsemigroup of M2(N). 

Simple computations show that A is an SVN bi-ideal of M2(N). 


5. Conclusion 


This paper dealt with single valued neutrosophic sets in ordered semigroups where several 
concepts about single valued neutrosophic ideals and single valued neutrosophic bi-ideals were 
defined and studied with several examples. The results in this paper are generalization of 
fuzzy ideals (bi-ideals) in ordered semigroups. 

For future research, it will be interesting to discuss single valued neutrosophic sets in other 


ordered algebraic structures. 
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Abstract. Game theory is commonly used in competitive situations because of its significance in decision- 
making. Different types of fuzzy sets can handle uncertainty in matrix games. Neutrosophic set theory plays a 
vital role in analyzing complexity, ambiguity, incompleteness, and inconsistency in real-world problems. This 
study develops a novel approach to solve neutrosophic matrix games using linear programming problems with 
single-valued triangular neutrosophic numbers as pay-offs. This paper establishes some theoretical aspects of 
game theory in a neutrosophic environment. A numerical example verifies the theoretical results using the 
traditional simplex approach to achieve the strategy and value of the game. The proposed work is useful to 
model and solve conflict situations in decision-making problems with partial knowledge as data in a simple 


manner. 


Keywords: Matrix game; Neutrosophic set; Single valued triangular neutrosophic number; Neutrosophic 


matrix game 


1. Introduction 


Real-world conflict scenarios are often investigated using game theory. It is difficult to col- 
lect the right data from decision-makers in today’s situations. Fuzzy set theory is based on 
unreliable information and vagueness due to a lack of some pieces of information and accurate 
data. Previous research investigated complexity in game theory using fuzzy sets, intuitionistic 
fuzzy sets, and rough fuzzy sets. The concept of neutrosophic set theory in games is new at the 
moment, and it is a common research subject all over the world for dealing with competitive 
situations. 


Neumann and Morgenstern {1} established the notion of game theory. Although, the classical 
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game theory has exact data and factual information about the players. In uncertain situ- 
ations, the notion of the fuzzy set theory proposed by Zadeh is applied to many fields. 
Campus |5| introduced a model based on a linear programming approach to interpreting fuzzy 
matrix games. Sakawa and Nishizaki [6,10] investigated max-min solution methods for multi- 
objective conflict resolution problems. Bector et al. determined the matrix games with 
fuzzy goals and fuzzy payoffs. The concept of dual linear programming approach employed 


by Vijay et al. (13). Several researchers developed fuzzy matrix games. To 


determine the uncertainty about non-membership degrees Atanassov inducted intuition- 
istic fuzzy set theory. Further, intuitionistic fuzzy concept applied by to 
study game-theoretic models using linear programming approach. After that, Intuitionistic 
fuzzy sets were extended to interval-valued intuitionistic fuzzy sets and hesitant fuzzy sets. 
Kumar and Garg suggested the TOPSIS method under interval-valued intuitionistic fuzzy 
environment. Xue et al. applied the Ambika method to determine the matrix games with 
hesitant fuzzy knowledge and investigated the counter-terrorism problem. A methodology 
based on the linear programming approach was applied to solve the matrix games with trian- 
gular dual hesitant fuzzy numbers as payoffs by Yang and Song [39]. 

The intuitionistic fuzzy sets can not successfully deal in the circumstances of good, unac- 
ceptable, and uncertain decision-making problems. Therefore a novel theory was necessary. 
Smarandache (7}|9| filled the gap and introduced the concept of neutrosophic set theory, 
which deals with incomplete, inconsistent, and indeterminate situations. Single valued neu- 
trosophic sets as an extension of neutrosophic sets were presented by Wang et al. (20). A 
de-neutrosophication idea for linear and non-linear generalized triangular neutrosophic num- 
bers was performed by Chakraborty et al. [30]. The concept of neutrosophic set and number 
has been successfully applied by Abdel-basset et al. (31}{33}, and developed methods for sus- 
tainable supplier selection problems. investigated decision making models based on 
neutrosophic sets. A similar study of neutrosophic sets and numbers was provided by Broumi 
et al. [29]. Khalil et al. suggested a new idea for the single-valued neutrosophic fuzzy soft 
set. Neutrosophic soft, rough topology and its applications to multicriteria decision-making 
problems were proposed by Riaz et al. [41]. Based on the neutrosophic fuzzy approach, an 
economical production quantity model was suggested by De et al. for imperfect produc- 
tion processes under game. Du et al. in neutrosophic Z-numbers conditions investigated a 
multicriteria decision-making approach. In contemporary situations to handle the conflicting 
political circumstances, a neutrosophic model for non-cooperative games was inducted by Arias 
et al. using single-valued triangular neutrosophic numbers. Bhaumik et al. introduced 
a new ranking approach to solve bi-matrix games based on (a, 3, y) -cut set of a single-valued 


triangular neutrosophic number. 
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Game theory is widely used in competitive scenarios due to its importance in decision-making. 
In real-world problems, the concept of neutrosophic set theory is useful for analyzing com- 
plexity, uncertainty, incompleteness, and inconsistency. In matrix games with single-valued 
triangular neutrosophic numbers as pay-offs, we developed a novel approach focused on linear 
programming using de-neutrosophication as values and ambiguities. The standard simplex 
approach is used to accomplish the strategy and value of the game for the individual player 
by providing a numerical representation. The proposed work is capable of quickly resolving 
conflict situations in decision-making problems using partial information as data. 


The main novelties of this work are pointed as: 


e A new class of matrix game, namely neutrosophic matrix game, is defined under partial 
informative situations. 

e A mathematical model of neutrosophic matrix game is developed. 

e Values and ambiguities are derived for single-valued triangular neutrosophic numbers, 
and some new theorems are provided. 

e The theoretical results are verified by a numerical example arising in conflict situations 


in decision-making problems with partial knowledge as data. 


The research paper is designed as: Section 2 contains preliminaries and definitions. Values 
and ambiguities are determined in Section 3. Section 4 deals with value index and ambiguity 
index. Section 5 describes a mathematical model of a matrix game. A numerical example is 


demonstrated in Section 6. Section 7 concludes the results of the paper. 


2. Preliminaries and definitions 


In this section we recall some basic definitions and notations which are useful throughout 


the paper. 


Definition 2.1. Let X = {X1, X2,X3,...,Xn} be the universal set. A neutrosophic set A 
in the universal set X, is characterized by its truth membership function zz, indeterminacy 
membership function 7; and falsity membership function vz which associates with X; € X to 


a real number in the interval [0,1] and defined as 
A= {(Xi, ng (Xi), 74(Xi), vq(Xi)) |X € X}. (1) 


Definition 2.2. A single valued triangular neutrosophic number defined on the set of real 


numbers is a neutrosophic set, denoted by APTN’ = ((€,17,C);0, p,7) whose truth membership, 
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indeterminacy membership and falsity membership functions respectively are given as follows: 


Cae SES adn 


(n-§) 
o T= 7 
Larnn(@) = —2)o (2) 
Caos sn<aK<c 
0 ; otherwise 
Gate) sé<a<n 
p ;r=1 
T ATNN (x) = oo oe (3) 
. onsen) sn<ase 
1 ; otherwise 
Greer) 5€<a<y 
T ;c=N 
VATNN (x) = emcee (Oa (4) 
cope) nse 
1 ; otherwise 


whereO<o <1,0<p<1,0<7<land0<0+ +47 <3. o represents the maximum 


degree of truth membership, p represents the minimum degree of indeterminacy membership 


and 7 represents the minimum degree of falsity membership. 


Definition 2.3. Let ATNN = ((&,m,G1) 301, 1,71) and BTN = ((€2, m2, C2) ;02, pa, 72) be 
two single valued triangular neutrosophic numbers and . be a real number, then some arith- 


metical operations are stipulated as follows: 


e Addition 
ATNN + BTNN = ((& + &,m + 2,61 + G2) ;min (01,02) ,max (p1,p2),max(t1,72)). (5) 
e Symmetric Image 
—ATNN = ((—,,—m, —€1) 301, pi, T1) - (6) 


e Subtraction 


ATNN _ BINN _ ((¢ 


1— 4, — 2,61 — €2);min (01,02) ,max(p1, p2),max(71,72)). (7) 


e Multiplication 


ATNN x BINN & ((£1£, mma, C12) ; min (01, 72) , max (p1, p2) ,max (71, 72)) . (8) 


e Scalar Product 


yarnn —) (OS1,Am, ACL) o1, 01,71) 5A>0 
(AGL, Am, A€1) $01, P15 71) >A <0 
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Definition 2.4. The (a, 6,7)- cut of a single valued triangular neutrosophic number ATNN = 


((€,7,¢);0,,7) is a closed crisp interval of real numbers denoted by Atay) and defined as 


Alay) ={2|Ugrnn (2) = a, grwn(Z) < B, Yarn (2) < 9}. (10) 


whereO<a<o,p<6<1,7T7<y<land0<a+64+ 73. 


Definition 2.5. The a- cut of a single valued triangular neutrosophic number A?NN = 
((€,7,¢);0,p,T) is a closed crisp interval of real numbers denoted by AL N 
[Larws, Rarwn and defined as 

AENN —falygruw(a) > a} 

i : 
a(n-€ a(¢- 
=|e+ (7 de ( DI. 
a or 
Definition 2.6. The 6- cut of a single valued triangular neutrosophic number A7NN = 
((€,7,¢);0,p,T) is a closed crisp interval of real numbers denoted by A N 
[x Agyn R arwe | and defined as 
Ae ={x|tArnn (x) < B} 
= [Lagww, Hass (12) 
7 Saat enas =e) +(8 =p)¢ 
(i= ) (1—p) 
Definition 2.7. The 7- cut of a single valued triangular neutrosophic number ATNN = 
((€,7,¢);0,p,T) is a closed crisp interval of real numbers denoted by ae » 
Lary, Rjrws| and defined as 
sa ={2|vgrwn (x) < y} 
~ [Lares Rarwn (13) 


-|SouneGes eke eu dae 
(1-7) ; (1-7) 


Theorem 2.8. Let ATNN = ((€,n,¢);0,p,7) be any single valued triangular neutrosophic 
number then for any a € [0,0], 6 € [p, 1] and y € [7,1] the following equality hold 


ATNN _ ATNN ATNN ATNN 
As = A Ar A. 


3. Values and ambiguities for the membership functions of A?N% 


Let ATN AgN N and ADN N be the a-cut, 6-cut and y-cut of a single valued triangular 


ATNN 


neutrosophic number respectively, then the values and ambiguities for different mem- 


ATN N 


bership functions of are defined as follows: 
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Value of the true membership function: 


VAP i : (agen + Rago) (a) da. (14) 


Value of the indeterminacy membership function: 


(8) dB. (15) 


is (aTNN) a [ (Lawn + Ryrww) 
wT ; 5) 


Value of the falsity membership function: 


1 (Larwy + Rjrww) 


vi(denn) = f ; x (9) dy. (16) 
Ambiguity of the true membership function: 
Amb,(ATN®) = | (Ragen — Lazww) $ (a) da. (17) 
0 a a 
Ambiguity of the indeterminacy membership function: 
7 1 
Amb, (ATX) = a (R 4ryn — L ages) w (8) dp. (18) 
; B B 
Ambiguity of the falsity membership function: 
: 1 
Amb, (ATNN) = (Bre _ Larwy ) x (y) dy. (19) 
Here a ) is a nonnegative increasing function defined on [0,0] with ¢(0) = O and 
to ¢ a)da =o. w(Q) is a nonnegative decreasing function defined on [p,1] with w(1) = 0 


and F wv (B)d8 =1-p and x (7) is a nonnegative decreasing function defined on [7,1] with 
x (1) =Oand fx (y Oe fe 
According to the equations (11), (14) and suitable nonnegative functions ¢ (a), w (8) and x (7) 


as $(a) = 2, 4 (8) = cae “2 and st \= — Then the value of true membership function 
of ATNN is 


a(e4 _ a(n— =) 4¢ aio) 


Oo 


V,(ATNY) = f- do 
0 


1 oO 
“eh io (€ +6) +a (2n—€ — Jada 
o(E+O) | 8 (Qn--6) 
= 2 3 
(+ 474+Q0 
7 6 
According to the bela (12), and suitable nonnegative functions ¢(a), w(3) and 


x(7) as d(a) = 72, ¥(8) = oo and x (7) = — Then the value of indeterminacy 
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membership function of A? is 


(1-8) n+(B—p)é ie (1-8) n+(8—p)¢ 


(B— ) 
“ (1 A) ( (l= 7 5 (=p) Jas 


1 
aa + (8p) (+O) (8) as 
p 


“(py 


2 ed. 
: | 


According to the equations (13), and suitable nonnegative functions ¢(a), w (8) and 


x (7) as (a) = 22, p(B) = zs Os ) and x (y) = 20), Then the value of falsity membership 
a (1=p) (1-7) 
ATNN ig 


function of 


(G=yn+(y¥=7)E |, G=y)n+(y¥=7)¢ 
(1 7) ( (= a =.) ) 


= a 


Via) -/ 


1 
=> | 2nd) +(y—-7) (E+ O] (1-1) dy 


1 
=a J - 9)? 2n-€- +0 -NE+O-9)] (22) 
a (1-7)? @n-€-¢) gle CO 
“G7? 3 . 
_+49+O0-7) 


6 
According to the equations (tip, and suitable nonnegative functions ¢ (a), (8) and x (7) 


as @(a) = 20 (8) = 2 and y (7) = — Then the ambiguity of true membership 
AINN ig 


function of 


a 


- o 2a(C¢ oe) é aln—§) 
Amb, (AT®%) =i ( ), 
0 


(23) 


According to the equations (12) and suitable nonnegative functions ¢(a), w(3) and 
x (7) as (a) = 72, p(B) = ‘ren 22 a = vy) = — Then the ambiguity of indeterminacy 
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membership function of ATNY js 
msn. ali 
-. | @ p)(¢-§ (1-8) 4B 
8 / [(a-»)a-6)- (1 -6)"] a8 co 
-26-8 00 (3 ') 
_(G= 20 =p) 


According to the equations (13), and suitable nonnegative functions ¢ (a), w (8) and x (7) 
as d(a) = 22, (8) = 201-8) and y (7) = — Then the ambiguity of falsity membership 


‘ (=p) 
function of APN is 
1 2(1 — 7) [GaaigeGane _ GoappeGane 
pe ENING = 
Amb, (A*~”) | a > 
1 
=a f © ‘iC =e) =4) dy 
22a) -- 53 
=a are, [a -7)@-1)-G-)] ay (25) 
_2(¢-6)(1-7)° 1 1 
= (5-5) 
(¢ —€) (1-7) 


Theorem 3.1. Let ATNN = ((&,m,G1);01,p1,71) and BTNN = ((€2,n2,€2) 302, p2, 72) be 
two single valued triangular neutrosophic numbers with a, = 02, ~1 = p2 and T1 = T2 then the 


following equalities hold 
(1) V, (APNN oe oe =V, (APN) +V, (ane) 
(2) Vz Ci i BN) an (4tNN) 4V, ae) 
(3) Vy (20nN oo Bee = (APN) Vy, (ee) 


Proof. Using Definition 2.3 and according to the given statement, we have 
ATNN + BINN = ((& + €o,m +12, 01 + G) 501, P1571) - 


Thus by the definition of value of true membership function, we obtain 


Vi Ca a Ben) _ (er + &) +4(m +m) + (C1 + 2) o1 
(1+4m+0i)o1 , (€2+42 +2) 02 


6 6 
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Therefore, 
Vi; Ca 4 Benn) =V,, (47"") ay, (BTN) 


In a similar manner the remaining results of the theorem can also be proved. 


Theorem 3.2. Let ATNN = ((&,m,G);01,01,71) and BTNN = ((&,n2, C2) ; 02; pa, 72) be 
two single valued triangular neutrosophic numbers with a, = 02, ~1 = p2 and T, = T2 then the 


following equalities hold 
(1) Amb, Cs 4 Bene) = Amb, (4rNN) + Amb, (es) 
(2) Amb, a a: BINN) — Amb, (4rrN) Sih (ae) 
(3) Amb, ao nm Bn) — Amb, (4rrN) i Ait. (aes) 
Proof. Using Definition 2.3 and according to the given statement, we have 
ATNN 4 BINN = ((& + £o,m +72,0 + G2) 301, pi, 71) - 


Thus by the definition of ambiguity of true membership function, we obtain 


Amb, Cs 4 Ben) _[(dr + ¢2) as + &)Jo1 
(Cr = €1) O74 4 (C2 — €2) 09 
3 3 


Therefore, 
Arby (AT 4 BP) Amy (AT) + Amd, (BE). 


In a similar manner the remaining results of the theorem can also be proved. 


4. Value index and ambiguity index of A? NN 


Let ATNN = ((€,n,C);0,p,7) be a single valued triangular neutrosophic number then the 


value index and the ambiguity index for ATNN are defined as follows: 


(1) Value Index: 
V Caer ) =V,(ATNN) + V,(ATNY) +2 [v(ATYN) = v.(AT**)| (26) 
(2) Ambiguity Index: 
A ( APNN ) =Amb,(ATN®) 4+ Amb,(ATNN) — d | Amb, (AT) - Amb,(ATN®)| . (27) 


which are continuous non decreasing and non increasing functions of the parameter A respec- 
tively. Here A € [0,1] represents the decision maker’s preference informations. » € (0, 5) 
represents that the decision maker prefer uncertainty or negative feeling.  € (5, 1] represents 
that the decision maker prefer certainty or positive feeling. A = 5 represents that the decision 


maker is indifferent between positive and negative feeling. 
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Theorem 4.1. Let ATNN = ((&,m,G1)301,91,71) and BTNN = ((€o, m2, C2) 302, p2,72) be 
two single valued triangular neutrosophic numbers with a1 = 02, pi = p2 and 71 = T2 then the 


following equalities hold 
(1) V Cas a BEAN D) ay (AP, y) sy (a) 
(2) A(ATNN + BTNN, )) = A(ATNN, ») 4 A (BTN, ). 
Proof. According to equation (26), we can write 
V (ATNN 4 BPNN, d) =v, (APNN 4 BTNN) 4, (ATNN 4 BTNN 
+X [Vi (APY + BTN) — Vy, (ATS + BENNY] 
Using Theorem 3.2, we obtain 
V (ATHY 4 BTNN, y) =v, (APRN) + Vv, (BTNY) + v, (AT) 4+ v, (BT) 
+r], (ATN®) + v, (BTNY) — Vv, (APN) — v, (BPN) 
= [ve (a2) 1 (3299) 3 (4 (329) (4) 
+ [ve (BP**) +, (BPN) +a (v (BP) —Y, (BP) 
m4 Cages ) £7 (ae, ) 
This completes the first part of the theorem. 
Now, according to equation (27), we can write 


A(ATNN + BTNN, y) = Amb, (ATS + BTN) + Amb, (ATNN + BTNN) 
— (Amb, (ATN® + BPN") — Amb, (ATN® + BPNN)) 
Using Theorem 3.3, we have 
A(ATNN + BTNN, y) = Amb, (ATNY) +Amby (BTNN) +Amb, (APY) + Amb, (BT) 
— [Amb, (ATS) + Amb, (BPN) — Amb, (ATS) — Amb, (B7™")] 
= | Amb, a) + Amb, (47) = (Amb, (4Pv*) — Amb, (4m) 
+ [Amb oe : ) + Amb, Ce N ) =) (Amb, en _ ) — Amb, (a7 NN ))| 


= a (AT™,2) 44 (BPNN,»). 


This completes the second part of the theorem. 


Remark 4.2. It is easily seen that the value index and the ambiguity index are nonnega- 


tive for a nonnegative single valued triangular neutrosophic number, i.e., V (4PN sa ) > 0 
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and A (4PN a. X) > 0. Also the value index should be maximized and the ambiguity index 
should be minimized, furthermore as a summarized result we can easily seen that the rela- 
tions max V Caner ) =, (ATW) 4 VY (A®) and min A (APNN, ) = Amb, (ATN*®) + 
Amb,,(ATN) holds. 


Remark 4.3. If we assume that the decision maker is indifferent between the certainty and 


uncertainty, i.e., A = 5; then the value index and ambiguity index are given by 
~ 1 : is 1 ~ ~ 
a Ge 5) = (47"") =V,(ATNN) 4 5 [v(ATY*) 4. v(ATrN)| (28) 
a 1 ~ ~ 1 7 . 
A Ca 5) =A (47) =Amb,(ATN®) + 5 | Amb, (AT) + Amb,(AT®)| (29) 


Theorem 4.4. Let APN = ((&,m, G1) 301, p1,71) and BTNN = ((£, m2, C2) ; 02, p2, 72) be two 
single valued triangular neutrosophic numbers and X14, A2 be any two nonnegative real numbers 


then the following equalities hold 


de set ATNN RT NN 
(1) Va (TSN + AQBPNY) = min (01,02) pee ) yy, valB . 


O1 02 


A ry F 7. (ATNN Vv, (BINN 
(2) Vz (atxN =F BTN) = min (1 — Pl, Le p2) p ( ) ( 4 


Cay 


7 ~ Vv, (ATNN V)(BINN 
(3) VW (Ai APN* + N2BTNN) = min (1—7,1-—7) [a i ) + rz | 
7 7 i ATNN ni BINN 
(4) Amb, (.aPxN + BTN) = min (01,02) [4 ze ) | = 2G) 4 . 


(5) Amb; (atxN + BTN) 


: Amb, (ATNN Amb; (BEINN 
= min (1 —pi,1- p2) [a oe ) + A2 aici 4 


> 


(6) Amb, (AtxN +4 N2BTNN) 


Amb, (ATNN) aca) 


= min (1 —7m],1- T2) [a (—71) 2 (1-72) 


Proof. The above results can be easily proven by using Definition 2.3 and the equations 


to (25). 


4.1. De-neutrosophication 


Let N (R) be the set of all single valued triangular neutrosophic numbers defined on the set 
of real numbers, then a linear de-neutrosophication function F’: N(R) > R for single valued 
triangular neutrosophic numbers in terms of value index and ambiguity index can be defined 
as follows 

(ATS) av (42) — a (4PN®), (30 
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5. Mathematical model of a matrix game 


A two person zero sum matrix game played by a maximizing player (as player I) and a 
minimizing player (as player II) having the pure strategy i = {1,2,...,m} andj = {1,2,...,n} 


respectively is denoted by |[a;;] Here a;; is the pay-off value for the player I and its opposite 


mxn* 


is the pay-off value for player II, when they choose the strategies 7 and j respectively such that 


there exists the saddle point of the game. If the matrix game [a;j| has no saddle point, 


mMmxn 

ie., max{min{a;;}} A min{max{a,;}}, then to solve such matrix games we adopt the mixed 
i j j i 

strategy sets S; and S_ for the player I and II respectively, as Sy = {X = (21, 2%2,...,%m) € 

BP vey 2 O41 = 12s mand yy te = 1} and So={Y = (isda, s:259n) € A 2 yy S 


0,Vj = 1,2,...n,and 774 GS 1), 


5.1. Mathematical model of a neutrosophic matrix game 


The maximin and minimax principal for matrix games states that the player I choose such a 
strategy which maximize his minimum expected gain and the player IT choose such a strategy 
which minimizes his maximum expected loss, thus for the neutrosophic matrix game, we have 
as 


For player I 


max{min{ 7, @RNN nz, WM aENN as, ..., Oy GEN¥ as}} 
S.t., an r=1 (31) 
and; 7; > 0,Vi =1,2,...,m 


For player II 


~TNN n gTNN 
min{max{) 7; 1 aij Ny, 1925 Yir-- sp aS 1%mj yy ht 
s.t., = Y= 1 (32) 
and; yi 2 0,47 = Lye 
Now, let min{)>™,, aan’ 2, 0, GE ay, ..., i, GEN 2} = GTN be the expected mini- 
mum gain for player I and max{)7_ ‘ arn Nay;, as rl ag Mi saceie iH GTN ys} = be 


the expected maximum loss for player II. Then the problems (31) and can be written as 


For player I 


max ul NN 


m aTNN yy gINN 
Sty 0 Bee 


pw of TNN 


j=1 @ Li UW 
(33) 


bat Ge a > Qe NN 


ye r=1 


and; 7; > 0,Vi =1,2,...,m 
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For player II 


min o2 NN 


n  =TNN ~TNN 
Biles Days men wav 


n  ~<TN ~TNN 
doja1 99; Np ao 


ae qi nN TNN 


j=l Sm 


in = = 
and; y; > 0,Vj =1,2,...,n 


Yj NU 


TNN ~TNN 


Here t = ((uj1, U2, U3);0,p,T) and w = ((v1, 02,03) ;0', p',T’) are the single valued 
triangular neutrosophic numbers as expected minimum gain and expected maximum loss re- 
spectively. And > and ~ denotes the neutrosophic versions of the order relation > and < on 
the set of real numbers and has linguistic interpretation as ‘essentially greater than or equal’ 
and ‘essentially less than or equal’ respectively. The problems and are known as 
the neutrosophic linear programming problems for the player I and II respectively and can be 
written in the standard form as 


For player I 


maa’ 4 
Sao (ay ey Eee a8. 

m (35) 
aia! 
and; x; > 0,Vi =1,2,...,m 

For player II 
mind! NN 
GENNy, ~ GTN yi 

s.t. y= 14 a0 Vi =1,2,...,m (36) 


ja 4 = =i 
and; y; > 0,Vj = 1,2,...,n 


Now, utilizing the de-neutrosophication function F' : N (R) > R defined by the equation (30), 
the above neutrosophic linear programming problems and can be transformed into 
the crisp linear programming problems for the player I and II respectively as follows 


For player I 


max F (a a) 
sie ae i) ZF (i TNN) Yj =1,2,...,n 
ie ti = 1 


and; x; >0,Vi=1,2,...,m 


(37) 
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For Player II 
min F (67 NN) 
git ( ors a ui) < F(eTNN) Wi =1,2,...,m 
ae yj =1 


and; y; > 0,Vj =1,2,...,n 


P| 


(38) 


Using equations (28) to the above crisp linear programming problems and (38) for 
player I and IIT respectively, can be written as 


For player I 


ee oN ates 5 [V.(@7 4%) + Vat NY)] — Amb, (a NE) 
5 [Amb (@7N%) + Amb, (GN) 
Satis Vel Fs az x) + 5 aoe ae a) a VO aENNa,)| 


g=1 "79 1=1 ay, 
—Amby (Sis ENN a) — 3 | Amb, (Dy EN a) + Amb, (I ENN as)| (39) 
> V,. (at) a 5 [Vie (a PvN) a Vi (a cane | — Amb, (a? NY) 
—5 [Amb,, (G7NN) 4+ Amb, (ti aaa | Vp HA, 2heeey 
=n, t= 1 
and; x; > 0,Vi =1,2,...,m 
For player II 
min V, G an) ie 5 5 Vi (oe) +, (oP NN)] — Amb, (6 ae 
—5 [Amb,, (07 NY) + Amb, (67N)] 
sts VelTty BAN yy) + 4 [vat 1 ENN ys) + Vi (Soy aN ys)| 
—Amb; (S07 1 ay 8) 3 [Amb, (sy 1 GEN y;) a Amb, (Sj 14a atin’ y,)| (40) 
< V, (yea) je 5 5 [Vu G PWN) +V,(0 ead || — Amb, (aT) 
—5 [Amb,,(07"%) + Amb, (67N%)] , Vi = 1,2,...,m 
= ea 4 
and; y; > 0,Vj =1,2,...,n 
The problems and can also be reformed as 
For player I 
max V,(@7 4") — Amb, (G7) 
+5 [Vi(a2 4%) — Amb u(t ONY VG Pe Amb, (a || 
8.t., Vir (oie @ ajNNax ai) — Ambs(de4 aj xi) 
+5 Vidoes G ajNNax i) — Amby (Soja ag NN a.) (41) 
+4 [VCD ABN) — Amb (LL ANN as)] > ValGEN™) — Amb, (GTN) 
+5 [Via NN) — Amb, (a NY) + VGN) — Amb, (@7%%)] Vj = 1,2,...,0 
int Ti = 1 


and; 2; >0,Vi =1,2,...,m 
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For player II 


min V;,(a7N*) — Amb, (67%) 


+5 ACaae — Amb, (7 NY) + Vi(G7T NY) — Amb, (o pied 

s.t., Vr(doF-1 apNNy = Ambr(S07- i ay) 

se Valj- 1 aENNy, ;) — Amby(SIj-1 G aN Ny;) ab 
4 V4 aiNNy ;) — Amb, ops a aN ys) ra Vx (6 ENN a. Amb, (6 TNN) 

+8 [Vi(GENN) — Amb, (BTN) + Vi(GENN) — Amb, (87NN)] Wi = 1,2,...,m 

er ya=l 


and; y; = 0,V7 =1,2,...,7 


The problems and further can be written in the following manner by using the 
expected minimum gain and expected maximum loss u7NN = ((u,,u2,u3);0,p,7) and 
BTNN — ((v1, v2, 03) 30", p', 7’) as 


For player I 


max 


(ur+4uetus)(1=p) _ (ug—ui)(1=p) 
6 


3 
el [eget (ug—ui)o , (uit4ue+u3)(1—7) cea) 
"2 6 3 6 3 


: a N . Ambz (a BN a 
stomin (aa) (Cia Seay — Di aS) 


min(o;;) Amb, (a TN ey, 


3 (=m, Gay et es 


min(1—7;;) WY Gli nN ‘ Amby qi nN - _ _ = 
see Seas pa wy an a )a s Eee p) (us ~ p) 
a4 [ete a ees (u3— rie 2] Vi= = 1, ae 
Ler =1 
and; 2; > 0,Vi =1,2,...,m 
(43) 
For player II 
Hate ane ie a) 
41 = (v3—v1)o" 4 (v1+4v2+v3)(1—-7’) (v3—v1)(1—-T') 
2 6 3 6 3 
on fern Va@EX’ uy an Arnbe @EN® yy 
set. mm (1 — pig) | got Cag) 51 pg 
min(o;;’) Vi (GEN) ; Amb, (aLNN )y; 
j n HAG; Yj n Moby (a; )y; 
a 2 pe eat a= Ga ) 
min(1—7;;") a@ENN)y, NN), j ' 
pS (apn ee — Sopa ep) tte) _ oemyned 
oe = Se + Sasa eat on Vi = 1,2, 
at yj =1 
and; y; > 0,Vj =1,2,...,n 
(44) 
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For convenience, let 
(ui +4ug+u3)o (uzg—u)o | 


ae 23 (45) 

(ui +4u2+u3)(L—p) — (us — wu) (1— p) = M, (46) 
6 3 

(uy + 4us ts) (l—7T) (ug — “ (Lr) = (47) 

(v1 + wm +u3)o’ — (ug a) _ is (48) 

(v1 + 4u2 + v3) (1 = py’) — (v3 = v1) (1 = pig’) Mo (49) 
6 3 

(v1 + 4v2 4 ‘) (1—7j’) (v3 aw — Tj’) = No (50) 


Then the problems and reduces as 
For player I 


max Li +My + 5 Ni 


. Vir (GZ NN arg 1 Ambr (a7 NN )x; 
s.t., min (1 — pij) os (a) et ae) 


CG) — ey, Malae m  Amby (GEN Jari 


a) ee (i) yea (cij) 


at min(1—rj;) ( a Wan ai Amb, (a7 4%) 2, 


2 el (1—Tis) et cry ) Z gly t My + 5N1,Vj =1,2,...,n 


dia ti = 1 
and; x; >0,Vi=1,2,...,m 
(51) 


For player II 


min 5L2 + My + 5N2 


; Vn (@FNN Jy, Ambx(a@ZN% jy; 
vl n TO G5 J nr SEE Nag _ ed 
ota — pij') os (1—pi3’) = (1—pi;’) 
j ail 2 es 
myn) (om Val@BN® yy can Amby (@EN® uy 


9 oa ae 


min(1—7;;') V(GENN )y; Amb (a2 NN jy; : 
a ee ea “la :) < 3 D2 + Mo + 3No,Vi =1,2,...,m 


ia Yi —s 
and; y; > 0,V7 =1,2,...,n 
(52) 


6. Numerical example 


Consider a two person zero sum matrix game whose pay-offS are single valued triangular 


neutrosophic numbers as follows 


=TNN -TNN 
ATNN — |@1 aa 

=TNN -TNN 

G31 G59 
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Here af" = ((175, 180, 190) ;0.6,0.4,0.2), a2" = ((150, 156, 158) ;0.6,0.35,0.1), ag" = 
((80, 90, 100) ; 0.9, 0.5,0.1), @3V = ((175, 180, 190) ;0.6,0.4,0.2). According to the problems 
and as explained in the mathematical procedure for a two person zero sum neutro- 
sophic matrix game, we have 


For player I 


max Ly +My + 5M 


, Vn (aT a1 Vn (ae Jao Ambr (aN jai Ambx (ae N% )ao 
s-t.,min (I~ pu1,1 ~ par) (“ES G—pa) G=pn) ae 
min(o11,021) [ Vu (@7N™ ay f Vu (aN )xo Amb (@2NN Jay Amby (a2 )xo 
2 ( O11 (21) (011) (o21) 
min(1—711,1—721) ( V(t Jar + Vi (GaN Jae Ambry (@FN™ )ai Amb, (az — 
2 (1-711) (1-721) (1-711) (1-721) 


> $l, +Mi+5M 
3 Vn (GEN xy Vn (GSN )axo Amba (@ZNN )ay Ambry (@ZN% )ag 
min (1 — py2, 1 — p22) ( (1-pi2) (1-p22) (i— me) cary ) 
min(o12,022) (% (@7N™ )ay Vu las )ao Amb (ai Jay Amby ee, 
2 


(012) + (ona) (o12) (o22) 
min(1—712,1—722) (% v (ai )ay + W (GaN )xe Amb, (a7 TN a1 Amb, (3% 
2 j 


9 
(1-722) d- ory (1-722) 


> $Ll,+M,+5M 
t+%2=1 
and; 21, £2, £1, Mi, M, 2) 
For player II 
min 5L2 + My+ 5N2 
s.t.ymin (1 — pir/,1 — pr’) (Ya@hhN on | ValGEe ve Ambala in _ Ae OEY ue) 


(1—pi1") (1—p12") (1—pi1’) (1—p12") 
TNN 


ya Vu (@T3,% yo Amby (aty ee )v1 Amby (aN )yo 


min(o11',012') [ Vulaq1 
2 (o11’) (o12’) (o11') (o12') 
min(l—T11',l—T12') (WaT) | Wai yz Ambi (@tNN yr — Amby (aTN™ ye 
2 (1-711 ) (1-712) (1- T11 ’) = a ’) 


< Lo + Mo +5N2 
: Vr TNN 
min (1 — poi’, 1 — p29") ( a + 


59 
(1—p22’) (1=pa1’) (1—p22’) 


Vir (a5N% )yo Amb; (a2 Jay Amb (G2 )yo ) 


min(a21/,022') ( Vila ENA ui \ Vi (agN yo Amb, (aan yi Amby (a53'™ ya 
2 (o21') (022’) (o21') (022’) 
min(1—r21',1—722') (GES Nyy 2 Vi (G33 )y2 _ Amby (G3 yi _ Amb, (433. "ya 
2 (1-721) (1—722’) (1—721') (1- re 


< $L9+ Mn+ 5No 

yty=1 

and; yi, y2, Le, M2, No = 0 

Hence, we obtain 
For player I 

max Ly + My + 5M, 
s.t., 21171 + 100x%q > 0.52, + M, +0.5N, 
198.466721 + 228.5833x2 > 0.5L; + M, + 0.51 
t+%2=1 
and; 21, 22,1, M1, Ni > 0 
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For player II 


min 5 L2 + Mz + 5N2 

s.t., 228.5833y1 + 198.4667y2 < 0.5L2 + Mz + 0.5Np 
100y; + 211y2 < 0.522 + M2 + 0.5N2 

yity=1 

and; 41, y2, L2, M2, N2 = 0 


Using standard simplex method we obtain that the optimal strategies for the player 
I and II are X = (0.9112,0.0888)’ and Y = (0.0888,0.9112)" respectively. The min- 
imum expected gain as single valued triangular neutrosophic number for player I is 
((152.2200, 158.1312, 160.8416) ; 0.6, 0.4, 0.2), while the maximum expected loss as single valued 
triangular neutrosophic number for player II is ((166.5640, 172.0080, 180.0080) ; 0.6, 0.5, 0.2), 
when they choose the optimal strategies as X = (0.9112, 0.0888)" and Y = (0.0888, 0.9112)" 


respectively. 


7. Conclusion 


We have investigated a two-person zero-sum matrix game in a neutrosophic environ- 
ment with single-valued triangular neutrosophic numbers as pay-offs. A ranking or de- 
neutrosophication, based on value and ambiguity index using a- cut, 6- cut, and y- cut is 
developed. A pair of neutrosophic linear programming problems estimated by the max-min 
approach of optimality of the two-person zero-sum matrix game is converted into another pair 
of crisp linear programming problems. Strategies and values of the matrix game are obtained 
by providing a numerical example. 


The primary results of this study are pointed as: 


e The relative properties and cut sets are developed for single-valued triangular neutro- 
sophic numbers. 

e Expressions for values and ambiguities are derived for single-valued triangular neutro- 
sophic numbers. 

e Related theorems for value and ambiguity indices are stated and proved. 

e De-neutrosophication concept based on value and ambiguity index is derived. 

e Established a mathematical model corresponding to neutrosophic matrix game. 

e A numerical example is provided and verified to illustrate the theoretical establish- 


ments. 


In the future, we can extend the recommended method for different types of neutrosophic 
numbers as an interval-valued neutrosophic number, bipolar neutrosophic number, and single- 


valued trapezoidal neutrosophic numbers. 
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Abstract: The main purpose of the paper is to introduce the notion of complex interval neutrosophic soft set 
(CIVNSS) theory, which is the generalization of the soft set, fuzzy soft set, interval-valued fuzzy soft set, 
interval neutrosophic soft set, etc. to describe the uncertain time-periodic phenomena in the form of an interval. 
After that, some important properties, and operations on CIVNSSs have been discussed. Also, we study the 
similarity measures on CIVNSSs. Then, an algorithm has been constructed by using the CIVNSS aggregate 
operator. Finally, to show the impact of CIVNSS in solving real decision-making problems, an example, which 
is suitable to the current theory, is chosen, which ensures the effectiveness of the proposed theory in group 
decision-making problem. 


Keywords: Fuzzy set; soft set; complex fuzzy soft set; complex neutrosophic soft set; aggregate operator. 


1. Introduction 


Complex interval neutrosophic soft set (CIVNSS) is a new kind of soft set where the truth-membership 
function, indeterminacy-membership function, and the falsity-membership function are replaced by 
complex-valued functions in the form of an interval. It is the new way to handle parametric data in which 
time-phase plays an important role to describe the incomplete, indeterminate, inconsistent, or contradictory 
information systematically. The main feature in CIVNSS is the presence of phase and its membership in the 
form of an interval. In the group decision-making problem, researchers realized that the time period is an 
important factor along with the membership value so that decision-makers can make the real decision and it is 
more reliable and more acceptable than the other existing theories in which there is no scope of considering 
time-period. So, this new concept provides more scope for the decision-makers to make the real decisions with 
more feasibility. 

In a crisp set, there are only two choices for the belongingness of an object, and, for this, we use two bits 1.e., if 
an object belongs to a set, we assign 1, and for not belongs to we assign 0 for that particular object. There is no 
other option regarding the belongingness of an object. But due to the uncertainty involved in real life, we cannot 
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restrict ourselves with only two values. This leads to the introduction of the fuzzy set theory, by Zadeh [1] in 
1965. By fuzzy set theory, we represent the uncertainty with the help of a membership function. Later on, we 
realize that the non-membership value is also equally as important as the membership value to design the 
vagueness. So, Atanassov[2] introduced another mathematical tool known as the intuitionistic fuzzy set. In an 
intuitionistic fuzzy set, each object has membership value as well as non-membership value and they depend on 
each other. Researchers use the concept of fuzzy set theory in different application areas and introduce new 
theories and results. Later on, the fuzzy set has been extended by introducing an interval-valued intuitionistic 
fuzzy set [3], an interval-valued fuzzy set [4], a Pythagorean fuzzy set and its application [5], multi fuzzy set[6] 
etc. 

In the fuzzy set theory, the vague concept is handled by a membership function and its nature is extremely 
individual. In reality, to measure the uncertainty there exist different possibilities so, setting up a membership 
function is a difficult task. For example, to represent the concept of ‘middle-aged person’ we define the 
membership function via a triangular form and a trapezoidal form of fuzzy membership function by setting up 
the age limit in different ways. So, there is a problem to choose the best criteria fit for the middle-aged person. 
So, there is a chance of getting different membership values for a single person. This difficulty of membership 
function has been removed by introducing a soft set by Russian mathematician Molodtsov[7] in 1999. Soft set 
theory handled uncertainty or vagueness differently by using the notion of parameterization. In soft set theory, 
to define an object, no need to introduce a membership function. It can be applied in different fields including 
game theory, social science, medical science, operation research, decision-making, pattern recognition, algebra, 
etc. Parameters may not be always crisp, but maybe in fuzzy words so, such types of vagueness demand several 
kinds of extensions of soft set theory which leads to the introduction of rough soft sets and fuzzy soft sets [8], 
fuzzy soft set theory, and its application [9], intuitionistic fuzzy parameterized soft set theory and its decision 
making [10], bipolar soft sets [11], hypersoft set[12] ,etc. 

Incomplete information can be handled by the intuitionistic fuzzy set. But it cannot represent the indeterminacy 
involve in the data. So, there is a demand for another tool that is capable of representing incomplete, 
indeterminate, and uncertain information in an organized manner. This purpose is solved by introducing the 
neutrosophic set proposed by Smarandache [13]. The nature of indeterminacy is different as it depends on the 
problem so, researchers use this concept in various ways to tackle different essence of indeterminacy present in 
real life. Neutrosophic set is the extension of fuzzy set, intuitionistic fuzzy set, interval-valued fuzzy set, and 
interval-valued intuitionistic fuzzy set. For scientific implementation, we use a single-valued neutrosophic set 
introduced by Wang et al. [14]. The neutrosophic set has several extensions and applications among which 
some significant works are neutrosophic soft set [15], aggregate operators of neutrosophic hypersoft sets[16], 
rough neutrosophic sets[17], interval neutrosophic sets[18], interval neutrosophic tangent similarity measure 
based MADM strategy[19], bipolar neutrosophic sets and their application[20] , neutrosophic refined sets in 
medical diagnosis[21], distance-based similarity measure for refined neutrosophic sets and its application[22], 
an approach of TOPSIS technique for developing supplier selection under type-2 neutrosophic number[23], an 
integrated neutrosophic ANP and VIKOR method for supplier selection[24], neutrosophic approach for 
evaluation of the green supply chain management[25], group decision making model based on neutrosophic sets 
for heart disease diagnosis[26], bipolar neutrosophic multi-criteria decision making framework for professional 


selection[27], a novel intelligent medical decision support model based on soft computing IoT[28] etc. 


Somen Debnath, Impact of Complex Interval Neutrosophic Soft Set Theory in Decision making By Using Aggregate 
Operator 


Neutrosophic Sets and Systems, Vol.45, 2021 220 


But in all the above discussions, there is one information gap. To make it clear we consider an example. In a 
medical diagnosis problem, one person may have a variety of symptoms or attributes, or criteria. But in that 
case, we do not consider the information ‘time duration of the symptom’ though, it is also necessary information 
and should be considered together with the information’s, ‘belongingness level of a symptom’ or 
‘non-belongingness level of a symptom’ or ‘indeterminacy level of a symptom’ for proper diagnosis of a 
patient. To cover up such problem complex fuzzy set [29], complex fuzzy soft set [30-31], complex 
intuitionistic fuzzy soft set [32], complex fuzzy logic [33], interval-valued complex fuzzy soft sets [34], 


complex neutrosophic set [35], complex neutrosophic soft set [36],etc. are introduced. 


Ramot et al. introduced complex fuzzy sets (CFSs) to ensure the accurate time-periodic representation of the 
fuzziness behavior of the attributes to generalize the membership structure. The problems that are intrinsic in 
CFSs can be handled with the help of complex intuitionistic fuzzy soft sets (CIFSSs) and complex vague soft 
sets(CVSSs). Selvachandran et al. generalize the CFS model by introducing the interval-valued complex fuzzy 
soft set(IV-CFSS). By combining the complex fuzzy sets and neutrosophic sets, Ali et al. developed complex 
neutrosophic sets (CNSs). In 2018, Ali et al. [37] formulate an interval complex neutrosophic set (ICNS) and 
apply it in decision making. To handle the parametric data, Broumi et al. [36] introduced complex neutrosophic 
soft sets (CNSSs). 

The main objective of this paper is to introduce the notion of complex interval neutrosophic soft sets 
(CIVNSSs). CIVNSSs are formed by combining the interval-valued fuzzy sets (IV-FSs) and the complex 
neutrosophic soft sets (CNSSs). CIVNSS is the extension of CNSS. The main objective behind the modeling of 
CIVNSS is to provide a more general framework for time-periodic phenomena to ensure a more accurate 
representation of uncertainty of three-dimensional information about the problem parameters and an 
interval-based truth-membership, falsity-membership, and indeterminacy-membership structure. Moreover, we 
study some operations and distance measures on CIVNSSs. Finally, we use complex interval neutrosophic set 
aggregate operators to solve real-life problems in real decision-making. 

The main motivation behind the introduction of complex interval neutrosophic soft set has been furnished 
below point wise: 

e A soft set has been introduced to tackle parametric data in which the attributes associated with the 
parameter attain only the values 0 or 1. 

e To overcome the issues which cannot be explained by a soft set, a fuzzy soft set is introduced where an 
attribute can take any values that belong to the unit closed interval [0, 1]. 

° The fuzzy soft set has been further extended by introducing an interval-valued fuzzy soft set and 
intuitionistic fuzzy soft set. In interval-valued fuzzy soft set, a decision-maker may take the 
membership value as a subset of [0,1] and in the intuitionistic fuzzy soft set, a decision-maker has a 
scope to assign non-membership value along with the non-membership value with the condition that 
their sum cannot exceed 1. 

e =©Interval-valued fuzzy soft set and the intuitionistic fuzzy soft set has been extended further by 
introducing interval-valued intuitionistic fuzzy soft set where the value of an attribute can be 


represented by a pairwise interval in which the first interval is for membership degree and the second 
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interval for the non-membership degree with the condition that the sum of their supremum cannot 
exceed 1. 

e A neutrosophic soft set has been introduced in which every attribute has three membership values and 
each belongs to the interval [0,1]. 

e Interval neutrosophic soft set has been introduced to extend the notion of the neutrosophic soft set 
where each membership value is a subset of [0,1]. 

e Sometimes time-period is an issue while solving decision making problem in real-world and such 
problem cannot be solved by soft set, fuzzy soft set, intuitionistic fuzzy soft set, interval-valued fuzzy 
soft set, neutrosophic soft set, interval-neutrosophic soft set ,etc. To eradicate such an issue, a complex 
interval neutrosophic soft set has been introduced in the present literature. So, complex interval 
neutrosophic soft set can be viewed as follows: 

soft set C fuzzy soft setC intuitionistic fuzzy soft set / interval-valued fuzzy soft setC interval-valued 
intuitionistic fuzzy soft set neutrosophic soft setC interval neutrosophic soft set complex interval 


neutrosophic soft set. 


The paper is organized in the following manner: 

In section 2, we give a brief literature review that is relevant to the subsequent sections. In section 3, some 
operations on CIVNSSs have been proposed. In section 4, similarity measures on CIVNSSs have been 
discussed. In section 5, aggregation of CIVNSSs has been discussed. In section 6, an algorithm has been 
constructed by using CIVNSS aggregate operators. In section 7, an application of the proposed algorithm has 


been suggested. Finally, the paper is concluded in section 8. 


2. Literature Review 

2.1 Definition (Zadeh, 1965) Let X be a set of the universe. A fuzzy set on X can be defined as a set of 
ordered pairs of the form given by, 

A= {(x, Ly (x)) :x © X}, where //, denotes the membership function, and 42, : X —> [0,1]. 

2.2 Definition (Molodtsov, 1999) Let X be the initial universe set and E be the set of parameters and 
P(X ) denotes the power set of X . Then the pair (F’, A) is called a soft set over X , where AC E, and 
F:A>P(X). 

2.3 Definition (Atanassov, 1986) Let X be a fixed set and A be a subset of X . Then an intuitionistic fuzzy 


seton X can be defined as a set of an ordered triplet of the form given by, 
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A = {(x, Ly (x).7%4 (x)) :xeEX}, where “££, and Y, denote the membership function and 
non-membership function respectively such that 44,,7,:X —>[0,1],andO < zz, (x) at @) <1. 

2.4 Definition (Bustince, 2010) An interval-valued fuzzy set A onauniverse X isa mapping such that, 

A :X — Int[0,1], where Int[0,1] denotes the set of all closed subintervals of [0,1] and the membership 
of an element x € X is defined as “4, (x) = [uy (Hide (x)]. 


2.5 Definition (Cagman et al., 2011) Let U be an initial universe and F be a set of parameters which are in 


fuzzy words. Then the pair [Fe] is called a fuzzy soft set (FSS) over U if F: E> P(U) , where 


P (U ) denotes the set of all fuzzy subsets over U . 


2.6 Definition (Smarandache, 2005) Let U be an initial universe. A neutrosophic set N is an object having 
the form N = ‘fe T~ (x), I~ (x), Fe (.) :xeE u| , where the functionsT, 7, F :U —] 0,1°[, denote the 
N N N 
truth, indeterminacy, and falsity membership functions, respectively and they must satisfy the condition, 
“O<T. (x)+I. (x)+F. (x) <3". For practical application, it is difficult to apply. So we define its 
N N N 
special form, called single-valued neutrosophic set (SVNS). 


2.7 Definition (Wang et al., 2010) Let U denotes the space of objects with generic elements x € U . Then, an 


SVNS on U is denoted by N and it is defined as N ={(x Ty (x)sTx (x), Fp (0):xeu} , where 
N N N 


T,1,F:U >[0,1]. 


2.8 Definition (Ramot et al., 2002) A complex fuzzy set(CFS) C ” over a universal set U is defined by 


taking complex fuzzy-valued membership degree ( H. (x)) to each of the elements of U where, 


HU, (x)=a, (xe), i=VJ-l, VxeU. 
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a, (x) €[0,1] is called the amplitude part and b_ (x) €[0,277] is called the phase part in the complex 
fuzzy-valued membership degree HM. (x) of x. 


2.9 Definition ( Thirunavukarasu et al., 2017) A complex fuzzy soft set (CFSS) over a universal set U is 


defined as an ordered pair G é| where, F is a mapping defined as, F': EK > P(U) : P(U) denotes the 


set of all complex fuzzy subsets of the set U . 


Let, U = {xis beset Xap be the set of the universe and E ={6:4, weet ,e,} be the set of complex 


fuzzy-valued parameters then, a complex fuzzy soft set [F ,E can be defined as follows 


[FE)={[¢,F(e,)}¥e <E} where F(e,) ={x, 1%. / 25), — nl Bes VE, cE} 


X,; 1s a complex fuzzy evaluation of an alternative X, over a parameter @ as, x= pe , where 
Py € [0,1] is the amplitude part and u,, € [0,27] is the periodic part; s=1,2,...... ,m and 
EA bern »N.. So, CFSS is a combination of a soft set (SS) with CFS by taking all the parameters in the 
complex fuzzy sense in a soft set. 

2.10 Definition (Broumi et al., 2017) Let U be an initial universe and F bea set of parameters, AC E , and 
y , be a complex neutrosophic set over U for all x EU . Then, a complex neutrosophic soft set (CNSS) 
T, over U is defined as a mapping T,:E —CN(U) , where CN(U) denotes the set of complex 
neutrosophic sets in U and it is defined as 

Ei ={(xy4 (x)):x€ E,y, (x) eCNU)I, 


Where Vy (2) =(@, (ae 8, (le 5, (ae) , @,,f,,6,€[0,1] , and 


Mya.V,,0, € (0, 27]. 
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* 


2.11 Definition Let U be an initial universe and E be a set of parameters, AC E , and y , be a complex 


interval neutrosophic set over U for all x €U . Then, a complex interval neutrosophic soft set (CIVNSS) 


* BS 


Ta over U is defined as a mapping tA :E—CIVN(U), where CIVN(U) denotes the set of complex 


interval neutrosophic sets in U and it is defined as 


bo ok ok 
TA -{{ swale) senwa(decrnen), 


Wala (eee 8, ale" .6, (xje™) , a,; 84,0, <[0,]] , 


MasV,,0, € (0, 277] 

For more clarity we consider the following example: 

2.11.1 Example Let, U = ere Xy 5X35 Xy \ be the set of developing countries under consideration, E be a set 
of parameters that signifies a country’s time-dependent population indicators, and A= {e,,€,€;} cE, 
where the parameters stand for @,=birth rate, €,=death rate ,and @,=immigration rate. Then we define the 


CIVNSs as follows 


[0.3,04]e?°7 Jo.s,0.6]e?** fo.3,0.5]eO** \ /[0.5,0.8]e?4* [03,04] Me [0.25,0.55] 10°" 
* % X5 
va(e)= . Qn An Sn | | 
[0.2,0.5]e"** fo.02]e 3 [o6o7Je 3 [0.6,0.7]e 4 ,[o.45,0.65]e04” [o.7,0.8] </>” 
x3 : a4 


Somen Debnath, Impact of Complex Interval Neutrosophic Soft Set Theory in Decision making By Using Aggregate 
Operator 


Neutrosophic Sets and Systems, Vol.45, 2021 225 


a j27 
[0.25,0.75]e!- fo.4,0.6]e* fosos]e 3 \ / [o.1,0.3]e2* foas.o.es]e 3 ,[0.6,0.7]5* 
° “ a) 
valea)= 2x jaz 2x az | | 
[o.3,05]e 3 [o103]e 3 fooosle 3 \ /[o4o6]e 4 ,[0.65,0.75]e?°7 [0.25,0.45] e049" 
x3 ; x4 
[0.25,0.35]e193# i0.2” 0.1 pz int i0.40 
25,0.35]e"°” ,[0.4,0.6]e"“” ,[0.3,0.5]e [0.45,0.65]e ° .[0.3,0.6]e * ,[0.65,0.85]e 
P sa ) oe, 
WA (e;) = 70 20 370 
i0.37 a) aa ae i0.3z i0.6 
[0.7,0.8]e"°~” ,[0.2,0.3]e >,[0.8,0.9]e [0.5,0.6]e * ,[0.35,0.65]e" ~~” ,[0.6,0.7]e 


x3 x4 


* 


Then the complex interval neutrosophic soft set 74 can be written as a collection of complex interval 


neutrosophic sets of the form 


be [vala)valedva (s)) 


2.12 Definition Let us consider the two CIVNSSs over the set of the universe U as follows: 


* 


- ={(s¥4(9)) 2B (3) corny, 


Wa (x) i (x, (x) ge, (x) eae) (xe) , 24, P4,0, S[0,1] 
a,(x)=[@',(x),0",(x)| , Bs(x)=[B'4(2), B's (2) | , 6, (x) =[6'4(x),6"4 (2) | and 
Ma.V,,0, € (0, 277] 


* 


and Tz =|(s0, (x) sxe Ew, (sjecrnuy. 


where 
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(a (xe, (s)e™.3,(s)e™) ayn dp SOM 
ar, (x)=[@', (x).2", (x) | ’ By (x)=[B'2(x).B"2(x)] , 5, (x) =[5'n(x).5"2 (x) | and 


Lg»Vz> Oz € (0, 277] 


Ss 

& 

— 
eS 

-” 
II 


Then we consider the following: 


* 


(i) Ta is said to be an empty CIVNSS, denoted by Ta, , if W,(x) =, forall xeU. 


* ao oS 


(ii) TA is said to be an absolute CIVNSS, denoted by Ta, ,if w, (x) =U , forall xeU. 


* * 


(iii) TA 18 said to be a normal CIVNSS, denoted by T Ay i if 


a,(x)=[11], 2, (x) =[11].5, (x) =[1, 1) ana MasV,,0,=22, forall xeU. 


(iv) Tais said to be a CIVNS-subset of Tz, denoted by Ta C Tx, if for all xEU, yw, (e)Cy,(e), 
that is the following conditions are satisfied: 

a,(e)ca,(e). B,(e)< By (e). 54 (x) <5; (x) 

and 41, (e) <u, (e).V,(e)<vz(e), @(e)< @,(e). 

(v) Hee said to be equal to Pi denoted by a = fs if for all xeU , a (e)= ie (e), that is the 
following conditions are satisfied: 

a1,(e)=a%(e). B,(e)= Ps (e): 54(x)=4, (x) 

and f1,(€) = 4s (€).Va(e) =¥4(e)- © (€)= 05 (€) 

3. Operations on Complex Interval Neutrosophic Soft Sets 


In this section, we discuss different sorts of set-theoretic operations on CIVNSSs. 


* * 


Let Ta and Ts be two CIVNSSs over the common universal set U . Then we define the following operations: 


3.1 Definition Complement of 7 4 is denoted by [+ ] and it is defined as: 
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[veala)) =(5y (ae, (1-8 (a) ese (a) eM) 


Cc 


* Cc 
It is to be noted that iv, 09] “VA (x) 


3.2 Definition 


Let , 


- ={(aw, (x) sxe Ew, (secur, and 


m{(s0 (x) sxe Ew, (x) ecru} 


* * 


be two IVNSSs over the common universe U . Then, their union is denoted by 74 UT, and is defined as: 


pas Ure=={[ va (s)Uval)} seu} vten C=AUB 


Where 


XJ Lp (X)) 
(Lavage atin (2) V OB (X) ye“ pl 4 


(V4 (UV p(X) 
By(2)V Bp (a) BY) v Bg (x) Jer 


(4.090.599.0000 fe (@ 4(x)@p(X)) 


3.3Definition 
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Let , 


ra ={[sx09(x) eae Bars (s) @CIVN)} and 


T= {[s0e (*)| ixeE, Vy (x)e CNW) 


ok * 


be two IVNSSs over the common universe U . Then, their intersection is denoted by TA (\7 x and is defined 
as: 


* * re 


TC=TA Aro=={( sv a(s)MWs (x) seu | whe C=AQNB 


Where 

(G (x) Aap), 04 (0) A aly fe tartan? 
~ roy l i(V 4(X)OW p(x) 
v4 (x)Nyvp (x)= ([ 4400 659.8409 46500 |)e A B 


1(@ 4(X)O@p(x)) 


(bre V (2), 54 (x) v 5M «9 ])e 


4. Similarity measure of complex interval neutrosophic soft sets 

Nowadays the concept of similarity measure has been used in almost all scientific disciplines. The Similarity 
measure of two objects determines the degree of closeness or the degree of sameness between them. In many 
different fields like pattern recognition, decision-making, disease diagnosis, etc. it has been used quite 


successfully. 
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Now considering U = is Xn Heyy verses a) be the set of the universe and EF = {e, Cy O55 «00005 €,, \be the set 


of parameters where they are used in complex interval neutrosophic sense. Then, a mapping 


Sas (U)x W sonics (U) > ([0, 1],[0, 1], [0.1]), WHEIS Horie (U ) denotes the set of all complex 


interval neutrosophic soft set over the universe U , is said to be a similarity measure if it satisfies the following 


conditions: 
For all id © Xciwss (U) 
0,1],[0,1]) 


w s((Pe _ 
) fe: (*) 


vif 

wi (F2} (ee) 009 (repo 
wn (tte) (xn rn} (d) a(n) 
(cere) 


4.1 Ratio Similarity measure of two complex interval neutrosophic soft sets 


, [oe 


t [F ,E and G E ) be two complex interval neutrosophic soft sets over U as follows: 
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Where p. ; Ge ; a < [0,1] are the amplitude parts of the truth-membership, indeterminacy-membership 


,and falsity-membership values respectively and y’ ,v' ,o' €[0,27]are the respective phase parts of the 
35? sj? Psy 


evaluation of an alternative x, concerning for to the parameter é , over the CIVNSS [F ,E ) . Similarly, we 


can write for G é| ? 


Since in every evaluation there exist two decision information to each membership value, one is amplitude part 


another one is phase part. So, to measure the similarity degree between the two CIVNSSs 
[F ,E and [a. E ) , we have measured one similarity for the amplitude part and phase part individually and 


then added them for deriving the total similarity. 


4.2 Definition 
The ratio similarity between [F é| and (a. é| is denoted by Sz (F é| ; G F)| and is defined 


by the following equation: 
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n 
. re : uf uo . ia ig 7 rie ue 7 i e uP uo 
max | min Ps; > Ps , min P,; »Ps +max {min q,. ss , min qs. os +min {max YT, oN, ,» max YT, oT, 
a =, Td. od "ad: ooh ed. "ah Oo); : “i J. 
j= 
mn : iv th : uP ue : ae cd : ue? Pl? ae 
min P, > Ps +min Ps; »Ps +min qs +min qs. os +max YT, oN, +max Tt, 
=l Bre ag i) ay eae i es ce) ap BF 


are in complex interval neutrosophic sense. Consider K-CIVNSSs G * E { 


Torn (U ) (set of all CIVNSSs over U . Then the mapping 


oye 


ree (U) 2 ee (U) x (U) mere (U) satisfies the following properties: 


(a) B [rie] [Fe] Pieess {Fez -(Fe] 
1 


, where [F ,E is the absolute complex 
1 1 1 


interval neutrosophic soft set over U . 


(b) B Gr {Fz sesaieds [r'e) =(F.E) . whe [re] 
0 0 0 


is the null complex interval 
. 
0 0 
neutrosophic soft set over U . 
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(c) If, for alli = 1,2,3,....,k, Ge r) (= G E) then, 


a((rie}(r’e} m2; {r’«}}sa{(ole){o%e} - Gai 


GQ el{or e} es ; G e) be another k-CIVNSSs over U. 


(re) <a{{rie](rie} _ {r.e}}s{r*e) owes [FE] ist 


worst(min-min-max-valued for amplitude part and min-valued for phase part) CIVNSS and [F ae ) is the 


best(max-max-min-valued for amplitude part and max-valued for phase part)CIVNSS over k-CIVNSSs. 


Now we consider the following tables for better understanding: 


Tablel for absolute CIVNSS @ é| - 


6 | (aya ete** | (eb.abae** ((u1][. tLe 
| (Qi e* | (ebebae** ({u1][. tLe 
S| (QTL e** | (ee. aeuae”* ((u0]D. [1 te 


Tablel. Absolute CIVNSS [F LE ) 
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Table2 for null CIVNSS [F E ‘g 

x, ([0,0][0, 0][0,0]) e°* ({0,0][0, 0][0,0]) e°” eedews deeeseease ([0.0][0.0][0, 0]) e°* 
x ([0.0][0,0][0,0]) e°” ([0.0][0,0][0, 0]) e°” ether, sess ([0,0][0,0][0,0]) e°* 
x, ([0,0][0, 0][0,0]) e°* ({0,0][0, 0][0,0]) e° peclebe inte ste dss ([0.0][0.0][0, 0]) e°* 


Table2. Null CIVNSS [F. é| ig 


Table 3 for K-CIVNSSs 


ey 


x 


I u ia} I u ip! 
ee or | 


1 ou | Lift 
[ini Je 


le Pir | eit > [aos di je 


1 ow | ib 
[Hiss Je 


J: 


xy 


1 iat 1 ifs, 
ell 


1 ou | 163 
Faotn |€ 


1 ior} 1 i By, 
be Px | Mae [ an Qo | ee, 


l u id, l u iBs, 
[ Pin > Pan | es [ a, Don | & 
1 u ids, 
[n, ? Dn | e 


| 
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m 


1 u | pia Tow | Bs 
[ Pi» Pha fe Pl hides |e - 


J au iS 
[es ? Tn | e 


1 u ions [TL u ip 
[ Pho» Pho Je [dias Gns Je > 


Je 


1 u 
[es ?, Tn2 


l u ick, 1 u i 
[ Pin > Prin | e ? Finn ? Finn e 


Ui u 
ie ‘ Tran 


5k 
Brn 


> 


Table3. K- CIVNSSs 


Table4 for the best CIVNSS| F'*, E 


e en 
Xx Fo ah eke] imax ef cy) odes ro 2k wl uk J imaxla, af, 
1 | max(py 1+ Pion Pi) max(Py}] + Py] o> Pi e ‘ [maxCPin: Pin >> Pin ), Max( Pip + Pin > Pin) |& 4s 
ron 2 ok ul u2 uk 7 imax( Bh fey BR) N12 Ik ul ud uk 7] imax(f},, 2 .....BK ) 
max(q; 41 seve QD max(q; Te eee Cin ye ‘ MAX(Y] y+ Tyo Uy)» max(4y,, >] ree In ) [& ‘ 
ID imax SP] oO) ro 2k. ah 2k imax}, 02, . 
min(y | sy oy) MIN . Ay oy) Le MINCED nein > MINCED in tin 
- shag L72. k ss, fi 1 2 k 
12 Ik ul u2 uk 7) FMax( G9 1,9] 094) sone nN 12 Ik ul u2 uk | EMAX(} 9 AF p92) 
x, Lmax(p91, P21 >- P21)» MAX(P7]. PI] ++» P21) [© $ MAX( Py y+ PI po P27)» MAX(P7y + Pn o> P2n) |& 6 
eee 3 a : 
1 2 k ul u2 uk 7 imax(P5 B51 .--B3) nD lk i 42 uk 7 imax( Bh, PB, 0-—BK,) 
Max(G9 1.92] +--+ 921 )> MAX(G9]+92] > 921) [€ ; MAX(49 9 FI 9 FI)» MAX(G Iq +429 0 Fy) fe P 
r wna of Ik) tl ud uk imax(} 1 354 pees of) r no 12 ul u2 ab imax(o} 8 ay ok) 
[ minty rp oe ty Je min] PP 79] ie [ ming op MI )> BIN M7 On le Petal 
eee k 
Ths. sd2 Ik ul u2 uk EMaAX( yy] Liq] vo ot) Paws no 12 Ik ae pl 2 uk ~) imax(@inn -Gnn+---+%nn ) 
Xn Ee Pant» Ppt >» Pig)? PACD pat + Pgh oo ye ogee ee [ max Pman> Pm Pan» ™28Pnn > Pian >> Pan) | et ae ire 
na 2 Ik ul u2 ak] imax By Boy BEy) [ max(ahin Sp a a rinastgs pat? att | gimax(Binn rin Bin) 
MXC Ips Imp >» MX ap Imps Im) Pe te k 
a e ; Ae, 18 kk ul u2 wk) _imax(Shin Oman --Okn) 
hie Ik ul u2 uk] imax(Sy_1 Sop] Om) MING a Tin mn) MDC san oo Fn) J 
EERE 10 Gayo Bigg Do HIT Egg eoreeteg Pe 


Table4. Best CIVNSS| F*,E 


Table5 for the worst CIVNSS| F, E 
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; it ol on oak a ? 
me min( i 12 Hy int ul u2 ie ee gee a) . li 12 Ik . ul u2 uk imin( a, fy paneer: ak) 
1 L PUq> Pitre Ply) Pil> PUL ov PLL is : > Lin Py» Pins Pin) MIN(P}y > Pin sees Pin) {© 
Fonimcglt f2 ky ul 2k] Emin | Aji) I kk uk min Bl, Bl By) 
min(4y ps9] > M4)» MUNG] | + I o> a1) {le % MIN(A] > Tyo Un)» MCA» Up pace dn 
= imin(d!, .62,....6k : imin(S1_.62.....6k 
M12 Ik ul u2 uk imin(O] 1 Of] +O) 1) no 12 Ik 2 ik imin(d,, Of =n) 
LaCie 11 MAX EL oe re [ aK Fin 2 Fin PAC Fg oF le bela 
x ee sae ko ul 2 uk imin(o} 24 08 ) Dida fall 212 Ik ul u2 uk min (adh 05,9 5y) 
2 Lmin(p2] > P21 > P21)- Min(Py1. Po] ++ P21) |e i MiN( Py, > Prp o> P2n Je min(P,> P2nr P2n 
ae | a ko ul 2 uk “imin(P} By sea pA) ron i a uk 7 imin( Bh, f3,,-BK,) 
min(qy. 499] +--+ 424): MiN(Gn 1.97] +991) |e iy MIN(G9 y+ Fn 2 V2)» MING 9 V2.Q 0 Pn) Je a 
= ssl 52 sk = Saw teal er 5D: ok 
1 12 Ik ul u2 uk 7] imin(d5 1.05] .-..-.091) n 2 Ik ul u2 uk 7) imin(d5,, 05, 6-5 5) 
‘ : ; 2 in 02: 
| maxloyi seven Faye MAX(19 4 MY oY re [MAXI 9» no Py) MAX yp 9 Op i]e a ‘i 
ae k ey dently 32 ; 
Ls S02 Ik 1 2 k imin( 1] Oi, eGo) pee) ae Ik ged! 6002 uk | imin(@nn Amn +----%mn) 
Kg | {| inc oka son oe min nen, Per nek fem emnomrm—rta) [ incon» Pans» Pram Pn» Pins» Pm) |e ee 
eee ke iD 312 Ik 1 u2 ik] imi Bien 
i Rokk ul u2 ak] imin By Bayon BR) [mina Sn So ). MIN» Ton Ian emis Bir Prin) 
MING AL Gp Im In Imp Im) |e : aye = 20 ok 
1 2 t uo 12 Ik ul u2 uk imin(Omn -Omn+--Omn) 
[ a es | min] Stn) MAX Cn Fyn Finn )* BAX Ta 29 Fin 
DOI a By ee Fy ROME Bg ach rile 
‘ml? "ml? “nd im? Tm 2 Tn 


TableS. Worst CIVNSS| FE 


5.1 Complex interval neutrosophic soft geometric mean aggregation operator 


Aggregation of some CIVNSSs produces a CIVNSS. We have introduced the geometric mean aggregation of 


CIVNSSs. 


Let 


W = {Why Wyyseesseeey Wy } de k real numbers such that w, €[0,1], and 


F',E |,| F’,E |,........,| F°,E 


be 


k-CIVNSSs 


over a universe 


i= 


interval neutrosophic soft geometric aggregation of k-CIVNSSs is denoted by, 


Bom (W,,W5.-+ 


We) 


F',E|,| F°,E |,.........| F“,E | |, and is defined as follows: 


U 


and 


k 
ne =1. Then, the complex 
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Bom (W,,Wyyeee wa)((rhe)(- e} — (F e) {re} 


: Ve, Ee F,x, EU 


(a) Bom (w,,Wys cons WwW, ) [Fie (Fz) rite {rF*e] -[ Fe) where ( FE 
iE r r IPs. r 


denotes the absolute complex interval neutrosophic soft set over the universe U . 


(b) Baw (1, W5 yess; ) [Fe | (Fe) cre {F%e| [Fe] where ( F.E) 
0" o* 0% 08). cs 


denotes the null complex interval neutrosophic soft set over the universe U . 


(c) If, for alli=1,2,....,k, [Fie] < [ove] then 


where [ol | : G e} ensii G 4 | be another set of K-CIVNSSs over U . 


(@) (Fe) Bam (ys 0 wo((« elf e} ia [4 ‘) (Fe). 


6. Construction of an algorithm by using complex interval neutrosophic soft sets aggregate operator 
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In this section, a step-wise method is described by using complex interval neutrosophic soft sets aggregate 
operators and it is useful and effective to deal with real-life decision-making problems. 


Step1: Input a set of m alternatives U = {isle yess ,Uu \ that have been defined by k-experts 


m 


Jd k \ concerning for to n complex interval neutrosophic parameters E’ = {e, Oa yeeeees e, } : 


Step2: Opinions of K-experts have been described by K-CIVNSSs 


Ga = [.F(«)) ve, EE {e,(3, gee ae }):ve Eb, x, <u} 


Where p. ; Gs : rf [0,1] are the amplitude parts of the truth-membership, indeterminacy-membership 


Sj 


sand falsity-membership values respectively and ,'* ,v'" ,s'" €[0,27] are the respective phase parts of the 
579% 557% s; 


evaluation of an alternative x, concerning for to the parameter @ ; over the CIVNSS [F ,E : 


Step3: Construct the best [F E] and the worst [F E) CIVNSS over K-CIVNSSs. 
Step4: Evaluate the approximate index B (d 1 ) of an expert d , iS given by, 


(eile) 


P (d, ) = - : = = , where S indicates similarity measure. 
S [rie}(rie]}e8 [re}{ rte] 


Step5: Measure the nearness index C, (d 1 ) of an expert d, is given by, 


s Gz F"UE 
k 
C, (d,)= ere 141 


Step6: Derive the preference rate @ (d , ) of an expert d / as, 
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(ul (d A) = , where © denotes the linear product. 


> .(P (4,)@C,(4,)) 


Step7: Construct the collective CIVNSS [F ,E from K-CIVNSSs which is derived by using complex interval 
neutrosophic soft geometric mean aggregation operators as follows: 


Bou (Wy, Wyre o((rhe) (ee e} hae {F e)} 


Step8: Determined the combined weight of a parameter é ,as follows: 


* _ # 
— A(w;)®(1-A)( 7 ) vwherew, =—(w! @wi @ er @w;): 


YD" (4(w))@G-a)(w')) 


1 __Beawefal (einen) let )) lee) 
- Pn be Soe 1 2 2 2\)2 
Da Dsrse 3 (les 2 )a,) +( (a -2,)¥,) +(e -2)2,) 


sand A is the influence parameter such that 1 € [0, 1 , 


Since, experts came from different environments along with different specialization, judgment powers, and 


knowledge, so they may impose different weights on the associated parameters. If 


>. wi =1 ,and wi, e[0,1]. 


j=l 


Step9: Select the best alternative by determining the upper-alternative [ xX ) and the lower-alternative (x as 


follows: 
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. u l iy J u I a j u I ij i} u I iMy J u I Vo J u I iby j 
e PY Pj e ee e ® 4p e U Pj 7 Po; e @\ 99; - 499; e ® -—h. Je 
= \e;> . . f 
J u l Hinj u i Vinj u L\ ©mj 
UV Ping ~ Png EON Ing — Img JE Ong. ~ tng 


~ inj 2 ivy 2 18; 
= }| e;,Pe J,.Qe !,Re / (Ve ,cE 


wu LY) wo t\%j fu 1\ 4y us) CD u t\ ji fu 1) 2; 
Pig Pagje ~~ Slazy-azle ~ Syig-azfe ~ |O\\Pay-Pagse ~ Slany-aapJe " @laz-a; Je 


jp iu..: iv, id. 
u I inj u I mj u l mj 
A( (on -rn)« a(any ~ any Je ® ™mj ~ "mj ) 


ip. ivy id. 
7 ej Pe “J .Qe ~ Re pve ;eE 


Step10: Determine the separation level of [x ) and (x as follows: 
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Step11: Obtain the ranking index of an alternative x, by using the formula 


D| == 
R(x, = x 355 =1,2,...,m 
D| = |+D] = 
xX xX 


The alternative having a maximum ranking index R will be selected as the best or optimal alternative for this 


multi-expert decision-making. If more than one alternative has the same maximum ranking index, then, we will 
select any one of them as an optimal solution. 

7. An application on a financial problem 

A trader wants to set up a car manufacturing company and the set of alternatives 
U= SU ths ity tit: } represent a set of six cars among which he or she has to choose any one of the 
alternatives which fulfilled all the pre-assigned criteria. Selection of any one of the alternatives influenced by 
the set of parameters E' = {e,, €55€3,€4, e,\ . Here, the parameters stand for land, labor, capital, 
entrepreneurship, and raw material cost respectively. Now, a set of four experts denoted by 
D= {d,,d,,d,,d, have been assigned for monitoring the parameters to reach a common decision about 
which a car manufacturing company is more likely to choose which have these parametric characters. Here, the 
belongingness level of a parameter has been taken through the amplitude part (interval form due to the more 
complexity involved in the problem which has neutrosophic nature) and the time duration of a parameter has 
been taken through the phase part. All the data has been collected by the decision-makers on 20 consecutive 


days. To express this data in the interval [0, 20 | , 27 has been taken here instead of 20 days. 
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About of on this idea and by using the algorithm discussed in section6, the trader will be able to choose the best 
alternatives and it is possible when all the decision-makers come to a common solution and it is possible due to 
the aggregate operators used in the said algorithm. The calculation part is left for the readers as an exercise. 

8. Conclusions 

In this article, we first give the basic definition of complex interval neutrosophic soft sets and some basic 
operations on them. We then discuss similarity measures on complex interval neutrosophic soft sets and their 
aggregation. An algorithm has been introduced by using complex interval neutrosophic soft sets aggregate 
operators. To apply the algorithm to the decision-making problem we give an application that shows the 
algorithm can be successfully applied in financial problems. In the future, there is a scope to extend the notion 
of complex interval neutrosophic soft set by introducing hypersoft set introduced by Smarandache [12] in 2018. 
Also, the comlex interval neutrosophic soft set may be applied comprehensively in different fields such as 
engineering, medical science, finance, game theory, computer science, decision-making,etc. 
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Abstract. In the theory of uncertainty and approximation neutrosophy plays a significant role. Neutrosophy 
is tool emerged on standard or non-standard to measured the mathematical model of uncertainty, vagueness, 
ambiguity etc. In light of these major issues, the paper outlines of Neutrosophic Set, Single Valued Neutrosophic 
Set, Triangular Single Valued Neutrosophic Number and Trapezoidal Single Valued Neutrosophic Number. It 
also propose Neutrosophic Differential Equation and shown its solution in different conditions. Thereafter min- 
ing safety model via Single Valued neutrosophic number be epitomized. At last a mathematical experiment is 


done to exhibit its reality and use fullness of this Number. 


Keywords: neutrosophic set(NS); single valued neutrosophic set(SVNS); triangular single valued neutrosophic 
number(TSVNNs); trapezoidal single valued neutrosophic number(TrSVNNs); neutrosophic differential equa- 
tion(NDE); mining safety model 


1. Introduction 


NS highlights the origin and nature of neutralise in different fields which is the generalization 
of classical set, fuzzy set(FS), intuitionistic fuzzy set(IFS) etc. Gradually varying value is used 
in FS theory rather than precise or sharp value. In 1965 (J, a famous paper was published 
by Prof. L.A. Zadeh as ” Fuzzy sets” in ”Information and Control” that provided some new 
mathematical tool which enable us to described and handle dubious or unclear notions. FS 
theory, only shows membership degree and do not provide any idea about non-membership 
degree. In reality, this linguistic statement don’t fulfill the logical statement. When choosing 
the membership degree there may exist some types of doubtfulness or absence of information 
are present while defining the membership. Due to this doubtfulness, an idea of IFS as gen- 


eralization of FS was introduced by Atanassov in 1983 [2]. IFS consider both membership 
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and non-membership function. IFS only pick up incomplete information. In 2003 [3], A new 
concept, say, NS was innovated by Smarandache. It deals with the study of origin, nature 
and scope of neutralise, as well as their interaction with different idealism spectra. NS is the 
generalization of CS, FS, IFS and so on. A NS can be distinguish by a truth membership 
function ’yy’, an indeterminacy membership function ’v7’, and a falsity membership function 
‘or’. In NS: pr, vy and of are not dependent, which is useful in situations such as information 
fusion. In NS pr, vz, of being the real standard or non standard subset of ~]0, 1[* moreover 
in SNVS, pr, v7, or be the subset of [0,1]. From philosophical point of view, NS generalised 
the above mentioned sets but from scientific or engineering point of view, need to be defined. 


Else it’s difficult to apply in many real application. 


It is much noticed that when modeling some problems related to physical science and engineer- 
ing, where the parameters are unknown but performed in an interval. Before, the application 
of interval arithmetic managed such circumstances, where mathematical calculation is done 
on intervals to get the estimate of target quantities in respective intervals. Fuzzy arithmetic is 
the generalization of the intervals arithmetic. As the principle definition of FS which approve 
gradation of membership for an element of the Universal set. So the situation of the modeling 
based on fuzzy arithmetic is awaited to publish more realistically. There are several types of 
fuzzy number are exist. These are applied in Decision-making problem and so on (4). But it 
is not efficient for any application where the knowledge about membership degree is lacking. 
Latter generalization it to intuitionistic fuzzy number were developed. In these paper we 


define several types of neutrosophic numbers and their cuts. 


In the field of science & engineering, differentiation takes on an evidential role. Many problems 
stand up with uncertain or imprecise parameters. Due to this naiveness, we bear upon the dif- 
ferential equation with imprecise parameters. Fuzzy differential equation G) has been proposed 
to model this uncertainty. However, it consider only membership value. Later, intuitionistic 
fuzzy differential equation was founded with degree of membership and non-membership 
function. However, the term indeterminacy is absent in the above logic’s. Hence, neutrosophic 
differential eqaution(NDE) was developed to model indeterminacy. In this paper, a 
mining safety model describe (11), this model consist of three differential equations, those dif- 
ferential equations describe via Single Valued Neutrosophic Number(SVNNs). The solution of 


the equation is describe later. 


In reality, the collected data, in many situations, it was observed that is insufficient and 


transmit some misinformation. As a result, the solution obtained from these data suffers with 
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insufficiency and inconsistency. In these situations, the neutrosophic sets offer better result. 


We have designed the paper in the following way: Section-2 gives some preliminaries con- 
cept and definition. Section-3 contains definition of NDE. Section-4 contains solution of NDE 
with numerical example. Section-5 contains Mining Safety model. Section-6 contains Mining 
safety model formulation. Section-7 described solution mode of the model. Section-8 contains 
numerical experiment and consequently, conclusions are discussed in Section-9. The references 


are shown in Section-10. 


2. Preliminaries 


2.1. Definition of NS 


Let {{ be a Universal set. A NS ANS of be defined by ANS = ((u; ur(u), v7 (u), or (u)) ue 
i) where pp(u), v7(u), or (u) be outlined as the truth membership, indeterminacy membership, 
falsity membership grade of u in AN® which are real standard or non-standard subsets of 
~JO,1[7 & wr(u) +v7(u) + opr(u) < 37. 


2.2. Definition of SVNS 


Let 4 be a Universal set. A SVNS AY® of L be defined by AN® = ((u; p(u), v7(u), op (u)) : 
u € U) where pr(u), v7(u), or (u) be outlined as the truth membership, indeterminacy member- 


ship, falsity membership grade of u in AN® which are subset of (0, 1] & wr(u)+v7(u)+opr(u) < 3. 


2.3. Definition of TSVNNs [al 


A TSVNNs is denoted by AN® = (ai, a, G3; Wy, Wy, We) Whose truth, indeterminacy and 
falsity membership functions are defined by 


ua) / / 
( jw, when a; <u<ay 


a — a4 
Wy when u = a4 
pr(u) = a3 —u ! ! 
(gray) Wn when oD) < u < a3 
0 when u< aj oru> aj 
5—u)+(u-ai wr 
(a-u) +m uy when al <u<al 
a5 — a4 1 2 
Wy when u = ay 
BIW 9 ed aus 
a when A> < u < a3 
1 when u < aj oru> a4 
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—_ oar 
(-w Fun )we when a’, <u< al, 


ay — a} 
a, / 
ee We when u= ay 
— u—as)+(a4—u)w 
ee ee when a, <uc<ay 
3 2 
1 when u <a} oru> as 


where pr(u) + y7(u) +or(u) <3 & wy € (0,1), wr, wo € [0, 1). 


2.4. Definition of TrSVNNs [9 


A TrSVNNs is denoted by AN® = (ah, a4, a4, a/; Wy, Wy, Wo) whose truth, indeterminacy and 


falsity membership functions are defined by 


ua) / / 
(amar) Mu when ay < u < a5 
Wy when a, <u<ay 
ur(u) ~ au ! ! 
(gray) Wp when a3 < u < ay 
0 when u <a} oru> a, 
ay —u)+(u—aj )wr 
i ala a when a, <u<aj 
M4 — Oy 
(u) Wy when a, <u<ay 
Yj\uU) = 
(u-a3)+(a4—u)wr 1 ! 
a when a3 < u < ay 
/ / 
1 when u <a, oru> a, 
ae a) 
Cie ae aD ee ee when a) Cuca) 
Ag—Oy 
(u) Wo when a, <u<ay 
OF\U) = 
(u-as)+(a4—u)we ! ! 
a when as < u < ay 
/ / 
1 when u< a, oru> ay 


where pr(u) + y7(u) +or(u) <3 & wz € (0,1), wo, Wo € [0, 1). 


2.5. Cut Set [3 


Let AN© be any SVNS, then (r, B,y)-cut of SVNS is denoted by AN¢(r, 3, 7)and it is defined 
by AN@(r, B, y)=(u € UL: pr(u) 2 r,v1(u) < Bor(u) <yj0<r<10<fB<10<y7<)). 


2.6. Operation Using SVNNs: 


Consider two TSVNNs, A‘°=(a',, a4, As} Wry Wy, We) B67, (64. 65; Up, Uv, Uc), the follow- 


ing operation are: 
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e Addition: 
ANe+BNe = ([(ah +B}, 0 + bh, 08 + 65); wy A tty, ty V thy, We V tte]) 
e Substraction: 


ANe_BNe = (((a) b3, 05 — bg, a3 — 64); wu A Up, We V Uv, We V Ue) 


e Multiplication: 
ANG BN] = (((at 6) 084500) ry, Atay ty V ty, We V al) 
e Division: 
/ / / 
~=(((at, &, 

— d ? 
by” bb 


BNe )s Wy A Up, Wy V Uv, Wo V Uol) 


Where A = Min, V = Max 


3. Definition of NDE: 


Consider an Ordinary differential equation < = KY, t € [0,00) with initial condition(IC) 
Y(to) = Yo. The above ODE is called NDE if any one of the following three cases hold: 
(i) KN© is SVNNs & Yo is Crisp number. 
(ii) K is Crisp number & oo is SVNNs. 
(iii) Both KN¢ & Yo" are SVNNs. 
Let the classical solution be yNe(t) and its Cut be 
¥(E,7, 8,9) =((¥1 (tr), Volt, rs [V4 (tB), W(t, BL, DCE, 7), V4(4, 7). 


The solution is strong if 


dYy (t, r) dY9 (t, r) 


(i) —,-— > 0, —— < OV re (0,1, Yilt,1) < Volt, 1) 
dy’, ay 
(i) ae <0, a > OV B€ (0,1), Y4(t,0) < Y4(t,0) 
yl yl 
(iii) anita) 203 aoe) > OV 42 (0,1); Yi(60) < VE 0) 


Otherwise the solution is weak solution. 


4. Solution of NDE 


(i) KN¢ is SVNNs & Yo is Crisp number. 
Case 1 When Sign of K® is positive. 
Therefore required solutions are 
Yi(t,r) = Yoel); Yo(t,r) = YoeK2 (te) 
Y(t, B) = Voi U8), w5(¢, 8) = VoeK2(N-%) 
Viitia= YoeKi1 (1) (t-te). Yu (ty) = YoeK2 (7) (tte) 
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Case 2 When Sign of K® is negative. 


Therefore required solutions are 


Yi(t,r) = Sia m epg VEIT 41 - 2 TERI 
Ya(tr) = ll an $e VEOH) — ag - eR) 
Y! (t, 8) 2 i+ Cae TORE) (FE KORA) tte) 
Y3,(t, 8) = 2 aan b Le VEL (AKG(B)(tto) _ ve K (@)K2(B)(t-to) 
v"(t,7) = be (14 mye RTOS tt) 4 x). TOTO) 


Y(t.) = a an L Ie VETOEIM) (Ht) (,/ (Vey D eVETOEIO)(Hto)} 
2 Ky 


Where ([Ki(r), Ko(r)], [Ki (8), K5(S)], [KY (7), Kf (7)]) is the cut set of KN*. Solutions are 
strong or week if it satisfies the condition of NDE. 


Similarly, we can get the solution of other two cases. 


YW 2 
Numerical Example: Let us consider NDE ; = KY, with IC Yo) = 
1 
(3,4,5;0.8,0.2,0.3), K = 5. 
2 
Solution: Required (r,3,y)-cut solution at t = 2 we get aNeT) = [3 + 1.25rJe3; 
2 2 2 
— 34—f. = 3+ ee 
ee eel ag 103s Volt. 8) = [ele 3; Yi(t.7) =[ oye 
25+7, 5 
Vg) = PE *N€3 


When we take t = 2 and for different values of r, 6,7 the solution is given in Table 1. The 
graphical interpretation of the table is also shown in the form of membership function in the 


Figure. 1. 


5. Mining Safety Model 


The miming industry has played an important role in development in the human civiliza- 
tion. Extraction of minerals from the underground system of work has involved a considerable 
amount of risks like roof fall over the workplace, inundation of the workplace due to the in- 
flux of water from the old working, explosion, influx of poisonous gases in the workplace, etc. 
Similarly, the opencast system of work has involved chances of runway of dumpers, sliding of 
benches in the workplace, striking by the fly rocks blasting, etc. These phenomenon’s not only 
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r,B,7 | Yaltsr) | Yo(tr) | X48) | VAC, 8) | Y4( 1) | VSG) 
0 5.8432 | 9.7387 | 8.2778 | 7.3040 | 8.6257 | 6.9561 
0.1 6.0866 | 9.4952 | 8.0344 | 7.5474 | 8.3474 | 7.2344 
0.2 6.3301 | 9.2517 | 7.7909 | 7.7909 | 8.0692 | 7.5127 
0.3 6.5736 | 9.0083 | 7.5475 | 8.0344 | 7.7909 | 7.7909 
0.4 6.8171 | 8.7648 | 7.3040 | 8.2779 | 7.5127 | 8.0692 
0.5 7.0605 | 8.5213 | 7.0605 | 8.5213 | 7.2344 | 8.3474 
0.6 7.3040 | 8.2779 | 6.8171 | 8.7648 | 6.9562 | 8.6257 
0.7 7.5475 | 8.0344 | 6.5736 | 9.0082 | 6.6779 | 8.9039 
0.8 7.7909 | 7.7909 | 6.3301 | 9.2517 | 6.3997 | 9.1822 
0.9 8.0344 | 7.5475 | 6.0867 | 9.4952 | 6.1214 | 9.4604 
1.0 8.2779 | 7.3040 | 5.8432 | 9.7387 | 5.8432 | 9.7387 


TABLE 1. Solution for t = 2 


Truth, Indeterminacy and Falsity Membership function graph of Y(t, 13, +). 


—Y,(t r) 
0.9 + | 

—YV,(t, r) 
0.8 + jp =," 4) 
|| —Y,'(t 4) 


J—yen 


—Y,"t 1) 


FiGuRE 1. Membership Function Graph (at t=2). 


causes injury to the workmen, sometimes lead to fatal. Improper used and malfunctioning 


mining equipment or system also results an accident. 


The system fails safely is denoted by A; and system fails unsafely is denoted by Ag for the 
mining safety model used here. Either 1 or Ag or both A, and Az are imprecise in nature. 


Our main interest in this paper are given below: 
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e Formulate Mining Safety model. 

e Observe solution of the model in Crisp environment. 

e Observe solution of the mining model in three ways: 

(i) when A; is SVNNs and )g2 is crisp number. 

(ii) when Aq is crisp number and Az is SVNNs. 

(iii) both A; and Az are SVNNs. 

e Observe cut value in table form of the solution of the mining model in each of the cases 


mention above and show its graphical representation. 


5.1. Acceptation 
(I) All events are not dependent to one another. 


(II) The probability of progression from one condition to another is W6t; dt indicates finite 


time interval, VW indicate the progression rate from one condition to another. 
(III) (Wot)(Wdt) > 0. 
(IV) P{n(dt) > 2} = o(dt), where 7(dt) be the number of event that occur in dt. 


(V) P{n(dt) = 1} = dt + o(dt), where VU > 0. 


(VI) limse 50 222 = 0. 


5.2. Input data 


t= time. 
A1= mining system safe failure rate. 


A2= mining system unsafe failure rate. 


5.3. Output data 


Po(t)= Probability of Mining system operating normally. 
P(t)= Probability of Mining system failed safely. 
P2(t)= Probability of Mining system failed unsafely. 
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5.4. Modulator 


t time. 


ot finite time intervall. 


Po(t + dt) operating probability in state 0 at time t+ ot. 


Pi(t + dt) safe fail probability in state 1 at time t+ dt. 


Po(t + dt) unsafe fail probability in state 2 at time t+ ot. 


j=0 state operating normal. 

j=l state fail safe. 

j=2 state fail unsafe. 

P(t) probability in state j at time t. 

A 6t safe fail probability in finite time interval dt 
A26t unsafe fail probability in dt 

(1 - Aidt) no safe fail probability in ot 


(1 - Aidt) no unsafe fail probability in dt 


6. Model Formulation 


Consider a mining system, the state space diagram is shown in Figure-2. 
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Mining system Mining system 
operating failed unsafely 
normally 0 Z 


Mining system 
failed safely 
] 


FIGURE 2. Mining system state space diagram 


From Fig.2,we get following three equations 


Po(t + dt) = Po(t)(1 — A1dt)(1 — Azdt) (1) 
Pi(t + dt) = Pi (t)(1 — o(dt)) + Po(t)A16t (2) 
P2(t + dt) = Po(t)(1 — o(dt)) + Po(t)A2dt (3) 
From (1), (2), (3) we get 
Pal) — (a, +2) Poll) (a) 
Pu) _ r,Po(t (5) 
Pe) _ Pot) (6) 


with IC: P;(0) = 1 for j=0 & P;(0) = 0 for j=1,2. 


7. Solution mode 
7.1. Crisp Solution: 


Input data: Both A; and Ag are Crisp number.. 
Output data: We get the values of Po(t), Pi(t), Po(t). 
7.2. Neutrosophic Solution: 


Input data: Three cases arise 


Ne 


Case-1: Ay) =(a),.05,03; Wy, Wy, Wo) & Az is Crisp number. 


; ; ~ N 
Case-2: 1 is Crisp number & 2 “=( fi» Bing Dat as this Ue) 


Ne rare, 


~ Ne 
— / / } a y, 
=(01, 09,03; Wu, Wr, We) & Ag = =(b1, 65, 63; up, Ur, Uc) 


Case-3: Mi 
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Output data: 


Let, Po(t)’,Pi(t)”’,Pa(t)””” be the solution of the modified model with Cut 
Po(t.r, B, y)=([Poi(t,”), Poa(t,r)], [Por (t 8), Poolt, 8); [Port 7), Poolt, y)]) 


Pri(t, r, B,y)=4 Pritt, rT), Par) ’ Pir(t, B), Prolt, B) ’ Pict, 1); Pia(t, *) ) 


P2 “a Yr, B, y= Pax (t, r), Poa(t, r) ) Poy (t, B), Poe (t, B) ’ Px (t, a); Pao (t, 7) ) 
Solution is strong or weak if it satisfies the condition of NDE. 


8. Numerical Experiment 
8.1. Crisp Solution 


Input data: 1 = 0.009; Az = 0.001; t=20-h. 


Output: P2(20)=0.018127 


8.2. NS Solution 


Case: 1 
Input data: X1’"°=(0.007, 0.009, 0.011; 0.5, 0.3, 0.2): A2 = 0.001; t=20-h. 


Output: When we take the value t=20-h the output of A © is TSVNNs & Ag is crisp number 


are shown in Table-2 and the corresponding membership function shown in Figure-3. 


Case: 2 
Input data: 4,;=0.009; oO = (0.0007, 0.001, 0.0013; 0.7, 0.5, 0.4); t=20-h. 


Output: When we take the value t=20-h the output of 1 is Crisp number and i is 
TSVNNs are shown in Table-3 and the corresponding membership function shown in Figure- 
4. 


Case: 3 
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Truth, Indeterminacy and Falsity Membership function graph of Bit, r, Gs 7). 


, 
—P,, (tn 
eal |— P(t) 
0.8 | J/—P,,"tt A) 
— P(t 8) 
0.7 + | se 
Pt») 
al | — Pt 7) 
" 
0.5 
0.4 
0.3; 
0.2 
0.1 


0.018 0.0182 0.0184 0.0186 


P(t, FB, >) 


0 f 
0.0176 0.0178 


FIGURE 3. Membership Function Graph (at t=20). 


Truth, Indeterminacy and Falsity membership function graph of B(t, r, 2, +). 


‘ 
—P,,(tr) 
0.9; J 
—P,,(tr) 
0.8 + ||—P,,"t A) 
eal ||—P,, tt 4) 
—P,,"(t 7) 
ae |p») 
0.5} | 
0.4; 4 
0.3 + J 
0.2/7 al 
0.1 - J 


0 
0.012 0.014 0.016 0.018 0.02 0.022 0.024 
P(t, F531) 


FicurE 4. Membership Function Graph (at t=20). 
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a a) 


7,B,y | Parlt,r) | Pool(t,r) | Par(t, 8) | Paalt, 8) | Part.) | Poel, 7) 
0 0.017721 | 0.018523 | 0.018298 | 0.017954 | 0.018227 | 0.018026 
0.1 | 0.017803 | 0.018445 | 0.018241 | 0.018012 | 0.018177 | 0.018077 
0.2 | 0.017884 | 0.018366 | 0.018184 | 0.018070 | 0.018127 | 0.018127 
0.3 | 0.017966 | 0.018287 | 0.018127 | 0.018127 | 0.018077 | 0.018177 
0.4 | 0.018046 | 0.018207 | 0.018070 | 0.018184 | 0.018026 | 0.018227 
0.5 | 0.018127 | 0.018127 | 0.018012 | 0.018241 | 0.017976 | 0.018277 
0.6 | 0.018207 | 0.018046 | 0.017954 | 0.018298 | 0.017925 | 0.018329 
0.7 | 0.018287 | 0.017965 | 0.017896 | 0.018355 | 0.017874 | 0.018376 
0.8 | 0.018366 | 0.017884 | 0.017838 | 0.018411 | 0.017823 | 0.018425 
0.9 | 0.018445 | 0.017803 | 0.017780 | 0.018467 | 0.017772 | 0.018474 
1.0 | 0.018523 | 0.017721 | 0.017721 | 0.018523 | 0.017721 | 0.018523 
TABLE 2. Oa is TSVNNs & Ag is Crisp number. 
7,B,y | Parlt,r) | Poo(t.r) | Part, 8) | Paolt, 8) | Pat) | Pae(t. 7) 
0 0.012647 | 0.023643 | 0.023643 | 0.012647 | 0.021800 | 0.014470 
0.1 | 0.013427 | 0.022853 | 0.022537 | 0.013740 | 0.020881 | 0.015382 
0.2 | 0.014209 | 0.022063 | 0.021432 | 0.014834 | 0.019962 | 0.016296 
0.3 | 0.014991 | 0.021275 | 0.020329 | 0.015930 | 0.019044 | 0.017211 
0.4 | 0.015774 | 0.020487 | 0.019227 | 0.017028 | 0.018127 | 0.018127 
0.5 | 0.016557 | 0.019699 | 0.018127 | 0.018127 | 0.017211 | 0.019044 
0.6 | 0.017342 | 0.018913 | 0.017028 | 0.019227 | 0.016296 | 0.019962 
0.7 | 0.018127 | 0.018127 | 0.015930 | 0.020329 | 0.015382 | 0.020881 
0.8 | 0.018913 | 0.017342 | 0.014834 | 0.021432 | 0.014470 | 0.021800 
0.9 | 0.019699 | 0.016557 | 0.013740 | 0.022537 | 0.013558 | 0.022721 
1.0 | 0.020487 | 0.015774 | 0.012647 | 0.023643 | 0.012647 | 0.023643 
TABLE 3. A, is Crisp number & ae is TSVNNs 
Input data: 


~ Ne 
i =| 


0.007, 0.009, 0.011; 0.5, 0.3, 0.2); Ax” = (0.0007, 0.001, 0.0013; 0.7, 0.5, 0.4); t=20-h. 


Output: When we take the value t=20-h the output of a & — are TSVNNs are shown 


in Table-4 and the corresponding membership function shown in Figure-5. 


From the table values and graph, we see that 


Pi(t,r) is increasing function and 


P2(t,r) is decreasing function, whereas 
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78,7 | Parltr) | Proltsr) | Por(t,8) | Poo(t, 8) | Pai(t7) | Poo(t, 7) 
0 0.012361 | 0.024156 | 0.024156 | 0.012361 | 0.022118 | 0.014253 
0.1 | 0.013188 | 0.023247 | 0.022930 | 0.013493 | 0.021109 | 0.015210 
0.2 | 0.014023 | 0.022345 | 0.021714 | 0.014635 | 0.020108 | 0.016175 
0.3 | 0.014866 | 0.021449 | 0.020508 | 0.015788 | 0.019165 | 0.017147 
0.4 | 0.015715 | 0.020561 | 0.019312 | 0.016952 | 0.018127 | 0.018127 
0.5 | 0.016573 | 0.019681 | 0.018127 | 0.018127 | 0.017147 | 0.019114 
0.6 | 0.017438 | 0.018807 | 0.016952 | 0.019312 | 0.016175 | 0.020108 
0.7 | 0.018310 | 0.017941 | 0.015788 | 0.020508 | 0.015210 | 0.021109 
0.8 | 0.019190 | 0.017083 | 0.014635 | 0.021714 | 0.014253 | 0.022118 
0.9 | 0.020077 | 0.016232 | 0.013493 | 0.022930 | 0.013303 | 0.023134 
1.0 | 0.020971 | 0.015388 | 0.012361 | 0.024156 | 0.012361 | 0.024156 


TABLE 4. Both \:"° & Xo” are TSVNNs 


Truth, Indeterminacy and Falsity membership function graph of B(t, r, 3, 7). 


1 


0.9 5 


—P,,(tr) 
/—P,o(t #) 
||—P,,¢t ) 
||—pP,,"t 9) 
—P,,"(t 7) 
/—P,,"(t 7) 


0 1 L a 1 
0.012 0.014 0.016 0.018 0.02 0.022 0.024 0.026 


FiGuRE 5. Membership Function Graph (at t=20). 


P,(t, r, Bs 7) 


Pi(t, 8), P(t, y) are decreasing functions and 


P3(t, 8), PY(t, y) are increasing functions. Hence, the solution is strong solution. 
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9. Conclusion 


e NS is a hot research topic and can be applied for solving the mathematical model of 


uncertainty, vagueness, ambiguity, etc. 


e The mining safety model described in this paper with two parameters which satisfies the 


condition of NDE has got strong solutions. 


e The solutions of the three differential equations of the mining safety model have been de- 
scribed via TSVNNs. 


e The paper has also proposed numerical experiment and graphical representation of truth, 


indeterminacy and falsity membership function. 


This will promote the future study of trapezoidal single valued neutrosophic numbers. 
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Abstract. In this study we introduce the concept of rough bipolar interval neutrosophic sets which is a combi- 
nation of rough sets and bipolar interval neutrosophi sets. Also we define union, complement, intersection and 


some interesting properties of this set. 


Keywords: Rough sets, Bipolar neutrosophic sets, interval neutrosophic sets , rough bipolar neutrosophic sets. 


1. Introduction 


The notion of fuzzy set theory studied by Zadeh (9| in 1965 to deal with uncertainty. This 
theory has been applied in many real life applications to handle uncertainty. After Zadeh 
introduced interval valued fuzzy sets. Attanasov extended the fuzzy sets to intutionistic 
fuzzy set. In 1998, Smarandache |7| studied the concept of neutrosohic set. Lee (6) introduced 
the concept of bipolar fuzzy sets, as an extension of fuzzy sets. In bipolar fuzzy sets the 
degree of membership is extended from [0,1]to [—1, 1]. In a bipolar fuzzy set, if the degree of 
membership of an element is zero, then we say the element is unrelated to the corresponding 
property, the membership degree (0,1] of an element specifies that the element somewhat 
satisfies the property, and the membership degree [-1,0) of an element implies that the element 
somewhat satisfies the implicit counter property. In 2014, Broumi et al. , [3] presented the 
concept of rough neutrosophic set to deal indeterminacy in more flexible way. The rough set 
theory familiarized by Pawlak is an excellent mathematical tool for the analysis of uncertain, 
inconsistency and vague description of objects. Deli et al. defined bipolar neutrosophic 


set and showed numerical example for multi-criteria decision making problem. Gong et al. 
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introduced interval valued rough fuzzy set. Subha et al. |8] applied interval valued rough fuzzy 


sets in many real life applications. 


2. Preliminaries 


For basic concepts related to this paper refer fi], [2], [3], (4), (I, (6, [7], (9| ; (10). 


3. Rough Bipolar Interval Neutrosophic sets 


Let H be the universe and R be an equivalence relation on H. Let I be a bipolar interval 
neutrosophic set in H. Then the lower and upper approximation of J in (H, R) is defined by 
T) = {(2, L(aj), L(b)), L(ch), L(a?), L(bp), L(cf)) , x € HY 
U(I) = {(x,U (ah), U (of), U(e), U (ai), U (bp), U(ef)) © © H} 


where 
L(a’)(x) = ZL . a?(z), L(bp)(x) = ne bP(z), L(cp)(x) = ei oP(z) 
Lapa) = A aX(2), LON@)= VG), Lee)= Ver 
U(a5)(2) = a. ; a?(z), U(b;)(«) = es bP(z), U(ep)(x) = AN, P(z) 
U(aj)z) = V ar(z), VORN(e) = Ave U(ch)(«) = Awe for all 2 € H. 


TIR 
Then R(J) = (L(L),U(J)) is called a rough bipolar interval neutrosophic set in (H, R). Here 


L(I) and U(1I) are also bipolar interval neutrosophic sets. 


Example 3.1. Let H = {i,j,k,1,m} be the universe. Let I be the bipolar interval neutro- 
sophic set defined by, 
= ([0.60, 0.70], (0.40, 0.50], (0.10, 0.20], [-0.90, —0.80], [-0.70, —0.60], [-0.30, —0.20}) 
j = ({0.40, 0.50], [0.10, 0.20], (0.01, 0.20], [-0.70, —0.50], [-0.40, —0.30], [—0.80, —0.70]) 
k = ({0.50, 0.40], [0.10, 0.30], [0.60, 0.70], [—0.60, —0.50], [-0.30, —0.20], [—0.70, —0.60]) 
| = (0.65, 0.75], (0.58, 0.68], (0.51, 0.61], (0.85, —0.75], [-0.81, —0.71], [-0.68, —0.58]) 
m = ((0.81, 0.91], [0.62, 0.72], (0.34, 0.44], [-0.85, 0.75], [-0.65, —0.55], (0.30, —0.20]) 
Then the equivalence classes of H are defined by {{7, j,m},{k,/}}. The lower approximation 
of I is 
L(at)(x) = {(i, [-40, .50]), (7, [-40, .50]), (&, [.50, -40]), (2, [.50, .40]), (m, [.40, .50])} 


L(br)(x) = {(4, [.62, .72]), (4, [.62, .72]), (k, [.58, .68]), (2, [.58, .48]), (m, [.62, .72])} 
L(ch)(x) = {(é, [.34, .44]), (3, [.34, .44]), (&, [-60, .70]), (2, [.60, .70]), (m, [.34, .44])} 
L(az)(x) = 

{(é, [—.90, —.80]), (7, [--90, —.80]), (&, [—.85, —.75]), (2, [-.85, —.75]), (m, [—.90, —.80])} 
Lb) (2) = 

{ (4, [-.40, —.30]), (7, [-.40, —.30]), (&, [-.30, —.20]), (2, [-.30, —.20]), (m, [—.40, —.30])} 
L(cf)(«) = 
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{ (i, [-.30, —.20]), (7, [-.30, —.20]), (&, [-.68, —.58]), (1, [-.68, —.58]), (m, [—.30, —.20])} 


U (az) (x) = {(4, [.81, 91), (7, [-81, 91]), (K, [-65, .75]), (U, [-65, .75]), (m, [.81, .91])} 
U(be)(x) = {(i, [.10, .20]), (7, [-10, .20]), (#, [.10, .30]), (1, [.10, .30]), (m, [.10, .20])} 
U(cb) (x) = {(4, [-01, .20]), (7, [-01, .20]), (A, [.51, -61]), (2, [-51, .61]), (m, [.01, .20])} 
U(ar)(z) = 

{(é, [—.70, —.50]), (7, [—.70, —.50]), (k, [—.60, —.50]), (J, [—.60, —.50]), (m, [—.70, —.50])} 
U(b7) (x) = 

{ (é, [-.70, —.60]), (7, [—.70, —.60]), (k, [—.81, —.71]), (1, [-.81, —.71]), (m, [—.70, —.60])} 
U(ch)(z) = 

{ (4, [-.80, —.70]), (7, [-.80, —.70]), (k, [—.70, —.60]), (1, [—.70, —.60]), (m, [—.80, —.70])} 


Example 3.2. Let H = {p,q,r,s,t} be the universe. Let j be the bipolar interval neutro- 
sophic set defined by, 


p = ({0.50, 0.60], [0.20, 0.30}, (0.10, 0.20], [—0.80, —0.70], [—0.70, —0.50], [—0.30, —0.20]) 
q = ((0.30, 0.50}, (0.10, 0.20], [0.03, 0.40], [—0.70, —0.60], [—0.50, —0.40], [—0.90, —0.80]) 
r = ((0.40, 0.30], (0.01, 0.30], [0.50, 0.40], [—0.70, —0.50], [—0.80, —0.60], [—0.70, —0.50]) 
s = ([0.71, 0.81], [0.52, 0.62], (0.44, 0.54], [—0.75, —0.65], [—0.45, —0.35], [—0.14, —0.01]) 


t = ({0.50, 0.60], [0.40, 0.50], [0.60, 0.80], [-0.85, —0.75], [—0.71, —0.61], [-0.58, —0.40]) 
Then the equivalence classes of H are defined by {{p,q,t},{r,s}}. The lower approximation 
of I is 


{(p, [-.85, —.75]), (q, [—.84, —.75]), (r, [-.75, —.65]), (s, [-.75, —.65]), (¢, [-.85, —.75])} 


{(p, [-.50, —.40]), (q, [-.50, —.40]), (r, [—.45, —.35]), (s, [-.45, —.35]), (m, [—.50, —.40])} 


{(p, [—.30, —20]),(q; [=.30, —.20]), (5 [=.14, —.01]), (@, 14, —.01]), (@, [=:30, —.20])} 


U (at) (x) = {(p, [.50, .60]), (¢, [-50, .60]), (r, [.71, .81]), (s, [.71, 81]), (¢, [-50, .60})} 
U (be) (x) = {(p, [.10, .20]), (a, [-10, .20]), (r, [-01, .30]), (s, [.01, .30]), (¢, [:10, .20])} 
U(ch)(x) = {(p, [.03, .20]), (g, [-03, .20]), (r, [-44, .40]), (s, [-44, .40]), (¢, [03, .20])} 
U(az)(x) = 


I 
{(p, [—.70, —.60]), (¢, [—.70, —.60]), (r, [—.70, —.50]), (s, [—.70, —.50]), (¢, [—.70, —.60])} 
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U(b7) (x) = 
{(p, [-.71, --61]), (q, [-.71, --61]), (r, [-.80, -.60]), (s, [-.80, -.60]), (¢, [-.71, -.61])} 


{(p, [—.90, —.80]), (¢, [—-90, —.80]), (r, [—.70, —.50]), (s, [—.70, —.50]), (¢, [—.90, —.80])} 


Definition 3.3. Let R(J) and R(J) be two rough bipolar interval neutrosophic sets. 
Then for all! € H R(I) C R(J) & L(a)() < Ula) (D), LAY) < UB) , LIAO = 
U(b5)(1) and L(az)(l) = Ua) (I), L(bF)(1) = U(bF)(Y), L(eF)() < U(bz)(V). 


Definition 3.4. Union of two rough bipolar interval neutrosophic sets R(/) and R(J), is 
defined as 


L(D)U L(J)(1) = maz (L(a®) (1), E(a8) (1) , SeDOFHODO min (L(B)()), (2 )(0) 
min (L(a")(1), L(a®) (1), PDOHLODO maa (L(c#)(1), L(c#)(1)) 

U(D) UU(J)(l) = maz (U(a2)(1), U(a8)() , EDOM CDO min (U(2)(), U(Z)() ; 
min (U(a?)(1),U(a4)(L)) , POCONO max (U(cF)(l), U(e)(D) 


for every 1 € H. 


Example 3.5. Consider two rough bipolar interval neutrosophic sets as in Example [3.1] and 
[3.2] then 


i, [.40..50], [.51, 61], [.34, .44], [-.90, —.80], [—.45, —.35], [-.30, —.20] 

j, {40.50}, [.51, .61], [.34, .44], [(—.90, —.80], [—.45, —.35], [—.30, —.20] 

LI) UL(J) = ¢ k, [.50, .40], [.55, .65], [.50, .54], [—.85, —.75], [—.38, —.28], [—.14, —.01] 
1, [.50, .40], [.55, .65], [.50, .54], [—.85, —.75], [-.38, —.28], [—.14, —.01] 

m, [.40..50], [-51, 61], [.34, .44], [—.90, —.80], [—.45, —.35], [—.30, —.20] 


also 


i, [.81, 91], [.10, .20], [.01, .20], [—.70, —.60], [—.71, —.61], [—.90, —.80] 

j, [.81, .91], [.10, .20], [.01, .20], [—.70, —.60], [—.71, —.61], [—.90, —.80] 

U(I) UU(J) = ¢ &, [.71, 81], [.16, .30], [.51, .61], [—.60, —.50], [(—.81, —.66], [—.70, —.50] 
1, [-71, 81], [.16, .30], [.51, .61], [—.60, —.50], [-.81, —.66], [—.70, —.50] 

m, [.81, 91], [.10, .20], [.01, .20], [-.70, —.60], [—.71, —.61], [—.90, —.80] 


Definition 3.6. Intersection of two rough bipolar interval neutrosophic sets J and J, is defined 
as 


L(D) M L(J)(1) = min (La) (1), L(a2)(Q) , ROTO max (L()()), (2) (0) 
max (L(a’?)(1), L(a%)(1)) , LCDOTLODO min (L(c?)(1), L(c%)( 
U(L) NU(J)(l) = min (U(a?) (1), U(a4)()) , LPO CDO max (U(E)(),U(G)) 
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max (U(a?)(1), U (a) (J) , SCPOLEODO min (U(e2) (I), U3) (0) 


for every 1 € H. 


Example 3.7. Consider two rough bipolar interval neutrosophic sets as in Example [3.1] and 


then 


i, [.30..50], [-51, .61], [.60, .80], [—.85, —.75], [—.45, —.35], [-.30, —.20] 

j, [.30..50], [.51, .61], [.60, .80], [-.85, —.75], [-.45, —.35], [—.30, —.20] 

L(1) MN L(J) = ¢ k, [.40, 30], [.55, .65], [.60, .70], [—.75, —.65], [—.38, —.28], [—.68, —.58] 
1, [.40, .30], [55, .65], [.60, .70], [—.75, —.65], [-.38, —.28], [-.68, —.58] 

m, [.30..50}, [.51, 61], [.60, .80], [—.85, —.75], [—.45, —.35], [—.30, —.20] 


also 


i, [.50, .60], [.10, .20], [.03, .20], [—.70, —.50], [—.71, —.61], [—.90, —.80] 

j, [.50, .60}, [.10, .20], [.03, .20], [—.70, —.50], [—.71, —.61], [—.90, —.80] 

U(I) NU(J) = ¢ k, [.65, .75], [-14, .30], [.51, .61], [—.60, —.50], [—.81, —.66], [—.70, —.60] 
1, [.65, .75], [.14, .30], [.51, .61], [—.60, —.50], [—.81, —.66], [(—.70, —.60] 

m, [.50, .60], [.10, .20], [.03, .20], [—.70, —.50], [—.71, —.61], [—.90, —.80] 


Definition 3.8. The complement of a rough bipolar interval neutrosophic set R(I) is defined 


as R(I)* = (L(I)°, U(L)°) where L(1)°and U(1)* are the lower and upper approximations of 
R(I)°. 


L(az)°(1) = 1 = Lah) (1), L(G)" = 1 — (bp) and L(e7)°(d) = 1 — Le) (0) 


I 
Laz“) = L(aj)(1), L(bp)°(l) = —1 — L(b)) (0) and L(cF)°() = -1 — Le) (0). 
Also, U(a‘,)° ' = 1-U(ai) (1), Ub) = 1 - U(HP)(Y) and U(e7)"(1) = 1 — UE) (V) 
U(az)°(l) = -1 — U(az) (1), U(bF)°(1) = —1 — U (bf) () and U(c?)*(1) = —1 — U(c7) (I). 


for alll ¢ H 


Definition 3.9. If R(Z) and R(J) are two rough bipolar interval neutrosophic sets in H, then 


(1) RU) = RY) @ LU) = LY),U) = UV) 
(2) RU) C RU) @ LU) ¢ LV),UU) ¢ UY) 
(3) RII) U R(J) @ (L(D)U L(J), U(D) UU (J) 
(4) RI) N RJ) @ (LID) NL(J), UD) NU (J) 
(5) R(I) + R(J) @ (L(1) + L(J), U(D) + UJ) 
(6) R(I) o R(J) & (L(1) 0 L(J), U(D) 0 U(J)) 


Proposition 3.10. Let I and J are rough bipolar interval neutrosophic sets in (H, R) then 
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(eet 

(2) LU) CU) 

(3) (LW) U LU) = LOS Li) 
(4) (LW) ON L())° = LOU Ly) 
(5) (UD) UU) )f = UD) Us) 
(6) UU) NUYS = UDP UUs) 


Proposition 3.11. Jf R(I) and R(J) are rough bipolar interval neutrosophic sets then 
(1) (RU) U RV))® = (RO))P 9 (RV) 
(2) (RU) N RV))S = (ROD) U (RU) 


Proposition 3.12. If I and J are bipolar interval neutrosophic sets such that I C J implies 
R(I) € RV) 


(1) R(LUJ) 
(2) R(IN J) 


> RI)U R(J) 
> RI) RJ) 
Proof: Let 1¢ H then 

Leafy) = A atys(2) 


z€(r 


= A max{aj,a™} 
z€[l|R 


= ms A a, A os} 
z€(l|R z€(I|r 
= max {L (ar), L(a5)} 
= L(aj) VU L(a5) 
for all! ¢ H. 
Similarly we can prove L(b7,,,)(1) < L(b}) U L(b7) 
L(chys)() < L(eh) U (3) 
Lary )(l )< Lar) U L(a‘) 
L (BR (2) = LOR) UL) 
L(G )() > Le) ULC) 
Hence, L([U J) D L(I)UL(J) 


4. Conclusions 


In this paper we introduce the notion of rough bipolar interval neutrosophic 
set. We also study some properties of this set and prove some propositions. The 
rough bipolar interval neutrosophic set is a combination of rough bipolar set and 
interval neutrosophic set. The proposed concept can be used in many aplications 


such as decision making problem, recognition pattern etc. 
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Abstract. Mapping is a fundamental mathematical concept that is used in many elementary areas of science 
and mathematics and has numerous applications. The core purpose of this study is to provide a theoretical and 
analytical approach for carving out a basic structure of composite mappings on the classes of Fuzzy Hypersoft 
(FHS) sets. It is a comprehensive study of existing concepts regarding mappings on fuzzy soft, soft and hesitant 
fuzzy soft classes through characterizing of composite mappings on FHS classes. Moreover, certain generalized 
properties of mappings on FHS classes like FHS images and FHS inverse images, are established. Some related 


results are verified with the help of illustrative examples. 


Keywords: Fuzzy soft, Soft classes, Hesitant fuzzy soft classes, Composite mappings, Fuzzy hypersoft set. 


1. Introduction 


In 1965, Zadeh introduced the theory of fuzzy sets [24]. It has been utilized in different de- 
cision making problem [20]- [21)- [22]. There are some theories, theory of likelihood, theory 
of intuitionistic fuzzy sets 2], [5], theory of vague sets [10], the theory of interval mathemat- 
ics I, (11), and theory of rough sets which can be considered as scientific apparatuses 
for dealing with uncertainties and ambiguous. Despite that, every one of these speculations 
has their innate challenges as brought up in [12]. The main reason behind these troubles is 


potentially the inadequacy of the parametrization device of the hypothesis. 


Therefore, Molodtsov started the idea of a soft set (SS) as a numerical device for deal- 
ing with uncertainties which are liberated from the above challenges (We know about the SS 
characterized by Pawlak (14, which is an alternate idea and helpful to understand some other 
kind of issues). 
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Karaaslan introduced soft class and its pertinent activities. Athar et al. [3]. intro- 
duced the concept of mappings on fuzzy soft classes and mappings on soft classes in 2009 and 
2011 individually. They considered the properties of the soft image and soft inverse image. 
They also characterized the properties of fuzzy SS, fuzzy S-image, fuzzy S-inverse image of 
fuzzy S-sets and supported them with examples. Manash et al. |7| gave the idea of composite 
mappings on hesitant fuzzy soft classes in 2016 and discussed some interesting properties of 


this idea. 


In a diversity of real-life applications, the attributes should be further sub-partitioned into 
attribute values for more clear understanding. Samarandache (9| fulfilled this need and de- 
veloped the concept of the HSS as a generalization of the SS. He opened numerous fields in 
this way of thinking and generalized SS to the hyper-soft set by changing the planning F into 
a multi-contention function. At that point, he made the differentiation between the sorts of 
initial universes, crisp, fuzzy, intuitionistic fuzzy, neutrosophic, and plithogenic respectively. 
Thus, he also showed that a HS set can be crisp, fuzzy, intuitionistic fuzzy, neutrosophic and 
plithogenic respectively. Saeed et al. explained some basic concepts like HS subset, 
HS complement, not HS set, absolute set, union, intersection, AND, OR, restricted union, 
extended intersection, relevant complement, restricted difference, restricted symmetric differ- 
ence, HS set relation, sub relation, complement relation, HS representation in matrices form, 
and different operations on matrices. Saeed et al. characterized mapping under a hypersoft 
set environment, then some of its essential properties like HS images, HS inverse images were 


also discussed. 


The core purpose of this study is to provide a theoretical and analytical approach for carving 
out a basic structure of composite mappings on the classes of FHS sets. It is an comprehensive 
study of existing concepts regarding mappings on fuzzy soft, soft classes and hesitant fuzzy 
soft classes through characterizing of composite mappings on FHS classes. Moreover, certain 
generalized properties of mappings on FHS classes like FHS images and FHS inverse images, 
are established. Some related results are proved with the help of illustrative examples. The 


ordering of the following portion is working out as follows. 


In Section 2, some pivotal regarding fuzzy set, SS, fuzzy soft class, soft class, hypersoft set, and 
fuzzy hypersoft set (FHSS) are re-imagined. In Section 3, composite mappings on FHS classes, 
FHS image, FHS inverse image, and its relevant theorems with their essential properties are 


considered. In the last section, some concluding remarks are described. 
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1.1. Motivation 


In a diversity of real-life applications, the attributes should be further sub-partitioned into 
attribute values for more clear understanding. Samarandache (9| fulfilled this need and de- 
veloped the concept of the FHSS as a generalization of the fuzzy soft set. Now, It will be a 
question that how do we define composite mappings for FHSS classes? FHSS set is significan- 
t? To answers these questions and getting inspiration from the above writing, it is relevant 
to broaden the idea of mappings for those sets managing disjoint arrangements of attributed 
values, i.e FHSS. In this investigation, an extension is made in existing theories with respect to 
mappings on fuzzy soft, soft classes and hesitant fuzzy soft classes by characterizing composite 
mappings on FHS classes. The striking component of composite mappings on FHS classes is 
that it can mirror the interrelationship between the multi-input contentions. Moreover, certain 
generalized properties of mappings on FHS classes like FHS images and FHS inverse images, 


are established. Some related results are proved with the help of illustrative examples. 


2. Preliminaries 


Throughout the following, let LD = Fi x Phx Fy x..x Fy, M= FLX BLK FRx. x Fi, 
N=) xi xP xX hE, OO Hm FP ES eX x = (0; 0504, oy) and 


B = (81, Bo, B3,---, Bn). 

Definition 2.1. The fuzzy set X = {(x,&x(x))|x € X} such that 
Ex : X > [0,1] 

where €x(x) describes the membership percentage of x € X. 


Definition 2.2. A pair (F, A) is said to be soft set over X, where F' is a mapping given 


as 
Pr AS P(X) 


On the other way, a SS is the parameterized family of subsets of the universe X. In other 
words, a soft set over X is a parameterized family of subsets of the universe. For « € A. F(e) 


may be considered as the set of € approximate elements of the soft set (F, A). 


Definition 2.3. (6| Let X be an initial universe, indexed class of fuzzy sets {f; : fj : X 
(0, 1]), 7 =1,2,...,} is called a fuzzy class. 


Definition 2.4. Let X be a universe and E a set of attributes. Then the pair (X, E) 
denotes the collection of all fuzzy soft sets on X with attributes from E and is called a fuzzy 
soft class. 
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Definition 2.5. (9| Let @1,@2,@3,--: ,@n be the distinct attributes whose corresponding 
attribute values belongs to the sets F), Fo, F3,--- , Fn respectively, where F; 1 F; = © for 
i#¥j. A pair (YT, L) is called a hypersoft set over the universal set X, where Y is the mapping 
given by YT: L —> P(X). 


For more definition see 19]. 


Definition 2.6. Suppose X and F(X) be the universal set and all fuzzy subsets of X 
respectively. Let a1,a2,a3,--: ,@, be the distinct attributes whose corresponding attribute 
values belongs to the sets F), Fo, F3, ...,/, respectively, where Fj Fj} = ® for i # j and 7, 7 
€ {1,2,3,...,n}. Then the FHSS is the pair (“,, L) over X defined by a map Hy; : L > F(X). 


3. Main results 


Definition 3.1. Suppose X and F(X) be the universal set and all fuzzy subsets of X 
respectively, let a ,a2,a3,-:: ,@n be the distinct attributes whose corresponding attribute 
values belongs to the sets F\, Fo, F3,---,F, respectively, where Fi F; = © for i # J, 
let F = {Gg : i = 1,2,...,n} be a collection of decision makers. Indexed class of FHSS 
{Uo : Uo, : L > F(X),6 € F}, is said to be fuzzy hypersoft class and it can be symbolized in 
such a form J-. If for any ¢ € F, Uo, = ®, the FHSS Uv, ¢ Up. 


Example 3.2. Let X = {a = Holstein, b = Angus, c = Charolais } be the set of cow categories. 
Peter decide to purchase a cow for milk to get vitamin B12 and iodine of doctor instruction. 
They visit Bos tarus (a Europeon Cattle) to buy such cow which fulfills his requirements. Let 
a, = vision and hearing, ag = Cost, a3 = Colour, distinct attributes whose attribute values 
belong to the sets F), Fb, F3. Let Fy = {f; = Excellent peripheral vision, fz = Low peripheral 
vision }, Fy = {fs =High, fy = Low}, F3 = {fs = White } and let F = {¢1,61,1} be a set of 


decision makers. If we consider FHS sets given as 


re ((fi, far fs), (0-5/2, 0.7/0}), (fi far f5), {0-1/c}), 
"(fas fa, fs), (0-4/0, 0.2/c}), ((fas far f5), {0-02/0}) 


_ (fis fa» fs (fis fas fs), {0-08/a}), | 
” ((fa, fs, fs (fo, fa, fs), {0-52/b}) 
7 (( 


(fi, fs, fs){0.008/c, 0.25/a}), ((f1, fa, fs), {0.12/d}), 
$3 ( 


£0.05/b, 0.006/c}) 
{0.55/a, 0.75/c}) 


? F 
- 


0 


a (ft, fs, fs), (0-87/a}), ((fi, fa, f5), {0.23/a}), 
"| (Cha, fs, fs), {0.09/c, 0.54/a}), ((f2, f4, fs), {0.53/a}) 
_f } 


: fi, fa fs), {0.05/c}), (ft, fas fs), {0.34/b}), 
$2 (( 


fa, fs, f5), {0.32/6, 0.27/c}), (fa, fa, fs), {0.08/c}) 
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ne (fi, f3, fs), {0-27/0}), (Fi, fas fs), {0-52/0}), 
“| (Cha, fs, fs), {0-37/a, 0.38/c}), ((fa, fa, fs), {0-001/a}) 


Then FHS classes can be written as {0¢,, Vo, Veg}; {9o13 Geos 9c3 }+ 


FIGURE 1. Representation of Fuzzy Hypersoft Mapping 


Definition 3.3. Let (X,Z) and (Y,/) be classes of FHS sets over X and Y with attributes 
from EL and M respectively. Let w : X — Y and v: L — M be mappings. Then a 
FHS mappings x = (w,v) : (X,L) — (Y,M) is defined as follows, for a FHSS Py, in 
(X,L), x(Pa) is a FHSS in (Y,M) obtained as follows, for 8 € v(L) C M and y € Y, 
x(Pa)(8)(Y) = Uaev-1(8)NA, sew-1(y)(@) Usx(Pa) is called a fuzzy hypersoft image of a FHSS 
P,. Hence (P4,x(Pa)) € x, where P4 C (X,L), x(Pa) C (Y,M). For more detail see fig {1} 
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Definition 3.4. If y : (X,L) > (Y,M) be a FHS mapping, then FHS class (X, L) is called 
the domain of x and the FHS class Gg € (Y,M) : Gg = x(Ha), for some Hy € (X,L) is 


called the range of y. The FHS class (Y, /) is called co-domain of x. 


Definition 3.5. Let y = (w,v) : (X,L) — (Y,M) be a FHS mapping and Gg a FHSS in 
(Y,M), where w: X > Y, vu: L + M and B C M. Then y~1(Gzg) is a FHSS in (X, L) 
defined as follows, for a € v-!(B) C L and x € X, x~'(Gg)(a)(x) = (v(a)) Mya2yx (GB) is 
called a FHS inverse image of Gg. For more detail see fig [2| 


FIGURE 2. Representation of Fuzzy Hypersoft Inverse Mapping 


Example 3.6. Let X = {a = Holstein, b = Angus, c = Charolais } and Y = {x = Murrah, 
y = Siamese, z = Surti } be the two universal sets of Cows and Buffalo categories respectively. 
Peter plans his dairy farm business and wants to understand the difference between a strategy 
and a tactic. For this purpose, he creates the relationship between these two types of cattle 
categories which is helpful regrading his dairy farm business. Let a, = vision and hearing 
, a2 = Cost, ag = Colour, and 6; = appearance, b2 = colour, b3 = price be the two types 
of distinct attributes whose corresponding attribute values belong to the sets Fy, Fo, F3 and 
Fi, F5, F3 respectively. Let F, = {f; = Excellent peripheral vision, f2 = Low peripheral vision 
\, Fo = {fs =High }, Fy = {f4 = White, fs; = brown }. Similarly, Fj = {f| = Good, 
fi = massive }, F, = {f§ = black }, F} = {f, = low price } and (X,L), (Y,M) be two 
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classes of FHS sets, where L = Fi x Fp x F3 and M = Fi x Fy x Fy. Letw: X OY, 
uv: F, x Fy x F3 > Fi x Fi x Fi be mappings as follows 
w(a) = y,w(b) = x, w(c) = y and 
u(fi, fs, fa) = (fa, f3, fa)s u(fi, fs, fs) = (fi, 3) fa), 
u(fa, fs, fa) = —_— (fo, £3, f4)) (io Jdai35) = CF taeda 
Consider a FHSS P, in (X,L) as 
(A, f, fs) = fe a, {0.5,0.3} >, 
< b, {0.9,0.3,0.5} >.<, {0.3} > f’ 
(fis fs, fs) = {< a, {0.3, 0.9} >, 
<b, {0.5,0.1} >,< ¢,{0.1} >} 
Then the FHS image of Pa under x = (w,v) : (X, L) > (Y, M) is obtained as 
x(Pa) (fv, fa, far) (@) = Uoeu- (fy, farsf4r)NA, sew} (a) (a)is = Uae(fi,fs,fs)NA,seb(@) Hs 
= (fi, fs, fs) He = {0.5, 0.1}, 


Py = 


x(Pa) (fir, far, far)(y) = {0.3, 0.9}, 
x(Pa) (fu, fas far) (2) = {0} 

x(Pa) (fo, fa", far) (x) = {0.9, 0.3, 0.5} 
x (Pa) (far, fa, far) (y) = {0.3, 0.5} 
x(Pa) (for, far, far) (2) = {OF 


(Fixf af 4) ={< 2,40.5,0.1} >, 
< y, {0.3,0.9} >, < z, {0} > : 
(Pasf's) fa) =1< 240.9, 0.3,0.5} >, 
<9; 10.3,0.5) >; < Z,{0} >} 
Again consider a FHSS Py in (Y,M) as 
(fs, F's: f"4) = {< @, {0.3, 0.4} >, 
< y,{0.4,0.5,0.1} >, < z,{0.9,0.3} > |” 


x(Pa) = 


a Fa F fap =1< 2 A04,05} Ss, 
< y, {0.9,0.3} >, < z, {0.5,0.4} >} 
Therefore, 
x (P's)(fi, f fa)(@) = o((fi, £3, f4)) (a) 
= (f'o, f'35 fa) Muay = (f’as f’3) f/4) My = {0.9, 0.3} 
x" (P's) (fi, fs; fa)(0) = {0.4, 0.5} 
x'(P'a)(f1, f3, fa) (c) = {0.9, 0.3} 
x1 (P's) (f1, f3, f5)(a) = {0.4, 0.5, 0.1} 
x’ (P's)(fi, fs, f5)(b) = {0.3, 0.4} 
YUP a) Gin fav) = 104,.0:5,0.1} 
x" (P'a)(fa, fa, fa)(a) = {0.9, 0.3} 
x" (P' a) fe, fa, fa) (b) = 10.4, 0.5} 
x '(P'a)(fe, fs, fa) (©) = {0.9, 0.3} 
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x1 (P's) (fa, f3, fs) (a) = {0.4, 0.5, 0.1} 
x1 (P's) (fa, f3, f5)(b) = {0.3, 0.4} 
x '(P'a)(fe, f3, fs)(c) = {0.4, 0.5, 0.1} 


Similarly, 
{(fi, fa, fa) = {< a, {0.9, 0.3} >, 
< b, {0.4, 0.5} >, < c, {0.9,0.3} >} \ 
{(fi, f3, 5) = {< a, {0.4,0.5,0.1} >, 
ie = < b,{0.3,0.4} >, < c, {0.4,0.5, 0.1} >} 
{fo Fs, fa =1< 0,109,083) S, 
< b, {0.4,0.5} >, < c, {0.9, 0.3} >} i 
{ (fo, fa, fs) = {< a, {0.4, 0.5, 0.1} >, 
< b, {0.3,0.4} >, < c, {0.4, 0.5, 0.1} >} 
In case of y : (X,L) > (Y,M), Peter should purchase those buffalo having attribute values 


(fi = Excellent peripheral vision, f3 = High,f, = White) or can purchase those cow having 
this attributes values (f’; = Good, f’3 = black, f’, = low price ) because both of the categories 


are interrelated and fulfills the requirements individually. For more clarity see [3] 


FIGURE 3. Representation of Fuzzy Hypersoft Mapping 


Similarly, for inverse FHSS see fig [4] 
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FIGURE 4. Representation of Fuzzy Hypersoft Inverse Mapping 


Definition 3.7. Let x = (w,v) be a FHS mapping of a FHS class (X,Z) into a FHS class 
(Y,M). Then 


(1) x is said to be a one-one (or injection) FHS mapping if for both w : X — Y and 
vu: L— M are one-one. 
(2) yx is said to be a onto (or surjection) FHS mapping if for both w : X — Y and 


u:L— WM are onto. 


If x is both one-one and onto then y is called a one-one onto (or bijective) correspondence of 


FHS mapping. 


Theorem 3.8. Let x = (w,v) : (X,L) > (X, M) and ¢ = (m,n) : (X,L) — (X,M) are two 
FHS mappings. Then x and ¢ are equal if and only ifw =m andv =n. 


Proof. Obvious. 


Theorem 3.9. Two FHS mappings y and ¢ of a FHS class (X,L) into a FHS class (Y,M) 


are equal if and only if x(P4) = (Pa), for all P4 € (X,L). 


Proof. Let x = (w,v) : (X,L) > (X,M) and ¢ = (m,n) : (X,L) > (X, M) are two FHS 
mappings. Since w and v are equal, this implies w = m and v = n, let 6 € v(L) C M 
and y € Y, x(Pa)(8)(y) = Ueev-1(B)NA, sew-1(y) (@) Ms = Unen-1(B)nA, s€m-1(y) (@) fs- Hence 
x(Pa) = $(Pa). 

Conversely, 

let x(P4) = (Pa), for all Pa € (X,L), let (P,Q) € x, where P € (X,L) and Q € (Y, M). 
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Therefore Q = y(P) = ¢(P), this gives (P,Q) € ¢. Therefore y C ¢. Similarly, it can be 
proved that ¢@ C y. Hence ¢ = x. 


Definition 3.10. If x = (w,v) : (X,L) — (Y,M) and ¢ = (m,n): (Y,M) > (Z,N) are 
two FHS mappings, then their composite gox is a FHS mapping of (X, LZ) into (Z, N) such 
that for every P4 € (X,L), (dov)(Pa) = o(x(Pa)). We defined as for 6 € n(M) C N and 
y € Z, $(x(Pa))(B)(y) = Voen-1()nx(A), sem-Hy)(@)H4s- For more detail see fig [5] 


pox 


FIGURE 5. Representation of Composite Fuzzy Hypersoft Mapping 


Example 3.11. From [3.6 consider the FHS mapping ¢ = (m,n) : (Y,M) > (Z,N) in such 
a way m(x) = hg,m(y) = h3,m(z) = ha, 


and 
n( fis f3> Sa) (fi, fo, 3), 
nfo, fa, fa) = (ft fa, £4) 
where Z = {hi,ho,h3}, N= Fy x FY x Fy = {(10, £8, 3), A, £2, FD}. Therefore 


O(x(Pa) ATs £25 £3) (Pa) = Voren1 Ff, fA, 8€m—1 (hy) (1) Hs 


= Voe pt pf .fnx(A), se@(@) is = (ft, £3, fa) He = {0}, 


(x(Pa))( ‘e DD 3) (h2) = {0.3, 0.4, 0.9}, 
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(x(Pa))( DD 2 3 )(h3) = {0.4, 0.5, 0.1}, 
So, 


P(x(Pa)) (FT, fas fa (ha) = {0} 
O(X(P. oe 1+ fa f4)(ha) = {0.4, 0.5}, 
O(x(P. 3, f4)(h3) = {0.9, 0.3} 
ae ae \= {< hy, {0} i 
< hg, {0.3, 0.4, 0.9} >, < hg, {0.4, 0.5, 0.1} > 
(Ff #4) = {< hi, {0} >, 
< he, {0.4, 0.5} >, < hg, {0.9,0.3} > 


( 
) 


(gox)(Pa) = a 


Theorem 3.12. Let y = (w,v) : > (Y,M) and d= (m,n) : (Y,M) > (Z,N) are two 
FHS mappings. Then 

(1) of x and ¢ are one-one then so is doy. 

(2) if d and x are onto then so is xod. 

(3) of x and ¢ are both bijections then so is pox. 


Example 3.13. Fom [3.6] [3.11] let w(a) = z,w(b) = 2, w(c) = y, 
u(fi, fs, fa) = (Fo, F530); 
u(fi, fats) = (ft, £3, £4) 


and 
m(x) = h2,m(y) = h3,m(z) = hi 
fis fafa) = (fr fas f3), 
nfo, 3, fa) = (FIs fa, fa). 
Also we consider a FHSSP, in (X, L) as 
<0 410.5, Ua) Ss 
{(f1,f3, fa) =< <b, {0.9,0.3,0.5} >, 2, 
<c, {0.3} > 
< a, {0.3,0.9} >, 
{(f1, fa, fs) = < b, {0.5, 0.1} >, 
<e4il) s} 
Then the FHS image of P4 under x = (w,v) : (X, LZ) > (Y, M) is obtained as 


Py = 


x(Pa) (ft, £3, £4) (©) = Vaeu-3fi fh, FINA, sew} (a) () Hs 
= Une(fi,fs,fs)nA, seb(O) Ms = (fi, fs, fs) mo = {0.5, 0.1}, 


x(Pa) (fi; f3, fa)(2) _ {0.3, 09}; 
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x(Pa)(f5, fs, f4)(2) _ {0.9, 0.3, 0.5}, 
x(Pa) (fo; fs, fa)(y) = {0.5, 0.3}, 
x(Pa)(f2, £3, fa) (2) = {0.3} 

<4, 105,01) >; 


(f'15 f'3, f’4) = < y, {0.1} >, ’ 
< z, {0.3, 0.9} > 


Pa) = 
x(Pa) < x, {0.9,0.3,0.5} >, 
(f'o, £3, F's) = 4 <y, {0.3, 0.5} >, 
< 2,103) > 
Again, 


$(x(Pa)) (1; £2, £3 (ht) = Uoen1( 1), f2,f29A, sem-1 (hi) (O) Hs 


= Vne (ft fh fpn(A), sez( Hs = (1, £3, faz = {0.9, 0.3}, 


O(x(Pa) ATs £2 f3) (ha) = {0.5, 0.1}, 
O(x(Pa) ATs fa £3) (ha) = {0-1}, 
P(x(Pa) ATs fas fe) (ha) = {0.3}, 

P(X(Pa)) AT fo £4) (ha) = {0.9, 0.3, 0.5}, 


(x(Pa))( i. oi 1)(h3) = {0.3, 0.5}, 
(F's, fo, F"4) = {< hi, (0.9, 0.3} >, 


< ho, {0.5,0.1} >, < hg, {0.1} > 
($ox)(Pa) = o(x(Pa) = 4p SRDS OU > < has 
(f id oot 4) — {< hi, {0.3} >; 
< ho, {0.9,0.3,0.5} >, < hg, {0.3, 0.5} > 
Therefore, from above example we see that, if x and ¢ are one-one then so is gox. Similarly, 


for onto as well as bijections. 


Theorem 3.14. Let us consider three FHS mappings x : (X,L) > (Y,M) , @: (Y,M) > 


(Z,N) and yp: (Z,N) > (A,O) . Then yo(gdox) = (yod)ox. 


Proof. Let Pa € (X,L), now from definition we have, [yo(¢oy)|(Pa) = (yod)ox(Pa)] = 
glo(x(Pa))], also [(yod)ox](Pa) = (voe)(x(Pa)) = vlo(x(Pa))]. Hence yo(dox) = (poe)ox. 


Theorem 3.15. A FHS mapping y : (X,L) > (Y,M) is said to be many one FHS mapping 


if two (or more than two) FHS sets in (X,L) have the same FHS image in (Y,M). 
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Example 3.16. From example [3.6] consider the FHSS Q4 € (X, L), 
<a,{0.5,0.1} >, 
(fi, fa, fa) = ¢ <b, {0.9,0.3,0.5} >, 
<c, {0.3} > 
<a, {0.3,0.9} >, 
(fits te) =< <b105,01) 5, 
0,{0.1; > 
Then the FHS image of P4 under x = (w,v) : (X,L) > (Y, M) can be written as 
{<a10.5, 0:1), 


(fd ata =4 <yt0.3,0.9} >, , 
_ < z, {0} >} 
x(@a) < 2, {0.9, 0.3, 0.5} >, 
(fof ad 5) = 4 <9,40.2,05} >, 
<2,{0} > 


Therefore x(P4) = x(Qa). Hence y is many one FHS mapping. 


Definition 3.17. Let 1 = (w,v) : (X,L) — (X,L) be a FHS mapping, where w : X > X 
and vu: L + L. Then x is said to be a FHS identity mapping if both w and v are identity 


mappings. 


Remark 3.18. i = (w,v) : (X,L) — (X,L) be a FHS identity mapping, then i(P4) = Pa, 


where P4 € (X,L). 


Definition 3.19. Let y = (w,v) : (X,L) — (Y,™M) be a FHS mapping and let i = (w,v) : 
(X,L) — (X,L) and j = (r,t) : (Y,M) - (Y,M) are FHS identity mappings then yoi = x 
and joy = x. 


Example 3.20. Consider the following example, we consider P4 from example and con- 
sider the FHS mappings 7 = (w,v) : (X, L) — (X, LZ), wherew: X > X andv: L > L, such 
that w(a) = a,w(b) = b,w(c) =c, and 


(fi, fs, fa) = (fi, fs, fa), Uf fs, fs) = (ft, fs, £5) 
u(f2, 3, fa) = (fa, f3, fa), v( fa, f3, fs) = (fas fa, fa) 
iihieneiore: 
i(Pa)(fi, f3, fa)(@) = Uaeu-1( fr, fs, fa) A,sew-1(a) (1) Ms 
Une(fr.fa.f),se{a}(O)Ms = (f1, f3, fa) Ma = {0.5, 0.1} 
i(Pa)(f1, fs, fa) (0) = {0.9, 0.3, 0.5}, 


i(Pa)(fi, fs, fa)(e) = {0.3}, 
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So, 

i(Pa)(fi, fs, fs)(a@) = {0.3, 0.9}, 

i(Pa)(fi, fa, fs)(b) = {0.5, 0.1}, 

i(Pa)(fi, fa, fs)(e) = {0.1} 

we get, 

< @,{0.5,0.3} >, 

(ii Javi4) = < b, {0.9, 0.3, 0.5} >, j 

eo= <c, {0.3} > 


< a, {0.3,0.9} >, 
(ite ia < Sb 1050.1)S, 
<e,{0.1} > 
Hence i(Pa) = Pa => x(i(Pa)) = x(Pa) => (xot)(Pa) = x(Pa) => xoi = x. 
Similarly, we get x(Pa) € (X,L) and j(x(Pa)) = (x(Pa)) > (Jox)(Pa) = x(Pa). 
Hence joy = x. 


Definition 3.21. A one-one onto FHS mapping y = (w,v) : (X, LZ) > (Y,M) is called FHS 
invertable mapping. Its FHS inverse mapping is denoted by y~! = (w7t,u7!) : (Y,M) 3 
RD. 


— 


Remark 3.22. In a FHS invertable mapping y : (X,L) > (Y,™), for P4 € (X,L), Pp € 
(Y, M),x~'(Pp) = Pa, whenever x(Pa) = Pp. 


Example 3.23. We consider ,(L4) = Pg (see 3.13). Therefore, 
x Ps) vet f4)(@) = (u(fi, Bs 4) Husa) = (ft, fs, Sh) Mz = {0.3, 0.9} 
x '(Pa) (fi, fa, fa)(b) = {0.5, 0.1}, 


x7 '(Pa)(fi, fs, fa)(c) = {0.1}, 
So, 


x! (Ps)(fi, fs, fs)(a) = {0.3}, 
x '(Pa)(fi, fs, fs)(0) = {0.9, 0.3, 0.5}, 


x1 (Pp)(fi, £3, fs)(c) = {0.3, 0.5} 
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we get, 
< a, {0.9,0.3} >, 
(fatads)=* —b405.01) Ss, : 
Ps) = <¢2.401)> 
<0, {0.3} > 
(fi, fa, fs) = < <b, {0.9,0.3,0.5} >, 


< c, {0.3,0.5,} > 
Hence, x~1(Ps) = La. 


Theorem 3.24. Let x : (X,L) > (Y,M) be a FHS invertable mapping. Therefore its FHS 


inverse Mapping is unique. 


Proof. Let x~' and @~! are two FHS inverse mappings of y. Therefore, y~'(Ps) = Pa, 
whenever y(P4) = Pp, Pa € (X,L), Pp € (Y,M), and ¢-!(Pg) = Ha, whenever ¢(H,) = 


Pp, Ha € (X,L), Pp € (Y,M). Thus x(P4) = $(H,a). Since x is one-one, therefore P4 = Ha. 
Hence y-!(Pg) = @ '(Pa)iexy t=¢. 


3.1. Theorem 


Let x : (X,L) — (Y,M) and ¢: (Y,M) — (Z,N) are two one-one onto FHS mappings. 
If y-! : (Y,M) > (X,L) and ¢! : (Z,N) —> (Y,M) are FHS inverse mappings of y and 
@, respectively, then the inverse of the mapping doy : (X,L) > (Z, N) is the FHS mapping 
x top! : (Z,N) — (X,L). For more detail see fig [6| 


Proof. Obvious. 


Theorem 3.25. A FHS mapping y : (X,L) > (Y,M) is invertable if and only if there exists 


a FHS inverse mapping y~! : (Y,M) — (X,L) such that y~!ox = ean) and yox~! = Uoavay 


where Tay and iM is FHS identity mapping on (X,L) and (Y,M), respectively. 


Proof. Let x : (X,L) — (Y,M) be a FHS invertable mapping. Therfore, by definition we 
have y~!(Pg) = P4, whenever x(Pa) = Pp, Pa € (X,L), Pp € (Y,M). Since (y~tox)(Pa) = 
x~1(v(Pa)) = x7!(Pp) = Pa. Therefore, y~ toy = Teany Similarly, we prove that yox~! = 


eayan 


Theorem 3.26. If x : (X,L) > (Y,M) and ¢: (Y,M) > (Z,.N) are two one-one onto FHS 
mapping then (dox)~! = x~!od7!. 


Proof. Since x and ¢ are one-one onto FHS mapping, then there exists y~! : (Y,M) — (X, L) 
and @-! : (Z,N) — (Y,M) such that y~!(Ps) = Pa, whenever x(Pa) = Pp,Pa € 
(X,L), Pp € (Y,M), and ¢~!(Hc) = Pp, whenever ¢(Pg) = Hc, Hc € (Z,N), Pp € (Y,M). 
Therefore, (doy)(Pa) = $|x(Pa)] = (Psa) = Hc. As ox is one-one onto, therefore 
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FIGURE 6. Representation of Composite Fuzzy Hypersoft Inverse Mapping 


(do0x)~! exists such that (¢ox)(P4) = Hc = (¢ox)7'(Hc) = Pa. Also (¢~'o¢~!) (Hc) 
x~"[¢*(Ho)] = x-'(Pp) = Pa. Hence (box) (Hc) = (x~t0g*)(Ha) = (box) 
x tod. 


4. Conclusion 


A basic structure of composite mapping of FHS classes is established along with generalization 
of certain properties and results. It is very helpful for solving problems involving uncertainty 
and vagueness. In the future, we will expand our exploration in the domain of Neutrosophic 
Hypersoft Set, Plithogenic Crisp Hypersoft Set, Plithogenic Fuzzy Hypersoft Set, Plithogenic 
Intuitionistic Fuzzy Hypersoft Set, Plithogenic Neutrosophic Hypersoft Set, complex Intuition- 
istic Fuzzy Hypersoft Set, complex Neutrosophic Hypersoft Set, and their hybrid structures. 
We will apply them in medical imaging issues, pattern recognition, recommender frameworks, 


social, the monetary framework estimated thinking, image processing, and game theory. 
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Abstract: Developments of systems in healthcare and medical sector have greatly influenced the way 
we shape our life. Several successful techniques, algorithms and systems have been proposed to solve 
small version of the change state of each drug according to specific patient. Traditional algorithms 
and techniques are faced by many difficulties such as (Large Scale, Continuous change of both drug 
set and patient state, and lack of information). In this study, we propose a methodology for Drug 
Products Selection - DPS according to every patient individually based on a real data set of US drug 
bank. A Best Worst Method (BWM), Multi-Attributive Border Approximation Area Comparison 
(MABAC). And Preference Ranking Organization Method for Enrichment Evaluation (PROMETHEE 
II) are suggested as a systematic procedure for assessing drug products under the canopy of 
Neutrosophic theory. Bipolar Neutrosophic Linguistic Numbers (BNLNs) handles the ambiguity, 
and uncertainty by bipolar Neutrosophic scale, BWM calculates the significance weights of 
assessment criteria) MABAC as an accurate method assesses drug products, and PROMETHEE II 
presents effectiveness arrangements of the possible alternatives. A case of 7 real drug products of a 
real patient against 7 criteria are assessed by 3 doctors to measure the accuracy of the suggested 


methodology. 


Keywords: Drug Product Selection; Neutrosophic Sets; Bipolar; BWM; MABAC; PROMETHEE II 


1. Introduction 


According to data from Food & Drug Administration of US government — FDA [1], a patient may 
face some serious situations which led to a sensitivity of some drug product’s component, and 
gradients and of course no one needs to reach out that level of high sensitivity issues when comes to 
the front because of validation failure. The importance of the validation process before taking a drug 
product costs nothing compared to the treatment, the one needs when a sensitivity issue comes. The 
same happens about drug products and their interactions on a patient that has already been taking a 
set of some other drugs’ products. A Drug-Drug Interaction — DDI, and Food-Drug Interaction - FDI 
lead to serious issues the one may avoid because of validation process. According to a 2007 report on 
medication safety issued by the Institute for Safe Medication Practices, close to 40 percent of the U.S. 
population receive prescriptions for four or more medications. And the rate of adverse drug reactions 
increases dramatically after a patient is on four or more medications [2]. While using a real up-to- 
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date data set of drug bank [3] of US, it is important to analyze a real patient profiles with reviewing 
their historical records to validate and solve the mysterious and uncertainty of adding one more drug 
product to their daily routine. 


A health-care service provided for doctors, and patients together to prevent or minimize Medical 
Errors — MEs that harm patients [4]. Measuring how a drug product affect a patient is a critical process 
which requires a validation. Not only a general validation but it should focus on every patient's 
situation. Validation on both sides, drug product level and patient level with avoiding any data 
limitation. Not all drug products the one may take are descripted by a specialist or a doctor, there are 
many over-the-counter - OTC drug products which a patient can buy and add it manually to his daily 
drug products set as a valid medicine [5]. The importance of the validation process must be available 
to both doctors as specialists, and public. 


The importance of applying such methodology not limited to doctors and patients but also includes 
pharmacists. In US, state pharmacy Drug Product Selection — DPS laws allow pharmacists to more 
easily switch prescriptions from brand-to-generic drugs [6]. Since the objective of the healthcare 
improved applications is to make it simpler for patients to remain linked to their providers, and for 
their providers to transfer responsible, value-founded care to their populations [7]. Validation 
process is the basic concept to transform the healthcare daily actions from novelty to actuality [8]. 
Five different real cases are reviewed and validated their newly added drug products to their current 
drug product set with respect of 7 criteria (sex, age, preferred dosage form, sensitivity, DDI, FDI, and 
price). 


The Drug Product Selection — DPS is a problem of Multi-Criteria Decision Making (MCDM) with 
multiple criteria, alternatives, and decision makers as it can be described according to various 
criterions rather quantitative or qualitative. Multiple methodologies were illustrated and evaluated 
the Drug Product Selection — DPS [9,10]. In this study, a proposed methodology of Best Worst Method 
(BWM), Multi-Attributive Border Approximation Area Comparison (MABAC), and Preference 
Ranking Organization Method for Enrichment Evaluations (PROMETHEE II) are suggested as an 
effective integration in multi-criteria decision for assessing the Drug Product Selection — DPS. The 
Drug Product Selection - DPS challenges of ambiguity, inconsistent information, imprecision, and 
uncertainty are handled with linguistic variables parameterized by bipolar Neutrosophic scale. 
Hence, the hybrid methodology of Bipolar Neutrosophic Linguistic Numbers (BNLNs) of BWM 
[11,12] is suggested to calculate the significance weights of assessment criteria, and MABAC as an 
accurate method is presented to assess Drug Product Selection — DPS [13]. In addition to consider the 
qualitative criteria compensation in Drug Product Selection - DPS in MABAC in order to overcome 
drawbacks PROMETHEE I] of non-compensation to reinforce the serving effectiveness arrangements 
of the possible alternatives of drug products. An experiential case including 7 assessment criteria, 
assessed against 7 products of different drugs’ components to prove validity of the suggested 
methodology. 


The article is planned as follows: Section 2 presents the literature review. Section 3 presents the hybrid 
methodology of decision making for selecting appropriate drug product under specific conditions 
using Neutrosophic theory by the integration of the BWM, MABAC and PROMETHEE II. Section 4 
presents a case study to validate the proposed model and achieve to a final efficient rank. Section 5 
summarizes the aim of the proposed study and the future work. 


2. Materials and Methods 


2.1. Related Studies and Materials 

A review of literature will be displayed about the Drug Product Selection — DPS assessment of 
selecting the appropriate drug product. BWM and its extended BNLNs are applied to various areas, 
from manufacturing to drug product selection [14]. Although plenty of papers have been published 
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in these areas [15-17], there are few contributions applied to the evaluation of drug product selection 
— DPS against multiple criteria all together. The MABAC been extended under various fuzzy 
environments [18]. E.g. combined interval fuzzy rough sets with the MABAC method to rank the 
firefighting chopper [19]. Hence, to beat limitations of MABAC method the concept of PROMETHE 
II has been presented. Many of studies have been enhanced the PROMETHEE II method to solve 
decision making issues under ambiguous contexts [20]. In [21], presented the PROMETHEE II 
method under hesitant fuzzy linguistic circumstances to choose green logistic suppliers. Due to 
conditions of uncertainty and incomplete information, a novel PROMETHEE II method is proposed 
to solve decision making issues under probability multi-valued Neutrosophic situation [22]. Usually, 
it is hard for DMs to straight allocate the weight values of assessment criteria in advance. [16] 
presented a novel weights calculation method, the BWM approach. In [23], combined the BWM 
method with grey system to calculate the weights of criteria. In [24], the BWM method enhanced with 
applying hesitant fuzzy numbers to explain criteria relative significance grades. In real life situations 
decisions, alternatives, criterions are taken in conditions of ambiguity, vagueness, inconsistent 
information, qualitative information, imprecision, subjectivity and uncertainty. The Bipolar 
Neutrosophic is used to enhance MCDM [25]. LNNs based on descriptive expressions to describe the 
judgments of decision makers, criterions, and alternatives is used widely in different MCDM domain 
e.g. IoT [26,27], medical [28,29], supply chain management [30, 31]. We propose to build a hybrid 
methodology of BNLNs based on BWM, MABAC, and PROMETHEE II. 


2.2. Methodology 

We propose a hybrid methodology for assessment of Drug Product Selection — DPS according 
to specific conditions of individual patient through a given historical record based on BNLNs. A 
descriptive BNLNs is associated with traditional BWM for prioritizing the problem’s criterion. The 
uncertainty of a drug product against criteria may be presented and hence; we propose MABAC for 
handling the complexity and uncertainty. Then we evaluate the results of each drug product and 
solve the non-compensation using PROMETHEE II. Combining the mentioned methods together 
enabled us to build a robust and hybrid methodology using BWM, MABAC and PROMETHEE II in 


Criteria for Drug Product Selection - DPS 


e Calculate weights of criteria 


e Evaluate drug products against criteria 


| e Evaluate drug products against criteria | 


Figure 1. Proposed Approach Conceptualization 


a row. Illustred in Figure 1. 
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A hybrid decision making framework has been designed and built on the integration by extending 
BWM, MABAC, PROMETHEE II methods to priorities the drug products that have no conflicts, or 
have less effect on the patient according to his/her historical records with respect of a patient 
preferred drug product form as well. The drug products evaluation goes through a (13) connected 
process and the drug product that achieves the requirements and meets the expectation is the best 
choice and suggested by the system for its compatibility against the selection criterions. The 
evaluation process is analyzed and compared against a real data of both patients and drug data set. 
The Steps of the proposed bipolar Neutrosophic with BWM, MABAC, PROMETHEE II and the 
connected process of selecting a compatible drug product is modeled in Figure 2. and illustrated in 
details as following: 


Phase (1) 
Obtain Assessment Matrix 


Construct original decision making matrix 
Convert BNLNs into crisp value 


Standardize the hybrid assessment matrix 


Phase (II) 
Calculate the Criteria Weights Based on Extended BWM 


Select the best and worst criteria 
Acquire the linguistic Best-to-Others vector 
Obtain the linguistic Others-to-Worst vector 


Acquire criteria weights 


Phase (II) 
Build the Difference Matrix Based on MABAC method 


Calculate the weighted normalized assessment matrix 
Determine the border approximation area vector 


. Obtain the difference matrix 


Phase (IV) 
Get Ranking Results based on PROMETHEE II 


. Compute the full preference degree 


. Calculate the positive and negative flows of alternatives 


. Attain the final ranking results of alternatives 


Figure 2. Hybrid Decision Making Framework 
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Phase (I): Obtain Assessment Information 


The goal from this phase is to obtain the assessment information: 
Step 1: Construct original decision-maker assessment matrix 

The linguistic term - LTS provided by decision makers using descriptive expressions such 
as: (Extremely important, Very important, Midst important, Perfect, Approximately similar, Poor, 
Midst poor, Very poor, Extremely poor. The BNLNS is an extension of fuzzy set, bipolar fuzzy set, 
intuitionistic fuzzy set, LTS, and Neutrosophic sets is introduced by [35]. Bipolar Neutrosophic is [T*, 
It, F*, T-, I, F-| where T*, I*, F* range in [1,0] and T-, I, F- range in [-1,0]. T*, I, F* is the positive 
membership degree indicating the truth membership, indeterminacy membership and falsity 
membership and T-, I-, F- is the negative membership degree indicates the truth membership, 
indeterminacy membership, and falsity membership. E.g. [0.3, 0.2, 0.6, -0.2, -0.1, -0.5] is a bipolar 
Neutrosophic number. 

For BNLNS qualitive criteria values can be calculated by decision makers under a predefined 


the LTS. Then, an initial hybrid decision making matrix is built as [26] 


Gi ks Gs 
TE, [De acer “BP 

ee a) 
Ho |bP, + be, 


Where be. is a BNLNS, representing the assessment result of alternative H, (s = 1,2, ... 0) with 
respect to criterion C,(r = 1,2, ... p) and D =1,2,3 represent number of decision maker. 
Step 2: Convert BNLNs into crisp value using score function mentioned as [28] 


ik 
(bop) = ()* @t+1- Mh 41- FY + 1tT--- F) (2) 


Step 3: Standardize the hybrid assessment matrix. 
Normalize the positive and negative criteria of the decision matrix as follows: 
For crisp value, the assessment data De lS= 1,2 sos leis OFF = U2) cences p) can be normalized with [13]: 


Dsy ~~ min(bs,) 


——  —_ or beneficial criteria 
max(b,,) — min(b,,) f f 
T T 


7) max(ber) — Bey @) 
max(Dj,) = min(y) for non — beneficial 
Then, a normalized hybrid assessment matrix is formed as 
CQ, w. Cy 
Ao |No. Nop 


Where N,, shows the normalized value of the decision matrix of S* alternative in R* criteria. 
Phase (II): Calculate the Criteria Weights Based on Extended BWM 
In this study, the BWM is extended with LTS to obtain the weights of criteria given linguistic 


expressions. 
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Step 4: Select the best and the worst criteria 
When calculated the assessment criteria {Ci ... Cp}, decision makers need to choose the best 
(namely, the most significant) criterion, denoted as Cs. Meanwhile the worst (namely, the least 
significant) criterion should be selected and represented as Cw. 
Step 5: Acquire the linguistic Best-to-Others vector 
Make pairwise comparison between the most important criterion CB and the other criteria, 
then a linguistic Best to-Others vector is obtained with [11]: 
LCp = (Cai, Caz... 00. ee vee Cp) (5) 
Where Ca; is a linguistic term within a certain LTS, representing the preference degree of the best 
criterion CB over criterion cr (r = 1,2, ... p) In specific, Cag = 1. 
Step 6: Obtain the linguistic Others-to-Worst vector 
Similarly, make pairwise comparison between the other criteria and the worst criterion Cw, 
then a linguistic Others-to-Worst vector is obtained with [11]: 
LCw = (Ciw, Cow ... ... Cow) (6) 
Where C,w is a linguistic term within a certain LTS, representing the preference degree of criterion 
cr (r = 1,2, ... p) over the worst criterion Cw in precise, Cww = 1. 
Step 7: Acquire the weights of criteria 
The goal from this step to obtain optimal weights of criteria so that the BWM is extended with 
crisp number for nonlinear programming model as mentioned [11]: 


e mine is subject to 


— = .Cpy.| = efor ally 
: (7) 
—-— Gyw| s €Forallr 


Where w; is the weight of criterion C:, we is the weight of the best criteria Cs and, ww is the weight of 
the worst criteria Cw. when solving model (7) the weight of w: and optimal consistency index € can 
be computed. 
Phase (III): Build the Difference Matrix Based on MABAC method 
Build difference matrix built on the idea of MABAC method. 
Step 8: Calculate the weighted normalized assessment matrix 
Given the normalized values of assessment and the weights of criteria. The weighted 
normalized values of each criterion are got as follow [13]: 
Nor = (Wr + Nor * Wr, $= 1,2, ... 0, 7= 1,2, ... pp (8) 
Where w, is a weight of criteria r and Nsr is a normalized value of s and r. 
Step 9: Determine the border approximation area vector 
The border approximation area vector X is computed as [13]: 
xy = P_, Nsr s=12,...0,r=1,2,...p (9) 


By calculating the values of the border approximation area matrix, a [0 x 1] matrix is obtained. 
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Step 10: Obtain the difference matrix 
The difference degree between the border approximation area Xr and each element N. sr inthe 


weighted normalized assessment matrix can be calculated with [13]: 


as 


Ssr= Noy —Xrp (10) 
Hence, the difference matrix S = (Ssr)oxp is accomplished. 
Phase (IV): Get the Ranking Results Based on PROMETHEE II 
Attain the rank of hospitals based on PROMETHEE II method 
Step 11: Compute the full preference degree 
Compute the alternative difference of s‘* alternative with respect to other alternative. the 
preference function is used in this study as follows [32]: 
Butotd={s 5, ips se 0" 
ST tr ST tr 


Then the aggregated preference function can be computed as: 


(6) (6) 
PH He) =) Wh * PH He) |) W, (12) 
p Dp 


Step 12: Calculate the positive and negative flows of alternatives 


t = 1,2,...0 (11) 


The positive flow (namely, the outgoing flow) w*(Hi) [32]: 


1 oO 
iyo ». PUSH) $212.26 (13) 
n—-1 t=1,t#s 


The negative flow (namely, the entering flow) w-(Hi) [32]: 


1 oO 
ij ». PU AD Saat (14) 
ne t=1t#s 


Step 13: Attain the final ranking result of alternatives 
The net outranking y(Hi) of alternative Hi [32]: 


W(Hi) = (Hi) - p(H) s = 1,2, ... 0 (15) 


Hence, the final ranking order can be achieved according to the net outranking flow value of each 


alternative. The larger the value of (Hi), the better the alternative Hi. 
3. Results 


A case of selecting the appropriate drug product according to real information about patients 
and drug bank data set is presented to verify the applicability of the integrated method. (5) different 
real cases (p1, p2, p3, p4, and p5) are reviewed and validated their newly added drug products to 
their current drug products set with respect to (7) categories: patient sex, drug age-restricted, patient’s 
preferred drug form, Drug-Drug Interactions - DDI, Food-Drug Interactions - FDI, patient sensitivity- 
list against drugs, and price of a drug product. 

Selected patients are real and suffer from the same symptoms, fatigue and are followed up from 
the Cardiology Department of Zagazig University Hospital - Governmental Hospital - with each of 
them differs in health status and patient history. 

The gathered data is real in both sides, Patients’ profiles are real cases and the drugs information 


come from a DRUG BANK which provides up-to-date information regarding drugs and all 
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information needed to apply our study. Some information is hidden under the policy and privacy of 
sharing patient’s data like name, age, and sex. The sample data of patient 1 (p1) required by the 
algorithm is mentioned in Table 1. Full patient’s data, and drug products list are listed in Appendix 


(A). we refer to drugs and its products by their Drug Bank IDs. 


Table 1. Sample data of patients 


Name™ Age™ Sex™ Form list Sensitivity list Current drug list 
Tablet 
: . , DB00758 
- - 7 apsule 
1 _ DBO01069 DB00199 
Injection 


** hidden data due to privacy 


The hybrid method aims to provide the best-suitable drug product selection for patients. Our 
system studies every patient state carefully, putting the historical records into consideration so that 
it plays the role of an evaluator for every newly added drug into a patient drug list. The suggested 
approach integrates the BWM, MABAC, and PROMETHEE II with BNLNs in order to assess drug 
selection. 

The main criteria and sub-criteria of drug selection service are selected by evaluating the 
historical records and preferred data provided through a patient profile to the requested added drug. 
Therefore, the study considers 2 main criteria and 7 sub-criteria as shown in Figure 3, and described 
in Table 2; 


Drug Product Selection - DPS 


Drug-Drug Interaction — DDI 


Patient based 


Sensitivity List 

Preferred Dosage form 
Age 

Sex + Condition (Pregnant) 


Food-Drug Interaction — FDI 
Price 


Figure 3. Structure for Drug Product Selection service. 


Table 2. Drug Product Selection criteria 


Factor Criteria Description 
ier Drug-Drug Interaction - DDI 
Drug based C Food-Drug Interaction — FDI 

Gs Price 
Cs Sensitivity list 

Peiieeebencd Cs Preferred Form 
Co Age 
C7 Sex + Condition 
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In phase 1. Experts make assessment with respect to the evaluation criteria in Table 2. As criteria C1 
to C7 are qualitative factors, evaluation information of these subjective criteria is by means of BNLNs. 
However, 6 criteria belong to non-beneficial type, their scopes are different. Only preferred Form 


criteria is a beneficial criterion. 


Step 1: Construct an original decision maker assessment matrix 

Calculate the suitable LTS for weights of criteria and alternatives with respect to every 
criterion. Each LTS is extended by bipolar Neutrosophic sets to be BNLNs as mentioned in table (3). 
The BNLNs is described as follows [28]: Extremely important = [0.9, 0.1, 0.0, 0.0, -0.8, -0.9] Where the 
first three numbers present the positive membership degree. (T*(x), I*(x), F*(x)) 0.9, 0.1 and 0.0, such 
that T*(x) the truth degree in positive membership. I*(x) the indeterminacy degree and F*(x) the falsity 
degree. The last three numbers present the negative membership degree. (T-(x), I-(x), F-(x)) 0.0, -0.8, 
and -0.9, T-(x) the truth degree in negative membership, such that /-(x) the indeterminacy degree and 
F-(x) the falsity degree. 


Table 3. Bipolar Neutrosophic numbers scale 


Bipolar Neutrosophic numbers scale 


LTS Crisp Value 
[T*(x), I*(x), F(x), T(x), F(x), F(x)] 

Extremely high [0.9,0.1,0.0,0.0, -0.8, -0.9] 0.92 
Very high [1.0,0.0,0.1, -0.3, -0.8, -0.9] 0.73 
Midst high [1.0,0.0,0.1, -0.3, -0.8, -0.9] 0.72 

High [0.7,0.6,0.5, -0.2, -0.5, -0.6] 0.58 
Approximately Similar [0.5,0.2,0.3, -0.3, -0.1, -0.3] 0.52 
Low [0.2,0.3,0.4, -0.8, -0.6, -0.4] 0.45 

Midst low [0.4,0.4,0.3, -0.5, -0.2, -0.1] 0.42 

Very low [0.3,0.1,0.9, -0.4, -0.2, -0.1] 0.36 
Extremely low [0.1,0.9,0.8, -0.9, -0.2, -0.1] 0.13 


Step 2: Convert BNLNs into crisp value using score function 
Convert BNLNs to crisp value in Table 3. by using score function in Eq. 2. 
Table 4., and Table 5. represent the assessments for the original decision maker and the system 


sequentially using Eq. 1. 


Table 4. Original decision making matrix 


Di T 0 9.23 T tablet - - 
D2 T 0 14.78 F tablet - - 
Ds T 4 5.28 F capsule - 7 
Ds T 1 3.84 T injection - - 
Ds T 0 143.5 F injection - - 
De F 1 2.61 F tablet - - 
D7 F 0 144 F injection - - 


*DDL, and Sensitivity: T is given Extremely high, where F is given Extremely low. 
** FDI: system converts (0) very low, (1-2) low, (3:5) high, and (+5) very high. 
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*** Price: system converts (-10 USD) very low, (+10: 25 USD) low, (+25: 50 USD) high, (+50 USD) very high. 


*"* EORM: given values for every patient and prioritize (very high, high, very low) as the same list order. 


wert Age, and Sex: excluded for privacy and policy terms. 


Table 5. Assessment of DPS by the system 


Ci CG Gs Ca Cs Co C7 
Di 0.92 0.36 0.36 0.92 0.73 - - 
D2 0.92 0.36 0.45 0.13 0.73 - - 
Ds 0.92 0.58 0.36 0.13 0.58 - - 
Ds 0.92 0.45 0.36 0.92 0.36 - - 
Ds 0.92 0.36 0.73 0.13 0.36 - - 
De 0.13 0.45 0.36 0.13 0.73 - - 
D7 0.13 0.36 0.73 0.13 0.36 - - 


Step 3: Standardize the hybrid assessment matrix 


the normalized values of the decision matrix using Eq. 4 are shown as in Table 6. 


Table 6. Normalized values of the decision matrix 


Di 
D2 
Ds 
Ds 
Ds 
De 
D7 
max 


min 


0.92 
0.13 


ie) 


0.59 
1 
0.58 
0.36 


0.73 
0.36 


0.92 
0.13 


0 
0.73 
0.36 


Co 


Normalize the decision matrix, given the positive or negative type of the criteria using Eq. 3, 


In Phase 2. The goal from this phase determine the weights of criteria based on evaluation of decision 


maker. Use BWM to calculate weights of criteria. 


Step 4: Select the best and the worst criteria 


Step 5: Acquire the linguistic Best-to-Others vector 


Table 7. Pairwise comparison vector for the best criterion 


C4 


GQ 


very low 


2 


0.36 


Co 
low 
4 
0.45 


C3 


high 


6 


0.58 


Cs 


At the beginning Cz is the best criteria and the C7 is the worst criteria. 


Cs 


high 


6 
0.58 


Construct pairwise comparison vector for the best criteria using Eq. 5 in Table 7. 


Co 
ext. high 
9 
0.92 


C7 


ext. high 
9 
0.92 


Step 6: Obtain the linguistic Others-to-Worst vector 


Construct pairwise comparison vector for the worst criteria using Eq. 6 in Table 8. 
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Table 8. Pairwise comparison vector for the worst criterion 


ea 


C1 very high 8 0.73 
C2 midst high 7 0.72 
C3 Approx. similar 5 0.52 
Ca ext. high 9 0.92 
Cs high 6 0.58 
Co midst low 3 0.42 
C7 same 1 1 


Step 7: Acquire the weights of criteria 


296 


By applying best to others and worst to others using Eq. 7 the weights are computed in Table 


9. Figure 4 shows priority of criteria. The consistency ratio ksi = 0.1049 which indicates a desirable 


consistency. 


Table 9. Criteria weights based on BWM 


Criteria Ci @Q C3 Ca Gs C7 
Weights 0.2447 0.1223 0.0816 0.3845 0.0816 0.0544 0.0311 
Priority Weights 
0.4000 ®@ DoDI 
@ FDI 
0.3000 © price 
3 @ sensitivity 
= 0.2000 B form 
> 
0.1000 @ age 
sex 
0.0000 
Figure 4. Priority weights of criteria 
In Phase 3. 


Build the difference matrix based on MABAC method: 
Step 8: Calculate the weighted normalized assessment matrix 


Construct the weighted normalized decision matrix using Eq. 8. E.g. the weighted 


normalized values of the first criteria are as follows: 


Nu= wit Nu * wi = 0.2447 * (0 + 0.2447) = 0.2447 
No = wi + N21 * wi = 0.2447 * (0 + 0.2447) = 0.2447 


Nr = wi + Nz * wi = 0.2447 * (1 + 0.2447) = 0.4893 


The other weighted normalized values of the criteria are calculated in Table 10. 
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Table 10. Values of the weighted normalized decision matrix 


Ci C Gs Ca Cs Co Cr 
Di 0.2447 0.2447 0.1631 0.384 0.1631 - - 
D2 0.2447 0.2447 0.1433 0.7689 0.1631 - - 
Ds 0.2447 0.1223 0.1631 0.7689 0.1300 - - 
Ds 0.2447 0.1946 0.1631 0.384 0.0816 - - 
Ds 0.2447 0.2447 0.0816 0.7689 0.0816 - - 
Do 0.4893 0.1946 0.1631 0.7689 0.1631 - - 
D7 0.4893 0.2447 0.0816 0.7689 0.0816 - - 


Step 9: Determine the border approximation area vector 


Compute the border approximate area matrix using Eq. 9. The amounts of the border approximate 
area matrix are as shown in Table 11. Figure 5. a scatter chart shows the amount of the border 
approximate area. 


Table 11. Approximation area amounts 


Criteria (ei (@) C3 C4 Cs Coe C7 
Approximation 
0.3146 0.2129 0.1370 0.6591 0.1234 0.0000 0.0000 
area 
Border Approximation Area vs. Criteria 
0.8000 
ie 
0.6000 
oO 
a) 
o 
oO 
Cc 
= 0.4000 
E 
3 e 
rot 
a 
< 0.2000 e 
bad ® 
0.0000 a a 
C1 C2 C3 C4 C5 C6 C7 
Criteria 


Figure 5. Amount of border approximation area of criteria 


Step 10: Obtain the difference matrix 

Compute The distance from the border approximate area using Eq. 10. The distance of each 
alternative from the border approximate area, is shown in 
Table 12. 
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Table 12. Distance from the border approximate area 


Ci CG Gs Cs Cs Co C7 
Di -0.070 0.032 0.026 -0.275 0.040 - - 
D2 -0.070 0.032 0.006 0.110 0.040 - - 
Ds -0.070 -0.091 0.026 0.110 0.007 - - 
Da -0.070 -0.018 0.026 -0.275 -0.042 - - 
Ds -0.070 0.032 -0.055 0.110 -0.042 - - 
De 0.175 -0.018 0.026 0.110 0.040 - - 
D7 0.175 0.032 -0.055 0.110 -0.042 - - 
In phase 4: 


Get the ranking results based on PROMETHEE II. 
Step 11: Compute the full preference degree 


Calculate the evaluative differences of st alternative with respect to other alternatives. 
Compute the preference function using Eq. 11. Calculate the aggregated preference function using 
Eq. 12 in Table 13. 


Table 13. Preference values and aggregated preference values 


Ci (or C3 C4 Cs Co C7 Aggregated Pref. 
Dir 0.000 0.000 0.020 0.000 0.000 0.000 0.000 0.0016178 
Dis 0.000 0.122 0.000 0.000 0.033 0.000 0.000 0.0176610 
Dia 0.000 0.050 0.000 0.000 0.082 0.000 0.000 0.0127729 
Dai 0.000 0.000 0.000 0.384 0.000 0.000 0.000 0.1478141 
D2 0.000 0.122 0.000 0.000 0.033 0.000 0.000 0.0176610 
Dos 0.000 0.050 0.000 0.384 0.082 0.000 0.000 0.1605870 
D7 0.000 0.050 0.000 0.000 0.000 0.000 0.000 0.0061219 


*Full calculation in Appendix B. 
Step 12: Calculate the positive and negative flows of alternatives 
Calculate the positive and negative flows of alternatives using Eq. 13 Eq. 14. Calculate the 
net outranking flow of each alternative using Eq. 15. Indicates that (Ds) > y(D7) > w(D2) > w(Ds) > 
y(Ds) > (D1) > W(D4). Table 14. shows all the calculations’ results. 


Table 14. Positive, negative, and net flow of alternatives 


Net Flow 


D: 0.0000 0.0016 0.0177 0.0128 0.0133 0.0061 0.0133 0.0648 0.8588 -0.7940 


D2 0.1478 0.0000 0.0177 0.1606 0.0117 0.0061 0.0117 0.3556 0.1262 0.2294 
Ds 0.1478 0.0016 0.0000 0.1518 0.0106 0.0000 0.0106 0.3224 0.2054 0.1171 
Dz 0.0000 0.0016 0.0088 0.0000 0.0067 0.0000 0.0067 0.0238 0.9072 -0.8834 
Ds 0.1478 0.0000 0.0150 0.1539 0.0000 0.0061 0.0000 0.3228 0.1753 0.1476 
De 0.2077 0.0615 0.0714 0.2143 0.0732 0.0000 0.0133 0.6413 0.0245 0.6168 
D7 0.2077 0.0599 0.0748 0.2138 0.0599 0.0061 0.0000 0.6221 0.0555 0.5666 
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Step 13: Attain the final ranking result of alternatives 

Determine the ranking of all the considered alternatives in Table 15 depending on the values 
of net flow calculated in the previous step. The ranking order is Dé > D7> D2> Ds> Ds> Di> Ds. Hence, 
the best drug product alternative is Ds. Figure 6. shows the order of drug products against p: profile 
resulted from our methodology and compared to real doctors’ recommendations. 


Table 15. Priority of Alternatives - ranking 


Alternatives Rank-SYS Doctor-1 Doctor-2 Doctor-3 
Di 6 6 6 6 
D2 3 4 3 4 
Ds 5 3 5 5 
Ds 7 7 7 7 
Ds 4 5 4 3 
De 1 1 2 1 
D7 2 2 1 2 


Rank-SYS, Doctor-1, Doctor-2 and Doctor-3 


@ Rank-SYS @®§ Doctor-1  Doctor-2 §§ Doctor-3 


D1 D2 D3 D4 D5 D6 D7 


Alternatives 


Figure 6. Alternatives order — final rank 
Figure 6. shows the difference in drug products order as a result from the methodology and other 
doctors. We can notice that they all avoid products that p1 has a sensitivity against while the products 
that p1 has nothing against come in first 2 places. From this point of view. The most affected criterion 
is sensitivity then DDI, and we must validate any newly added drug product against sensitivity and 


DDI into our daily drug products list if exist. 


4. Applications 


The study presents a hybrid methodology of extended BNLNs with Neutrosophic set of BWM, 
MABAC, and PROMETHEE II to facilitate the Drug Products Selection — DPS process among set of 
alternatives drug products to prioritize them against every patient’s case individually. The real data 


of both drugs products and patient's profiles are gathered and assessed by the Neutrosophic BWM, 
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MABAC, and PROMETHEE II to evaluate the alternatives products effectively and present a 
reference of sorted products according to the patient profile. We discuss the outcomes with real 
doctors after studying every patient's profile carefully and we found the recommended sort is slightly 
different while taking all the aspects, and criteria into deep study. They are matching the basic 
concept of excluding drug products that a patient has sensitivity against so it comes in the tail while, 
drug products that has no conflict against the criteria present in the head and drug products that 
have any criteria calculations present in the middle. The study presents that the most significant 
criteria that affect the results is the patient’s sensitivity of some drugs. It should be prevented or set 
out of the scope of the resulting rank. In real life, a process of selecting a drug product should be 
validated against every patient’s condition using our methodology so that a drug product with no 


conflicts, preferred dosage form, and price is recommended. 
5. Conclusions 


The study shows the effectiveness of using a system in aim to validate a drug product among 
same category products. The real data used present a strong point to measure with a real results 
assessed by real doctors on real patients. The accuracy presented is accepted and we are planning to 
integrating other advanced methods to enhance the accuracy of such results. The future work 
includes updated algorithm that excludes and alerts the drug products against sensitivity and 
handles multiple drugs of patient’s current drugs list - CDL that present DDI to the newly added 
drug product. The future algorithm may use another applicable methodology like TOPSIS and 


present the comparative studies that might affect the accuracy of resulting rank. 
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Appendix A. Drug products, and patients’ profiles analysis 


Table A1 Drug products data 


Drug Product Dosage 
Drug Name Strength Route Country 
Bank ID Name Form 
Tablet, film 
Di Clopidogrel DB00758 Plavix 75 mg/1 Oral US 
coated 
D2 Ticagrelor DB08816 Brilinta Tablet 90 mg/1 Oral US 
Ds Ciclosporin DB00091 Cyclosporine Capsule 100 mg/1 Oral US 
25 Intramuscular; 
Da Promethazine DBO01069 Phenergan Injection US 
meg/1mL Intravenous 
Injection, 
10 
Ds Voriconazole DB00582 Voriconazole powder, for Intravenous US 
meg/1mL 
solution 
Tablet, film 
De Ticlopidine DB00208 Ticlid 250 mg/1 Oral US 
coated 
Injection, 
powder, 100 
D7 Floxuridine DB00322 Floxuridine Intra-arterial US 


lyophilized, mg/ImL 


for solution 


All products of the same category, meshID = D065688 


Table A2 Patients’ profiles analysis 


ae 


Name™ Age Form list Sensitivity list Current drug list 
Tablet 


DB00758 DBO00199 
Pi - - - Capsule 


oe DB01069 
Injection 


Injection 
P2 - - - Capsule DBO00758 DB06777 
Tablet 
Capsule 
P3 - - - Tablet - 


Injection 


DB01238 
DB01595 


Injection 
P4 - - - Capsule - DB06779 
Tablet 


Injection 
DB01069 
P5 - - - Capsule DB01032 
DB08816 
Tablet 


** hidden data due to privacy 
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Appendix B. Preference, and aggregated preference values 


Table B1 Preference values and aggregated preference values 


CQ io) Cs Ca Gs Co C7 Aggregated Pref. 
Dr 0.000 0.000 0.020 0.000 0.000 0.000 0.000 0.0016178 
Dis 0.000 0.122 0.000 0.000 0.033 0.000 0.000 0.0176610 
Dis 0.000 0.050 0.000 0.000 0.082 0.000 0.000 0.0127729 
Dis 0.000 0.000 0.082 0.000 0.082 0.000 0.000 0.0133019 
Dio 0.000 0.050 0.000 0.000 0.000 0.000 0.000 0.0061219 
Dy 0.000 0.000 0.082 0.000 0.082 0.000 0.000 0.0133019 
Da 0.000 0.000 0.000 0.384 0.000 0.000 0.000 0.1478141 
Dos 0.000 0.122 0.000 0.000 0.033 0.000 0.000 0.0176610 
Do 0.000 0.050 0.000 0.384 0.082 0.000 0.000 0.1605870 
Dos 0.000 0.000 0.062 0.000 0.082 0.000 0.000 0.0116841 
Doo 0.000 0.050 0.000 0.000 0.000 0.000 0.000 0.0061219 
Do 0.000 0.000 0.062 0.000 0.082 0.000 0.000 0.0116841 
Dai 0.000 0.000 0.000 0.384 0.000 0.000 0.000 0.1478141 
Ds2 0.000 0.000 0.020 0.000 0.000 0.000 0.000 0.0016178 
Dsa 0.000 0.000 0.000 0.384 0.048 0.000 0.000 0.1517687 
Dss 0.000 0.000 0.082 0.000 0.048 0.000 0.000 0.0106056 
Ds6 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.0000000 
Ds7 0.000 0.000 0.082 0.000 0.048 0.000 0.000 0.0106056 
Da 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.0000000 
Da 0.000 0.000 0.020 0.000 0.000 0.000 0.000 0.0016178 
Das 0.000 0.072 0.000 0.000 0.000 0.000 0.000 0.0088427 
Das 0.000 0.000 0.082 0.000 0.000 0.000 0.000 0.0066510 
Dao 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.0000000 
Daz 0.000 0.000 0.082 0.000 0.000 0.000 0.000 0.0066510 
Ds1 0.000 0.000 0.000 0.384 0.000 0.000 0.000 0.1478141 
Ds2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.0000000 
Dss 0.000 0.122 0.000 0.000 0.000 0.000 0.000 0.0149647 
Dsa 0.000 0.050 0.000 0.384 0.000 0.000 0.000 0.1539360 
Ds6 0.000 0.050 0.000 0.000 0.000 0.000 0.000 0.0061219 
Ds7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.0000000 
De 0.245 0.000 0.000 0.384 0.000 0.000 0.000 0.2076727 
Dee 0.245 0.000 0.020 0.000 0.000 0.000 0.000 0.0614764 
Des 0.245 0.072 0.000 0.000 0.033 0.000 0.000 0.0713977 
Dos 0.245 0.000 0.000 0.384 0.082 0.000 0.000 0.2143237 
Des 0.245 0.000 0.082 0.000 0.082 0.000 0.000 0.0731605 
Dez 0.000 0.000 0.082 0.000 0.082 0.000 0.000 0.0133019 
Da 0.245 0.000 0.000 0.384 0.000 0.000 0.000 0.2076727 
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Dr 0.245 0.000 0.000 0.000 0.000 0.000 0.000 0.0598586 

Dz 0.245 0.122 0.000 0.000 0.000 0.000 0.000 0.0748233 

Dz 0.245 0.050 0.000 0.384 0.000 0.000 0.000 0.2137946 

Dz 0.245 0.000 0.000 0.000 0.000 0.000 0.000 0.0598586 

Dz 0.000 0.050 0.000 0.000 0.000 0.000 0.000 0.0061219 
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Abstract: The purpose of this article is to study the neutrosophic integrals by parts, all cases in which 
we can apply integration by parts are discussed, including solve the repeated and non-terminating 
functions like the product of trigonometric and exponential using rotary integrals. In addition, the 
Tabular method has been introduced in the computation of neutrosophic integrals, where the Tabular 
method is considered to be easier than the neutrosophic integrals by Parts method in finding the 


neutrosophic integrals. Where detailed examples were given to clarify each case. 


Keywords: neutrosophic integrals by parts; tabular method; indeterminacy. 


1. Introduction 


As an alternative to the existing logics, Smarandache proposed the Neutrosophic Logic to 
represent a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, 
unknown, incompleteness, inconsistency, redundancy, contradiction, where the concept of 
neutrosophy is a new branch of philosophy introduced by Smarandache [3-13]. He presented the 
definition of the standard form of neutrosophic real number and conditions for the division of two 
neutrosophic real numbers to exist, he defined the standard form of neutrosophic complex number, 
and found root index n= 2 of aneutrosophic real and complex number [2-4], studying the concept 
of the Neutrosophic probability [3-5], the Neutrosophic statistics [4][6], and professor Smarandache 
entered the concept of preliminary calculus of the differential and integral calculus, where he 
introduced for the first time the notions of neutrosophic mereo-limit, mereo-continuity, 
mereoderivative, and mereo-integral [1-8]. Madeleine Al- Taha presented results on single valued 
neutrosophic (weak) polygroups [9]. Edalatpanah proposed a new direct algorithm to solve the 
neutrosophic linear programming where the variables and right- 
hand side represented with triangular neutrosophic numbers [10]. Chakraborty used pentagonal 
neutrosophic number in networking problem, and Shortest Path Problem [11-12]. Y.Alhasan studied 
the concepts of neutrosophic complex numbers, the general exponential form of a neutrosophic complex, and 
the neutrosophic integrals and integration methods [7-14-24]. On the other hand, M.Abdel-Basset presented 
study in the science of neutrosophic about an approach of TOPSIS technique for developing supplier selection 


with group decision making under type-2 neutrosophic number [15]. Also, neutrosophic sets played an 
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important role in applied science such as health care, industry, and optimization [16-17-18-19]. 
Recently, there are increasing efforts to study the neutrosophic generalized structures and spaces 
such as refined neutrosophic modules, spaces, equations, and rings [21-22-23]. 

Integration is important in human life, and one of its most important applications is the 
calculation of area, size and arc length. In our reality we find things that cannot be precisely defined, 
and that contain an indeterminacy part. 

Paper consists of 5 sections. In 1th section, provides an introduction, in which neutrosophic 
science review has given. In 2th section, some definitions and examples of neutrosophic real number 
neutrosophic indefinite integral and are discussed. The 3th section frames neutrosophic integration 
by parts, in which three cases were discussed, including solve the repeated and non-terminating 
functions like the product of trigonometric and exponential using rotary integrals. The 4th section 
The 4th section introduces the Tabular method to find the integrals by parts in the stats 1 and 2. In 


5th section, a conclusion to the paper is given. 


2. Preliminaries 


2.1. Neutrosophic integration by substitution method [24] 


Definition2.1.1 

Let f:D; © R— Ry V {I}, to evaluate f f(x)dx 
Put: x=g(u) => dx=g(u)du 

By substitution, we get: 


[ Feoax = | peoganau 


then we can directly integral it. 
Theorme?2.1.1: 
If f f(x, dx = p(x,1) then, 
1 b 


where C is an indeterminate real constant, a # 0,a # —band b,c,d are real numbers, while] = 


1) p((a + bI)x+c+ dl)) +C 


indeterminacy. 


Theorme?2.1.2: 
Let f:Dp SR Ry VU {I} then: 


fx,1) 
fal 


where C is an indeterminate real constant (i.e. constant of the form a+ bl, where a,b are real 


dx = Inilf(~D|+C 


numbers, while J = indeterminacy). 


Theorme?2.1.3: 
Let f:Dp SR - Ry U {I}, then: 


f@D 
VID 


where C is an indeterminate real constant (i.e. constant of the form a+ bl, where a,b are real 


dx =2/f(%D+C 


numbers, while J = indeterminacy). 
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Theorme?2.1.4: 
f:Dp SR > Ry VU {I}, then: 


[F@, DI" 


[u@nrfeo dx = ae C 


Where n is any rational number. C is an indeterminate real constant (i.e. constant of the form a + 
bI, where a,b are real numbers, while ] = indeterminacy). 


2.2. Integrating products of neutrosophic trigonometric function [24] 


I. f sin™(a + bI)x cos"(a + bI)x dx , where m and n are positive integers. 
To find this integral, we can distinguish the following two cases: 


> Case nis odd: 
e Split of cos(a + bI)x 
e Apply cos*(a + bI)x = 1-sin*(a + bl)x 


e We substitution u = sin(a + bI)x 


> Case mis odd: 
e Split of sin(a + bI)x 
e Apply sin?(a + bI)x = 1-—cos*(a + bI)x 


e We substitution u = cos(a + bI)x 


Il. f tan” (a + bI)x sec"(a + bI)x dx , where m and n are positive integers. 
To find this integral, we can distinguish the following cases: 


> Case nis even: 
e Split of sec?(a + bI)x 
e Apply sec?(a + bI)x = 1+ tan?(a + b/)x 
e We substitution wu = tan(a + bI)x 


> Case mis odd: 
e Split of sec(a + bI)x tan(a + bI)x 
e Apply tan’(a + bI)x = ses*(a + bI)x -1 


e We substitution u = ses(a + bI)x 


> Case mevenand n odd: 
e Apply tan?(a+ bl)x = ses*(a + bI)x —1 
e We substitution u =ses(a+ bI)x or u = tan(a + b/)x, depending on the 


case. 


Ill. f cot™(a + bI)x csc"(a + bI)x dx , where m and n are positive integers. 
To find this integral, we can distinguish the following cases: 


> Case nis even: 
e Split of csc?(a + bI)x 
e Apply csc?(a + bI)x = 1+ cot?(a + bI)x 
e We substitution u = cot(a + bI)x 


> Case mis odd: 
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e Split of csc(a + bI)x cot(a + bI)x 
e Apply cot*(a + bI)x = csc?(a + bI)x — 1 


e We substitution u = csc(a + bI)x 


> Case mevenand n odd: 
e Apply cot*(a + bI)x = csc*(a+bI)x-1 
e We substitution u = csc(a + bI)x or u=cot(a + bI)x, depending on the 
case. 


2.3. Neutrosophic trigonometric identities [24] 


1) sin(a+bl)xcos(c + dl) x = - [sin(a+ bI +c + dl) +sin(a + bI —c —dlI)] 
2) cos(a+bl)x sin(c + dI)x = - [sin(a + b] +c + dl) —sin(a + bI —c —dl)] 


3) cos(a+bI)x cos(c + dl) x = - [cos(a + bI +c + dl) + cos(a + bI —c — dl) 


4) sin(a+bl)xsin(c + dl) x = = [cos(a + bI +c + dl) — cos(a + bI —c — dl) 


Where a + c (not zero) and b,d are real numbers, while ] = indeterminacy. 
3. Neutrosophic integration by parts 


There are integrals that cannot be evaluated by direct integration methods or by substitution, so in 
this current section we present a powerful tool called neutrosophic integration by parts. We have 
observed that every differentiation rule gives rise to a corresponding itegration rule. So, let: 


f:Dp SR>R- UU} andg:D, SRR, vt} 


then, for the product rule: 


d 2 
qx UO) gO] = FO) GC) + FODGO) 


integrating both sides of this equation gives us: 


d P 
[ Zire seal dx =| foog@) ax+ | enge ax 


| fx) g(x) dx = fo) g(x) - | f@g(x) ax 


it is usually convenient to write this using the notation: 


u=f(x) = du=f(x)dx 
v= g(x) = dv=g(x) dx 


so the neutrosophic integration by parts algorithm becomes 


[udv=uv-|vdu 


There are three cases of the neutrosophic integration by parts: 
>» statel: neutrosophic integration from the form: 
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[@ + bI)x” et4Dx dy 
Where c # 0 andc # —d 
To find this integral, we do the following: 
Put u = (a+ bI)x” = du=n(atbl)x" 1 dx 


dv = e (ct al)x dx => v= 1 e(cta)x 
c+dl 


Then apply: 
[udv=uv-|vdu 


[c + bI)x™ et4Dx gy = (= + on 1) (rece - [nee e(cran dx) +C 
c c(c+d) 


We get: 


We find the required integral by repeated the integration. 
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where C is an indeterminate real constant (i.e. constant of the form e+klI, where e,k are real 


numbers, while ] = indeterminacy). 


Example3.1 
Find: 
[ce + 21)x e@t4D% dx 
Solution: 
u=(3+2Dx => du=(8+2Idx 
dv = e@t4D* dx =a ya elat4nx 
2+41 
Then apply: 
[udv=uv-|vdu 
We get: 


[c + 21)x e@t49* dy = é + ae = 1) (xeer40 — | e (2t4Dx dx) 
2 12 


3 8 1 
i fee ee (2+41D)x _ (2+41)x 
(5 3!) (ze FEAL’ ) 


Stee 1 1 
— 7 ee | he af (2+41)x C 
(5 3 )(z a3 Je : 


> state2: neutrosophic integration from the form: 


[c + bI)x" sin(c + dI)x dx or [e + bI)x" cos(c + dl)x dx 
Where c # 0 andc # —d 
To find the first integral, we do the following: 


Put u = (a+ bI)x" => du=n(at bl)x™ 1 dx 


dv = sin(c + dI)x dx > v= — cos(c + dl)x 
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[udv=uv-|vdu 


Then apply: 


We get: 


[@ + bI)x” sin(c + dI)x dx 
_ é cb — ad 


iF rs rr n-1 
a nara kt x sin(e + di)x+ [ nx cos(c + dI)x dx) +C 


We find the required integral by repeated the integration. By the same method we evaluate 
the second integral: 


[@ + bI)x" cos(c + dl)x dx 


Example3.2 
Find: 
Ja +I)x sin(2 — 31)x dx 
Solution: 
u=(1+)Dx => du=(1+/)dx 
dv = sin2-3I)xdx => v= ss cos(2 — 31)x 
Then apply: 
[udv=uv-|vdu 
We get: 


i 332 
Ja + I)x sin(2 — 31x dx = (5+ 


5 = 1) (- cos(2 — 31)x +/ cos(2 — 31)x dx) 


3 1 ee 

= (5+5-1) (-x cos(2 — 31)x + ary) sin(2 — 31x) 
7 Stal) (2-3nx+(- 5!) in(2 — 31) J+e 
= (5 2" (=x cos - x (5-5 sintZ — x 


>» state3: neutrosophic integration from the form: 
| e(4t+bD* sin(c + dI)x dx or | e(4tbDx cos(c + dl) x dx 


Where c #0 andc # -d 
To find the first integral, we do the following: 


Put u=eG@th)x => du = (at ble @tP* dx 


dv = sin(c + dI)x dx => v= — cos(c + dI)x 


[udv=uv-|vdu 


Then apply: 


We get: 


i e(4tbDXx sin(c + dl)x dx 
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a+blI 
ct+dl 


—1 
) e*™DXcos(c + dI)x + ( 


. € +dl J e(@+PD* cos(c + dI)x dx (*) 


By using integration by parts again to evaluate: 
| e(4t+bDx cos(c + dl)x dx 
Put u = e(@topx => du=(atbieGt?* dx 
dv = cos(c + dI)x dx => v= —sin(c + dI)x 
We get: 
i e(4t+bDXx cos(c + dl) x dx 


a+bl 
c+dl 


-1 
= (at+bI)x o: (at+bI)x o: 
(—)e sin(c + dl)x +( )fe sin(c + dl)x dx 
By substitution in (*): 


| e(4tbDXx sin(c + dl)x dx 


-1 
) er cos(c + dl)x 


Z G +dl - ‘ i 
at = at 
+ (- ri =) ((- re _) e(4tbDxsin(c + dI)x + (- i =| f e(4tbDx sin(c + dl)x dx) 


-1 a+bl 
= (- = —) e(4+bD*cgs(c + dl)x— (am) e(4t+bDxsin(c + dI)x 
a+ bly’ 
+ (—) | e@+bDx sin(c + dl)x dx 


a+ bly’ 
> (: - (- = —) I e(+bDx sin(c + dl)x dx 


-1 a+t bl 
= (a+bI)x _ (7) 6 (atbnx¢; 
(a) eorrmeos(e + arya (c + 7) efr¥sin(c + dl)x 
=> | e (2th sin(c + dl)x dx 
(c + dl)? -1 a+bl 
7 ie Fane = aa wie) ( (= aa) eerste + dda (Ta) ems sincc 
+ dI)x + c) 


By the same method we evaluate the second integral: 


| e(4t+bD* cos(c + dI)x dx 


Example3.2 
Find: 


| e@tDx cos(2 + I)x dx 


Solution: 
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Put u=e%tDX => du=(14+NDe%t* dx 


dv = cos(2 + 1)xdx => v= 7 sin(2 +1)x 


[udv=uv-|vdu 


T hen apply: 


We get: 


i e+D* cos(2 + Ix dx 
1 1+1] 
= sae sin + I)x - (=)! gay sin(2 + I)x dx (*) 
By using integration by parts again to evaluate: 


| eFttD* sin(2 + 1x dx 


Putu=e@t9x => du=(14+De%t)* dx 


dv = sin(2 + I)x dx => p= 


= —cos(2 + !)x 
2+1 
We get: 


| e@tD* sin(2 + I)x dx 


1 14+/ 
ame, e+D*cos(2 + 1)x + (—) | e+D*cos(2 + Ix dx 
By substitution in (*): 


| eft) cos(2 + I)x dx 


1 
= (14DxX Go: 
747° ee aie 
+hp- + 
— (—) (et cos(2 + I)x + (—) | eFt+DXcgs(2 + I)x dx ) 


1 1+] 1+1)? 
ag e@+DXsin(2 + Dx + aap cos? +1)x - (—) | e@+DXcos(2 + I)x dx 


1+1)7 1 1+] 
=> (: + (—) ) f etrcosc +1xdx = sae sin +1)x + Gaepe OR +1)x 


445] 1 14+] 
(14+1)x = (144DxX Go: (14+1)x 
= fe cos(2 + I1)x dx (——) (se sin(2 + Ix +7 Fe cos(2 + Nx) 


4 7 1 1 1 1 
= (- ae 1) ((; - =1) eAt+D*sin(2 + Ix + (5 - =!) eF+DXcos(2 + Dx) ae. 


>» state3: neutrosophic integration from the form: 


[@ + bI)x" sin(c + dI)x dx or [ce + bI)x" cos(c + dl)x dx 
Where c # 0Oandc # —d 
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To find the first integral, we do the following: 
Put u = (a+ bI)x" => du=n(atbi)x"1 dx 


dv = sin(c + dl)x dx => v= —cos(c + dI)x 


[udv=uv-|vdu 


Then apply: 


We get: 


[@ + bI)x” sin(c + dI)x dx 
_ (¢ cb — ad 


— —_____ —yXoj n-1 
: toa) x sin(e + di)x + [ nx cos(c + dI)x dx) +C 


We find the required integral by repeated the integration. By the same method we evaluate 
the second integral: 


[@ + bI)x" cos(c + dl)x dx 


Example3.3 
Find: 
Ja +1)x sin(2 — 31)x dx 
Solution: 
u=(14+)x => du=(1+/)dx 
dv = sin(2-—3Dxdx => v= — cos(2 — 31)x 
Then apply: 
[udv=uv-|vdu 
We get: 


1 eget 
Ja + I)x sin(2 — 31x dx = (5+ 


7 = 1) (- cos(2 — 31)x +| cos(2 — 31)x dx) 


sin(2 — 31x) 


=(5+5-)( x shet— = 
= 2° X COS x. 7-31 


2 
= é + a) (-x cos(2 — 31)x(c + dI)x + (5 — 51) sin(2 — 31x) +C 


>» state4: neutrosophic integration from the form: 
[e + bI)x"In(c +dI)xdx, n#1 


To find the first integral, we do the following: 
Putu=In(ctd)x = du== dx 
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dv=(atblx"dx = ya yntt 
n+1 
Then apply: 
[udv=uv-|vdu 
We get: 
fc LDP neLapees Pea +[—— nq 
a x" In(c )x a ni(c x ae x 
a+b! a+b! 
= nt+1] dl n+1 C 
aera n(c + as ame Pes + 
Example3.4 
Find: 
[oe + 41)x In(6 + 3I)x dx 
Solution: 


Put u = In(6 + 3I)x => du=-dx 


dv=(7+4Dxdx > = ax 
Then apply: 
[udv=uv-|vdu 
We get: 
7+A4l 7+A4l 
[o+anx In (6 + 31)x dx = xPin(6-+ 3x -—— | xedx 
Se aan, ee 
ar ai ae a2 
7 x? 
=(5+ 21) x*In(6 + 31)x — > Be 
Remark: 


To find the following integrals: 
[c + bI)x” sin“1(c + dI)x dx, [@ + bI)x" cos“1(c + dl)x dx, 


[@ + bI)x" tan“*(c + dI)x dx n#1 


We are following the same state4, whereas: 


Put 


u= sin4(c+dI)x or cos-*(c+dlI)x or tan-*(c+dI)x, and dv=(a+bl)x" dx 


Example3.5 
Find: 
|e + 1)x tan71(2 + 5I)x dx 


Solution: 


Put 
24+5] 


= tan 1(24+5] du = —_-—__——~ 
u an~*(2 + 5I)x => u T+ (4 5I'x2 
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dv = (44+ 1)x dx => v= —x’? 
We get: 


x? tan-1(2 + 5I)x — 


| x? 


4+] 
-1 = d 
[G4 Dx tan2@ + 51x ax 2 Ji+@+45nx? 


_4t1 2tan1(2 + 51 =! : . : ja 
Bes x* tan~*( )x 2 4445) 44457 14+(44 45/)x? ‘ 


== 1 2+ 5] 


i ee -1 
 \epasr 4ceasr (2+SI)x) +c 


4+] 
x5 x? tan-1(2 + SI)x - 


= 2451) 2 tan-4(2 +5) enon (; ~~) ( acl) t 12+ 5Dx)+C 
=( Ripe es ne a 196) a 186 ‘ 


4.Tabular method to find the integrals by parts in the stats 1 and 2 


e Differentiate the polynomial function, and we repeat that until we get to zero. 

e Integral the second function, and repeat that until we get to the zero that we got from 
the differentiation. 

e Arrange the products of the derivatives in one column, and the products of the 
integrals in another column corresponding to it. 

e Draw an arrow from each entry in the first column to the entry that is one row down 
in the second column. 

e Label the arrows with alternating + and — signs, starting with a +. 

e For each arrow, form the product of the expressions at its tip and tail and then 
multiply that product by + or - in accordance with the sign on the arrow. 


Example4.1 
Find the following integral by using tabular method: 


[@ +1)x? + 2x) e@-4Dx dy 


Solution: 
derivation integration 
(+) (3 +1)x? + 2x e(2-4Dx 
(-) @+Dx+2 —— Lana 
2-4! 
(+) (34+) a 1 e-anx 
4 
aaa ee 1 e2- Ax 
8-16] 
Hence: 


[@ + I)x? + 2x) e@-4D% dx 
‘L 
2-—Al 


34+1 
8 — 16] 


= ((3 + Ix? + 2x) (2-41)x 


1 
e@-4Dx _ ((3 + 1)x +2) sO + 
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1 1 3 5 
= ((3 + Dx? + 2x) (5 - 1) e@-4Dx — ((3 + Ix +2) ra + (= - =) omit = 6} 


Example4.2 
Find the following integral by using tabular method: 


[(@ + I)x? + 2x) cos(2 — 41)x dx 


Solution: 
derivation integration 
(+) (3 +1)x? + 2x cos(2 — 41)x 
= 1 
—1 
Cet) |q cos(2 — 4I)x 
0 ee 
8-16 in = 4I)x 
Hence: 
[@ + 1)x? + 2x) e@-4* dx 
1 3-1 
= 2 (2-41)x _ = (2-4Nx _ (2-41)x 
((3 + Dx + 2x)=—Fre (3 +Dx +2) 5e Bc1a° 


= ((3 + Dx? + 2x) (5 - 1) sin(2 — 41x + (+ Dx +2) cos(2 —4Alx - (; >) sin(2-—4]D)x+C 


ae 
5. Conclusions 


Integrals are important in our life, as they facilitate many mathematical operations in our 
reality, and this is what led us to study the neutrosophic integrals by parts, and the tabular method, 
which is considered easier than the neutrosophic integrals by parts for some neutrosophic integrals. 
This paper is considered an introduction to the applications in neutrosophic integrals. 


Acknowledgments: This publication was supported by the Deanship of Scientific Research at Prince 
Sattam bin Abdulaziz University, Alkharj, Saudi Arabia. 


References 


[1] Smarandache, F., "Introduction to Neutrosophic Measure, Neutrosophic Integral, and Neutrosophic 
Probability", Sitech-Education Publisher, Craiova — Columbus, 2013. 


[2] Smarandache, F., "Finite Neutrosophic Complex Numbers, by W. B. Vasantha Kandasamy", Zip Publisher, 
Columbus, Ohio, USA, pp.1-16, 2011. 


[3] Smarandache, F., "Neutrosophy. / Neutrosophic Probability, Set, and Logic, American Research Press", 
Rehoboth, USA, 1998. 


[4] Smarandache, F., "Introduction to Neutrosophic statistics", Sitech-Education Publisher, pp.34-44, 2014. 


Yaser Ahmad Alhasan, The neutrosophic integrals by parts 


Neutrosophic Sets and Systems, Vol. 45, 2021 318 


[5] Smarandache, F., "A Unifying Field in Logics: Neutrosophic Logic", Preface by Charles Le, American 
Research Press, Rehoboth, 1999, 2000. Second edition of the Proceedings of the First International Conference 
on Neutrosophy, Neutrosophic Logic, Neutrosophic Set, Neutrosophic Probability and Statistics, University of 
New Mexico, Gallup, 2001. 


[6] Smarandache, F., "Proceedings of the First International Conference on Neutrosophy", Neutrosophic Set, 
Neutrosophic Probability and Statistics, University of New Mexico, 2001. 


[7] Alhasan,Y. "Concepts of Neutrosophic Complex Numbers", International Journal of Neutrosophic Science, 
Volume 8 , Issue 1, pp. 9-18, 2020. 
[8] Smarandache, F., "Neutrosophic Precalculus and Neutrosophic Calculus", book, 2015. 


[9] Al- Tahan, M., "Some Results on Single Valued Neutrosophic (Weak) Polygroups", International Journal 
of Neutrosophic Science, Volume 2, Issue 1, pp. 38-46, 2020. 


[10] Edalatpanah. S., "A Direct Model for Triangular Neutrosophic Linear Programming", International Journal 
of Neutrosophic Science, Volume 1, Issue 1, pp. 19-28, 2020. 


[11] Chakraborty, A., "A New Score Function of Pentagonal Neutrosophic Number and its Application in 
Networking Problem", International Journal of Neutrosophic Science, Volume 1, Issue 1, pp. 40-51, 2020. 


[12] Chakraborty, A., "Application of Pentagonal Neutrosophic Number in Shortest Path Problem", 
International Journal of Neutrosophic Science, Volume 3, Issue 1, pp. 21-28, 2020. 


[13] Smarandache, F., "Neutrosophy and Neutrosophic Logic, First International Conference on Neutrosophy", 
Neutrosophic Logic, Set, Probability, and Statistics, University of New Mexico, Gallup, NM 87301, USA 2002. 


[14] Alhasan,Y., "The General Exponential form of a Neutrosophic Complex Number", International Journal 
of Neutrosophic Science, Volume 11, Issue 2, pp. 100-107, 2020. 

[15] Abdel-Basset, M., "An approach of TOPSIS technique for developing supplier selection with group 
decision making under type-2 neutrosophic number", Applied Soft Computing, pp.438-452, 2019. 


[16] Abdel-Baset, M., Chang, V., Gamal, A., Smarandache, F., "An integrated neutrosophic ANP and VIKOR 
method for achieving sustainable supplier selection: A case study in importing field", Comput. Ind, pp.94—110, 
2019. 


[17] Abdel-Basst, M., Mohamed, R., Elhoseny, M., "<? covid19?> A model for the effective COVID-19 
identification in uncertainty environment using primary symptoms and CT scans." Health Informatics Journal, 
2020. 


[18] Abdel-Basset, M., Gamal, A., Son, L. H., Smarandache, F., “A Bipolar Neutrosophic Multi Criteria 
Decision Making Framework for Professional Selection”. Applied Sciences, 2020. 


[19] Abdel-Basset, M., Mohamed, R., Zaied, A. E. N. H., Gamal, A., Smarandache, F., “Solving the supply 
chain problem using the best-worst method based on a novel Plithogenic model”. InOptimization Theory Based 


on Neutrosophic and Plithogenic Sets. Academic Press, pp.1—19, 2020. 


[20].Abdel-Basset, M., "An integrated plithogenic MCDM approach for financial performance evaluation of 
manufacturing industries."Risk Management pp.1—19, 2020. 


[21] Abobala, M., "On Some Special Substructures of Neutrosophic Rings and Their Properties", International 
Journal of Neutrosophic Science, Vol 4, pp72-81, 2020. 


Yaser Ahmad Alhasan, The neutrosophic integrals by parts 


Neutrosophic Sets and Systems, Vol. 45, 2021 319 


[22] Abobala, M., "A Study of AH-Substructures in n-Refined Neutrosophic Vector Spaces", International 
Journal of Neutrosophic Science", Vol. 9, pp.74-85, 2020. 


[23] Hatip, A., and Abobala, M., "AH-Substructures In Strong Refined Neutrosophic Modules", International 
Journal of Neutrosophic Science, Vol. 9, pp. 110-116, 2020. 


[24] Alhasan,Y., "The neutrosophic integrals and integration methods", Neutrosophic Sets and Systems, 


Volume 43, pp. 290-301, 2021. 


Received: May 8, 2021. Accepted: August 18, 2021 


Yaser Ahmad Alhasan, The neutrosophic integrals by parts 


ar 4 
e N SS Neutrosophic Sets and Systems, Vol. 45, 2021 


NM University of New Mexico 


Solving Neutrosophic Linear Programming Problems Using Exterior 
Point Simplex Algorithm 


Elsayed Badr!? , Shokry Nada’, Saeed Ali* and Ashraf Elrokh5 


! Scientific Computing Department, Faculty of Computers and Informatics, Benha University, Benha, Egypt, 
alsayed.badr@fci.bu.edu.eg 
2 Higher Technological Institute, 10% of Ramadan City, Egypt. sayed.badr@hti.edu.eg 
3.4.5Mathematics and Computer Science Department, Faculty of Science Menoufia University 
* Correspondence: alsayed.badr@fci.bu.edu.eg; 


Abstract: In this manuscript, three contributions are proposed. First contribution is proposing a good 
evaluation between the fuzzy and neutrosophic approaches using a novel fuzzy-neutrosophic transfer. 
Second contribution is introducing a general framework for solving the neutrosphic linear programming 
problems using the advantages of the method of Abdel-Basset et al. and the advantages of Singh et al.'s 
method. Third contribution is proposing a new neutrosophic exterior point simplex algorithm NEPSA 
and its fuzzy version FEPSA. NEPSA has two paths to get optimal solutions. One path consists of basic 
not feasible solutions but the other path is feasible. Finally, the numerical examples and results analysis 
show that NEPSA more than accurate FEPSA. 


Keywords: Fuzzy Linear Programming; Ranking Function; Trapezoidal Fuzzy Number; Trapezoidal 
Neutrosophic Number; Exterior Point Simplex Algorithm. 


1. Introduction 

Fuzzy sets were introduced by Zadeh [20] to handle vague and imprecise information. But also 
fuzzy set does not represent vague and imprecise information efficiently, because it considers only the 
truthiness function. After then, Atanassov [3] introduced the concept of intuitionistic fuzzy set to handle 
vague and imprecise information, by considering both the truth and falsity function. But also 
intuitionistic fuzzy set does not simulate human decision making process. Because the proper decision is 
fundamentally a problem of arranging and explicate facts the concept of neutrosophic set theory was 
presented by Smarandache, to handle vague, imprecise and inconsistent information [9,10,11,12]. 
Neutrosophic set theory simulates decision-making process of humans, by considering all aspects of 
decision-making process. Neutrosophic set is a popularization of fuzzy and intuitionistic fuzzy sets; each 
element of set had a truth, indeterminacy and falsity membership function. So, neutrosophic set can 
assimilate inaccurate, vague and maladjusted information efficiently and effectively [18, 19]. 

The first EPSA was developed by Paparrizos for the assignment problem [27]. Later, Paparrizos 
generalized EPSA to the general LP [28]. Primal-dual versions of the algorithm are discussed in [29,30]. 
From the geometry of EPSA, In particular, EPSA proved to be up to ten times faster than simplex 
algorithm on randomly generated optimal LPs of medium size. 

EPSA constructs two paths to the optimal solution. One path consists of basic but not feasible 
solutions; so this is an “exterior path”. The second path is feasible. It consists of line segments, the 
endpoints of which lie on the boundary of the feasible region. EPSA relies on the idea that making steps 
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in directions that are linear combinations of attractive descent directions which can lead to faster 
practical convergence than that achievable by simplex algorithm. Although EPSA outperforms clearly 
the original simplex algorithm (on randomly generated dense and sparse LPs) it has two computational 
disadvantages. Firstly, it is difficult to construct “good moving directions”. We use the term “good 
moving direction” loosely. A good moving direction is a direction that makes the algorithm efficient in 
practice. Geometrically a good moving direction is a direction that comes close to the optimal solution. In 
fact the two paths depend on the initial feasible segment (direction) and the initial feasible vertex. 
Secondly, there is no known way of moving into the interior of the feasible region. This movement will 
provide more flexibility in the search for computationally good directions. 

Badr et al [8] proposed a new method to solve the fuzzy linear programming problem. It is called 
fuzzy exterior point simplex algorithm (FEPSA). It constructs two ways to get the optimal solution. One 
path consists of basic not feasible solutions. The second way is feasible. 

For more details about the linear programming, the reader can refer to [13,5,4,6]. On the other 
hand, for more details about the fuzzy linear programming, the reader is referred to [7]. Finally, for more 
details about the neutrosophic linear programming, the reader may refer to [2,14,15,16,17,24,25,26,31]. 

The remaining parts of this research are organized as follows: In sect. 2, we introduce the basic 
concepts of fuzzy and neutrosophic sets and a new technique which converts the fuzzy representation to 
the neutrosophic representation. The fuzzy rank functions and it corresponding neutrosophic rank 
functions are proposed in Sec. 3. In Sec. 4, we propose Singh et al.'s modifications [32] and the proposed 
modification for primal neutrosophic simplex method and a new neutrosophic exterior point simplex 
algorithm NEPSA. In Sec. 5, we propose two numerical examples that show the importance of the 
proposed modification for primal neutrosophic simplex method and they show the superiority of the 
proposed algorithm NEPSA. Finally, we introduce the future work and conclusions in Sec. 6. 


2. Preliminaries 
In this section, we introduce three subsections. First one is representation of the fuzzy numbers. 
Second is the representation of the neutrosophic numbers. Finally, we show that how to move from fuzzy 
representation to neutrosophic representation. In other words, how do to convert the fuzzy numbers to 
neutrosophic numbers. 


2.1 Fuzzy Representation 


We review the fundamental notions of fuzzy set theory, initiated by Bellman and Zadeh [20]. 
2.1.1 Definition: A convex fuzzy set A on R is a fuzzy number if the following conditions hold: 


e Its membership function is piecewise continuous. 
e There exist three intervals [a, b], [b, c], [c, d] such that yz is increasing on [a, b], equal to 1 


on [b, c], decreasing on [c, d] and equal to 0 elsewhere. 


2.1.2 Definition: Let @ = (a",a”,a,B) denote the trapezoidal fuzzy number, where (a" — a, a¥ + B) is the 
support of 4 and [a”,a"] its core. 


Remark 1: We denote the set of all trapezoidal fuzzy numbers by F(R). 
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i; 


a-a@ a a a’ +B = 


Figure 1. Truth membership function of trapezoidal fuzzy numbers 


We next define arithmetic on trapezoidal fuzzy numbers. Let @ = (a“,a”,a, B) and b = (b“, bY, y,@)be two 
trapezoidal fuzzy numbers. Define: 


xa = (wa, wa" xa,28)? x> 0, x eT: 
x@ = (xa, xa",—-xB,-xa):x <0, xER; 
a+b=(a",a",a,B)+ (b",b",y,0) =[a" + b',a" + bY,a+y,B + 6] 


We point out that the arithmetic on trapezoidal fuzzy numbers follows the Extension Principle which is 
discussed in [22]. 


2.2 Neutrosophic Representation 
In this subsection, some of basic definitions in the neutrosophic set theory are introduced: 


2.2.1 Definition [1]: A single-valued neutrosophic set N which is a subset of X is defined as follows: 
N = {< x, Ty (x), ly (x), Fy (x) >:x € X}where X is a universe of discourse, Ty(x):X — [0,1] 
, Iy(x):X > [0,1] and Fy(x):X > [0,1] with 0 < Ty(x) + Iy(x) + Fy(x) < 3 for allx € x, 
Ty (x), Iy(x) and Fy(x)represent truth membership, indeterminacy membership and 
falsity membership degrees of x to N. 


2.2.2 Definition [1]: The trapezoidal neutrosophic number A is a neutrosophic set in R with the following 
truth, indeterminacy and falsity membership functions: 


y 
az(x-a ) (ag—xt+Oq(x-a4) 
4*——:a,<x<a, aa’ 14, SX Say 
a2-a, 2744 
Ty(x) = 4% 12 Sx <a; iy(x) = 04 12 SX Sa; 
X-A3 . —a3+04(a4- 
ag(—) 103 SX Say ae i SL) a3 <x <a; 
4-43 ; a4-a3 
0 otherwise 1 otherwise 
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(a, 7% + Bale = a) . 


z 45x <a, 
Az — ay, 
Fi(x) = Ba a, Sx <a, 
(x — a3 + By(a4 — x)) el andes 
a, — a3 Sean ee 
1 otherwise 


Where aj, 64 and Bz represent the maximum degree of truthiness, minimum degree of indeterminacy and 
minimum degree of falsity, respectively, az, 9g and fz € [0,1]. The membership functions of trapezoidal 
neutrosophic number are shown in Fig. 2. It is clear thata, < a, < a, <a, <a3 <a, <a, <4. 


Remark 2: Here T7(x) increases with a constant rate for [ai, a2] and decreases with a constant rate for [as, 
a4]. Fz(x)decreases with a constant rate for [aj’, a2] and increases with a constant rate for [as, aj]. 
1;(x)increases and decreases with a constant rate for [a;, a2] simultaneously, and it decreases and 
increases with a constant rate for [a3, a4] simultaneously. 


Remark 3: If az — a, = a, — a3 the trapezoidal neutrosophic number is called the symmetric trapezoidal 
neutrosophic number. 


2.2.3 Definition [1]: Let A= < a4, a2,03,04; 04, 03, Bg >and B= < b,,b5,b3,b4; ag, 0%, Bg > are two 
trapezoidal neutrosophic numbers, then the mathematical operations are presented as follows: 


A+B= < (a, + b,, az + bz, dz + b3,a, + by); az A a3, 04 V Oi, BiV Bi > 


At= <(—,—,—,—); a4, 04 Bx > where(A # 0) 
2 1 


7 {s Na, Aaz, Adz,Aa4; a5, 07, Bx >: A>O 
< Nay, Adz, Adz, Aa,; a4, 0%, BR >: A<O 


< (a,b,, Ab, azb3, ayb4); aK A AK, 0% V 03, Ba Vv Ba > if (a4 > 0, by > 0) 
AB =<< (a, b4, a,b3, Azb2,A,b,); az A ax, Og V O37, BX V BA > if (a, < 0,b, > 0) 
< (A4b4,3b3,A2b2,a,b,); aq Naz, 04 V 05, BAV PA > if (Ay < 0,b, < 0) 


oa ee 8 Ot) ag Naty, 04 V On, BaV Ba > if (a4 > 0,bq > 0) 
by b3 bz by 
=4<(6,5,%,%); 03 Aay, 07 V 04, BaV Ba > if (a4 < 0, bq > 0) 
by b3 bz by 
< (4,3,2% 9); a3 Naz, 07 V 97, BiVBa> if (a4 < 0,b4 <0) 
by bz b3° ba 


Tr] Br 


M Abdel-Basset, E. Badr, Sh. Nada, S. Ali, A. Elrokh. Solving Neutrosophic linear Programming Problems Using Exterior Point 


Simplex Algorithm 


Neutrosophic Sets and Systems, Vol. 45, 2021 324 


Tz (x).J; (x). (x) 


" , Ui " x 
a, a a, a, a; aya, a, 


Figure 2. Truth, indeterminacy and falsity membership functions of trapezoidal neutrosophic numbers 
2.3 Fuzzy-Neutrosophic Transformation 


The main goal of this subsection is to explain how to convert fuzzy numbers representation into 
neutrosophic numbers representation. This transformation is used for simplicity and fair comparison 
between them. It is known that there are many rank functions for ordering the fuzzy and neutrosophic 
numbers. We emphasize using the same function for both fuzzy numbers and neutrosophic numbers to 
obtain a fair comparison between them. Here we also explain how to apply this technique. 

From Figure 1 and Figure 2 we can illustrate the following relations between the two 
representations: 


a, = a,—4,a, = a’,a,; = a" anda, = a, +B (1) 
Assuming that the rank function is used for ordering the fuzzy numbers as follows: 
R@) =a' + a"+5" (2) 


From relations (1) we express the rank function to be used for ordering the neutrosophic numbers as 
follows: 


R(@) = 53a + (Ta- la — Fa) (3) 


From (1), we can convert fuzzy numbers representation into neutrosophic numbers representation. On 
the other hand from (2) and (3), we can use the same function for both fuzzy numbers and neutrosophic 
numbers to obtain a fair comparison between them. 


3. Rank Functions 
Assuming that Tj = 1,1; = 0, F, =0,then the TrNN @ =< aj, 45,43, a4;T4,14, Fz > will be 
transformed into a trapezoidal fuzzy number @ =< ay, a, a3, a4; 1,0,0 > and hence, in this case: 


e The expression R(@) = : ck a; + (Ta — la — Fa) is equivalent to the expression 
Ps A. 
R(@) = Seat ajt+1 
Furthermore, it well be known that if a, = a, = a3 = a, then the trapezoidal fuzzy number A =< 
A, Az, A3, a4; 1,0,0 > will be transformed into a real number A = (4, a, a, a; 1, 0, 0) and hence, in this case: 
e The expression R(@) = ; ja1 4 + (Tq — 1g — Fz) is equivalent to the expression 
R(A) =2a+1#a 
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Table 1.The rank function and it corresponding neutrosophic rank function 


i hic Rank Rank f i f 
No. Faszy Rank Function Corresponding Neamosp ic Ran an unten oO 
Function constraints 
R@) 1< 
1 = (altar 4F=%) RA = 3 Yat Cale Fa R(a) =2a+1 
7 a’ + at a _ (22 + 43 
2 R(@ = 5 ) R@ =( ) + a -la- Fa) Paani 
R(@) i< 
3 ea pa R@ =z). a+ (lala — Fa) R(a)=at+1 
2 4 j=l 


4. Algorithms 

In this section; we first present Singh et al.'s modifications [32] and the proposed modification 
about the mathematical incorrect assumptions, considered by Abdel-Basset et al. [1] in their proposed 
method to convert from neutrosophic numbers into real numbers. Second, we propose a new Exterior 
point simplex algorithm. Finally, we develop this algorithm in order to solve linear programming 
with neutrosophic numbers. 


4.1. General Framework for Solving Neutrosphic Linear Programming Problems 


The main objective of this section is to remove the confusion among readers regarding the 
contributions of Abdel-Basset et al. and the contributions of Singh et al. In this paper, we present a 
general framework for solving neotrosophic linear programming problems using the advantages of the 
method of Abdel-Basset et al. and the advantages of Singh et al.'s method. 

In 2019, Abdel-Basset et al. [1] presented a simple and effective model for solving neutrosophic 
linear programming problems supported by a set of numerous examples and a comparison between their 
approaches presented and solving these examples using the fuzzy method. Consequently, Abdel-Basset 
et al were able to prove the effectiveness of his approach in solving neutrosophic linear programming 
problems. On the other hand, Singh et al, 2019 [32] introduced modifications to Abdel-Basset model. 
These modifications summarized in how neutrosophic numbers are converted into real numbers. 

In order to illustrate the method of each of them in solving neutrosophic linear programming 


problems, we assume the general form of neutrosophic linear programming problems as follows: 


Model (1) illustrates the method of Abdel-Basset et al in converting neutrosophic numbers into deterministic 
numbers (in the objective function) 

max \ min [R(Z) = for R(G;)xj| 
While model (2) illustrates the method of Singh et al. in converting neutrosophic numbers into deterministic 
numbers (in the objective function) 

max \ min [R(Z) = RQYj=1 ex; 
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In fact, there is a complete match between the method presented by Abdel-Basset et al and the 
method presented by Singh et al. In the case of converting fuzzy numbers to real numbers because 
R(A, @ A) = R(A,) + R(A,) where A, and A, are fuzzy numbers. 

On the other hand, when converting neutrosophic numbers to real numbers, the proposed 
method presented by Singh et al. is more accurate than the method suggested by Abdel-Basset et al. 
mathematically, because R(A, ® A,) # R(A,) + R(Az) where A,andA, are neutrosophic numbers. 


Lemma 1: Let A, and A, are fuzzy numbers then R(A; @ 42) = R(A,) + R(A2) 


Proof: 

Suppose that A, = (aj,at,,,f,) and A, = (a}, a}, , B,) are two Trapezoidal fuzzy numbers as shown 
7 a a 

in Figure 1, and the used rank function is defined as follows: R(A) = — + _ 


aj +ah+ atta} » By +B2- %1-%2 


R(A, ® Az)= R (aj + a5), (at + a3), (1 +2), (B1 + Ba) = = ; (4) 
While, 

l u l u l l uU,iu 
R(A,) i R(A,) = oat 4 Bi a2 4 me + bz “ _ at aytaz Pith X4—-Xp (5) 


It is obvious from (4) and (5) thatR(A, ® 42) = R(A,) + R(A2) 
Lemma 2: Let A and B are neutrosophic numbers then R(A @ B) # R(A) + R(B) 


Proof: 
Suppose that A = (a,,a2,a3,a4,Tx, Iq, Fx) and B= (b,,b2,b3,b,4,Tg, Ig, Fg) are two Trapezoidal 
neutrosophic numbers as shown in Fig. 2 and the used rank function is defined as follows: 
a, t+ a4 + 2 (az + a3) 
2 
R(A @ B) =R (a, + by),( ag + bz), a3 +b), (a4 + by); min {Tx, Tg}, max {Iqz, Ig}, max {Fx, Fg} 


R(A) = 


= nee ee + min {Tg, Tg} - max {Iq, Ig} - max {Fq, Fg}) (6) 


On the other hand, 


by +b4+2 (b2+b3) 


R(A) + R(B) = 


ayt+a4+2 (az+a3) 
2 


#Uig = lg Ha) t # (lglg ~ Fg) 


a See ae Na ata) + min (Tq, Tg} - max {Iq, Ig} - max {Fq, Fg}) (7) 


It is obvious from (6) and (7) that R(A @ B) # R(A) + R(B) 
Remark 4: 


Other considerations were not discussed by Singh et al. such as: 


1. Abdel-Basset et al. [1] used the rank function for the maximization problems of NLP, and 
used another rank function for the minimization problems, which means that he used the 


two rank functions in his proposed model. 
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2. Abdel-Basset et al [1], compared his proposed model with other models, using different rank 
functions, thus the comparison is unfair. 
Section 2.3 addressed these considerations by finding a relationship between the representation of fuzzy 
numbers and the representation of neutrosophic numbers. 
Now, we can introduce a general framework for solving the linear programming problems using 


neutrosophic numbers as follows: 


Step 1: neutrosophic or uncertain information is generally processed by transforming into an accurate or 
crisp number by using the same ranking function for maximization and minimization problem for both 
fuzzy numbers and neutrosophic numbers to obtain a fair comparison between them using the method 


suggested by Singh et al. [32]. 


All parameters are represented by trapezoidal neutrosophic numbers, except variables are exemplified 
only by real values. 


max \ min[Yia1 = 6x;| 


s.t. 

n 

> ai <,>,=5; 

j=l 

P= 1,2,...,m; 420, f=1200.n (8) 


The Equation (8) can be transformed into Exact crisp linear programming problem 


n 
Max /Min [> Rx xj) - Dr Xj yy Xj i Xj + min {Te, 2} — max {le,j} — max (Fe, 
j=1 
s.t. 
CY R@yxy +1 <,>,=R(6) , i=1,2,....,m; 
j=1 
xj 20, j=1,2,...... ,n.(2) 


This transformation can happen at the beginning of the decision process, or in the middle or final stage. 


Step 2: Let A = (a;,a2,a3,a4,T,, Iq, Fx) be a trapezoidal neutrosophic number, where aj,a2,a3,a4; are 
lower bound, first, second median value and upper bound for trapezoidal neutrosophic number, 
respectively. Also Tx, Iq, Fx are the truth, indeterminacy and falsity degree of trapezoidal neutrosophic 


number. Ranking function for this trapezoidal neutrosophic number is as follows: 
R(A) = ae Confirmation degree 
Mathematically, this function can be written as follows: 


R(A) = ae ee (Tx — Ix — Fx) 
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Step 3: Solve the crisp model using the standard method and obtain the optimal solution of problem 


Table 2.Singh et al.'s modifications. 


no NLPP- (Type) NLPP- (Form) Exact Crisp LPP 
n n n 
The coefficients of the — ee as oe D, Rte) = 2: ae as >; Te,Xj 
objective function are max\min z= [S}-1 4%] aa is 7 
1 represented by ym re a + » Fe,xj + pu {Tz,%;} = a {1e,x;} 
trapezoidal b al ee es jal 
; is ae ees 
Se 0, f=1,2,..u 7 mer {F aaa 
numbers Sty De yp Spe H bg tS 1 aie my 20, 
J=1,2, 00. yn. 
The coefficients of Max / min z = Viz 6x; 
constraints variables max\ min z = [YjL1¢x;] 7 [pa R(@ypxj) — LPs Tay) + Da lax) + 
and right hand side s.t. 
2 | arerepresented by | Dja@yxy <2,=5,, i= | Tila Fayxj + min (Ta,x)} — max {lax} - max {F:,x}] < 
trapezoidal V2 cas are ,m; Xj >0 j= i R(b;) 
neutrosophic 1,2, 1. + Nn x 20; P= 2iiaon n 
numbers 
All parameters are - “ - 
represented by Max /Minz = » R(Ejx;) - > TeX + y TejXj 
trapezoidal ae) i=" it 
neutrosophic max \ minz = [X71 Gx;)| cs » Fe,x; + min {Te, x;} — max {1e,x;} 
numbers, except s.t. = aaian isjsn 
3 variables are wayyy S.2,=b), i= — max {Fz,x)}] 
exemplified only by 12cm x20, J = “en . . 
real values 1,2, 2.0, 1. n < 
Oo R@)x) +1 <,2,=R) , i=1,2,....,m; 
j=1 
x2 0, j = 1,2,...... /n 
The coefficients of 
objective function max\ minz= [X21 Gx;| 
and constraints s. t. Max / min YP, ¢jx; 
variables are i=1 4% S,2,= ack 
represented by real | bj , i= 1,2, 1 «8M; n 
4 numbers and right x, 20, R Xcro <, >, = R(b;) 
hand side are J= 12,000 Mn j=1 
represented by xj 2 0, jJ=1,2,.... yn. 
trapezoidal 
neutrosophic 
numbers 


Remark 5: If R(a) = a+ 1 and the coefficients of the objective function & constraints variables are real, 


then the fuzzy 
problem. 


linear programming problem is equivalent to the neutrosophic linear programming 
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¢ NLPP: neutrosophic linear programming problem. 
4.2 A novel neutrosophic Exterior Point Simplex Algorithm (NEPSA) 


Badr et al [8] proposed a fuzzy exterior point simplex algorithm (FEPSA) for solving the linear 
programming problems with fuzzy numbers. In this section, we propose a new algorithm which solves 


linear programming with neutrosophic numbers (Neutrosophic exterior point simplex algorithm 
NEPSA). 


Neutrosophic Exterior Point Simplex Algorithm (NEPSA) 


Step0: (Initialization) 


e Transfer fuzzy numbers into neutrosophic numbers (see section 3) 
e Apply the general framework (see section 4) 
e Start with a feasible basic point and construct the corresponding tableau exterior 
simplex. 
Step1: (Test of termination) 
Find the set/_ = {j: Go; < 0}. If J. = ®, STOP. The problem is optimal. 


Otherwise, calculate Gigg = Digs @j and ajy = yen aj where i=1,2,...,m 


Step2: (Choice of entering variable) 
Find the set I, = {i: aig > 0}. IfL, = @, STOP. The problem is unbounded. 
Otherwise, determine the index of entering variable r from the relation : 
b b; 
= min{ i € 1,} 
aro aro 


Step3: (Choice of leaving variable) 


Put J, = {j: Go; > 0} and calculate 


Find the index of the leaving variable s, if 6, < 8, put s =k otherwise s =. 


Step4: (Pivoting) 
Form the next tableau by the pivoting variable ars and go to Step1 


5. Numerical Examples and Results Analysis 
In this section, two benchmark examples (P1 and P2) are proposed to compare between the 
proposed algorithm NEPSA and its fuzzy version FEPSA. 
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Table 3. Special fuzzy linear programming from different references 


Probl : . : 
pe Problem object function and constrained Reference 
Max Z = (2,4,2,6)x, + (2,6,1,3)x2 + (1,3,1,3)x3 
s.t 
Xy +X. + 2x3 52 
_ 2x, + 3x, +4x3 <3 [8] 


6x, + 6X, + 2x3 < 8 
X4,X2,X3 20 


Max Z = (13,15,2,2)x, + (12,14,3,3)x, + (15,17,2,2)x3 
s.t. 
12x, + 13x, + 12x3 < (475,505,6,6) 
P2 14x, + 13x3 < (460,480,8,8) [21] 
12x, + 15x, < (465,495,5,5) 
X4,X2,X3 20 


5.1 Example 1 (P:) [8] : 


Consider the following linear programming problem 
Max Z = (2,4,2,6)x, + (2,6,1,3)x2 + (1,3,1,3)x3 
s.t 
Xy+X2+2x3 <2 
2X, + 3X2 + 4x3 53 
6X, + 6X2 + 2x3 < 8 
X4,X2,X3 20 
First: We will convert the fuzzy numbers into neutrosophic numbers 
Then, using the following rank function: 
4 


1 
R(a) = 5), & + (Ta — la — Fa) 
i=1 
R(a) = 2a+1 
Max z = R[(0,2,4,10)]x, + R[(1,2,6,9)]x2 + R[(0,1,3,6)]x3 
s.t. 
Xy+X2+2x3 52 
2X, + 3x2 + 4x3 53 
6X, + 6X2 + 2x3 < 8 
X1,X2,X3 20 
Putting the last formula into the standard form, we have: 


Max z = 9x, + 10x2 + 6x3 
s.t. 
Xy +X. + 2x3 +X, = 2 
2X1 + 3X2 + 4x3 +x, = 3 
6x, + 6X2 + 2x3 +%X, = 8 
X4)Xq)X3,X4,X5,X_ = O 
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Step (0): we construct the initial tableau of exterior simplex: 


X4 X2 X3 X4 Xs X6 R.H.S 
Z —9 —10 —6 0 0 0 2 
X4 4 1 1 2 1 0 0 2 
Xs 9 2 3 4 0 1 0 3 
X6 14 6 6 2 0 0 1 8 


Step (1): J- = {j: ao; <_ 0}={1, 2,3} F @ the algorithm does not stop. 


Step (2): I= {i: aio> 0} = {1, 2,3} #® the problem is not unbounded 

br (bi _ (by by bs (23 8 3 

= = min {i E i. = min fe =} = min {=} = >r=2 
Then, the leaving variable is x. 


Step (3): J+={j: ay) > 0}= D 


= . —aoj ° . = = = . 9 10 6 6 
6, = —* =min {=a =j € J-,a,;> 0| = min {set —A02, —*03} = min (2, =,2}=5 >k=3 
rj 


, , 
421 422 423 


Then, the entering variable is x3 

~a . (-a 

a min| ° 
R 4 R 


Step (4): the next tableau by pivot element: 


ayj 


X4 X2 X3 X4 Xs X6 R.H.S 

Zz —6 —11 0 0 3 0 13 
2 2 2 

sa §§ = &* + & 8 2 
2 2 2 2 

x & 1 3 #1 ogo fT 0 3 
4 2 4 4 4 

X6 19 5 9 0 0 v1 1 13 
2 2 2 2 


Step (1): J- = {j: ao; <_ 0}={1, 2} F @ the algorithm does not stop. 
Step (2): I+ = {i: aio> O} = {2, 3} #® the problem is not unbounded 


Pje Jexteg = 0} = 6, = min{®} = 0 > 6, < 6, >s=k=3, the pivot element is a23 


br (be _ (b2 bs _ (3 13 3 
—_ = min {4 i E 1,} = min {2 , =} = min {=.=} =—->r=2 
aro Gio 429 ©=— 30 519 5 
Then, the leaving variable is x3 
Step (3): J+ = {7: aoj 2 0} = {5} 
6, = “% =min }% =j € J-,a,,>0} = min {2} = min {12,2}=4 sk =2 
i ae = min = =j € J-,a,; = min ne raed i min tee = 
Then, the entering variable is x, 
6, = aot = min |= Tete d= 0| > 6, =min{o} = 0 >6, <0, >s=k=2, the pivot element 
rl rj 
1S A122 


Step (4): the next tableau by pivot element: 
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X4 X2 X3 X4 Xs X6 R.H.S 
Z <i 0 22 0 10 0 12 
3 3 3 
X4 1 1 0 2 1 1 0 1 
3 3 3 3 
X2 2 2 1 zl 0 1 0 1 
3 3 3 3 
X6 2 2 0 —6 0 —2 1 2 
Step (1): J- = {j: ao) < 0}={1} F @ the algorithm does not stop. 
Step (2): I+ = {i: aio> 0} = {1,2, 3} #D the problem is not unbounded 
br . by, ; b, by b; : 3 
—_ = min fi E 1,} = min f=, =| = min {3.5.1} =1> r=3 
aro Aig 419 429 §=30 2 
Then, the leaving variable is x¢ 
Step (3): J+ = {f: aoj > 0} = {3,5} 
_ age —Aaj _ x ; = vy {—%01) _ {7 = 
6, = rs = min f= =jeEJ 1,3 > 0} min {2} min {2} = k 1 
Then, the entering variable is x, 
02 z 7 = min {2 J © Jy, ay < 0| > 6, =min{®} = 0 > 6, < 6, >s=k=1, the pivot element 
rl rj 
1S 431 
Step (4): the next tableau by pivot element: 
X4 X2 X3 X4 Xs X6 R.H.S 
Z 0 0 1 0 1 7 43 
3 6 3 
X4 0 0 5 1 0 v1 2 
3 6 3 
X2 0 1 10 0 1 a 1 
3 3 3 
x4 1 0 -3 0 -1 1 1 
2 


Step (1): J-: fi: Aj < 0} = @, the algorithm stops . 


: é 43 1 
The solution is: z = 3 1% = 1x2 =5,%3 = 0 


Table 4. A comparison between fuzzy EPSA & Neutrosophic EPSA 
FEPSA[7] NEPSA 


Iteration no. 3 3 
Z 11 14.33 

X4 1 1 

ee 1 1 

3 3 

X3 0 0 


In Table 4, we make a comparison between FEPSA and NEPSA. It is clear that the neutrosophic approach 
NEPSA is more accurate than the fuzzy approach FEPSA according to the value of objective function. The 
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value of objective function of NEPSA is 14.33 while FEPSA has 11 where the type of this problem is 
maximization. From Table 4, we deduce that NEPSA is more accurate than FEPSA. 


5.1 Case study (P2) [21]: 

A company produces three products Pl, P2 and P3. These products are processed on three different machines 
M1, M2 and M3. The time required to manufacture one unit of each product and the daily capacity of the machines 
are given below: 

Time per unit(minutes) 


Machines P1 P2 P3 Machine Capacity (min/day) 
M1 12 13 12 490 
M2 14 - 13 470 
M3 12 15 - 480 


Note that the time availability can vary from day to day due to break down of machines, overtime 
work etc. Finally the profit for each product can also vary due to variations in price. At the same time the 
company wants to keep the profit somewhat close to 14 for P1, 13 for P2 and 16 for P3. The company 
wants to determine the range of each product to be produced per day to maximize its profit. It is assumed 
that all the amounts produced are consumed in the market. 

Since the profit from each product and the time availability on each machine are uncertain, the 
number of units to be produced on each product will also be uncertain. So we will model the problem as 
a fuzzy linear programming problem. We use symmetric trapezoidal fuzzy numbers for each uncertain 
value. Profit for P1 which is close to 14 is modelled as [13, 15, 2, 2]. Similarly the other parameters are also 
modelled as symmetric trapezoidal fuzzy numbers taking into account the nature of the problem and 
other requirements. So we formulate the given fuzzy linear programming problem as: 


Max Z = (13,15,2,2)x, + (12,14,3,3)x2 + (15,17,2,2)x3 
S.t. 
12x, + 13x, + 12x3 < (475,505,6,6) 
14x, + 13x3 < (460,480,8,8) 
12x, + 15x, < (465,495,5,5) 
X4,%X2,Xz3 20 
5.1.1 Solving case study using fuzzy exterior point simplex method 


Putting the formula into the standard form, we have: 
Max @ = (13,15,2,2)x, + (12,14,3,3) x» + (15,17,2,2)x3 
s.t. 
12x, + 13x, + 12x3 + x, = (475,505,6,6) 
14x, + 13x3 + x5 = (460,480,8,8) 
12x, + 15x, + x, = (465,495,5,5) 
X4,X2,X3 20 
Step (0): we construct the initial tableau of fuzzy exterior simplex: 


x4 X2 X3 Xy, Xs Xe R.H.S 
Z —(13,15,2,2) —(12,14,3,3) -(15,17,2,2) 0 0 O 0 
X4 37 12 13 12 1 0 O- (475,505,6,6) 
x, 27 14 0 13 0 1 O- (460,480,8,8) 
X_ 27 12 15 0 0 O 1  (465,495,5,5) 


Step (1): J-= fj: ay, < 0} ={1, 2,3} # @ the algorithm does not stop. 
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Step (2): l= {i: aio> 0} = {1, 2,3} #@ the problem is not unbounded 


br ~~ (b. _ (bd, bz bs _ (R(475,505,6,6) R(460,480,8,8) R(465,495,5,5) 
= = min{ ie 1,} min{, 2. 3 | = min f ; 4 } 
Aro io Aig Azo Azo 37 27 27 
490 
Soon A ee 
ap et 


Then, the leaving variable is x, 
Step (3): J-= {jay > 0} = D 


—aoj F a -a -a . R(13,15,2,2) R(12,14,3,3) R(15,17,2,2 
L=jeJ-,a,,>0}= min {22 ol ~Go2 tea} min {® Nes gst 2} = 
ar; 12 13 12 


, , 
441 412 413 


Then, the entering variable is x, 


6, = —20t = min [Ref EI ary < o} = 0, = min{®} = 0 > G, < 6, > s=k=2, the pivot element is a1 
TJ 


arl 


Step (4): the next tableau by pivot element: 


x1 X2 x3 X4 Xs X%6 R.H.S 
Z —25 -27 10 10. 9 —51 -—53 10 10 12 14 3 3 ae 0 0 (475,505,6,6) 
13’ 13 ‘73’ 13.’ 13 713’ 13) 43’ 13'13'13 
x, 24 i2 1 i 1 0 0 475 505 6 6 
13 13 13 13 13’ 13 713713 
Xs 27 14 0 13 0 1 0 (460,480,8,8) 
X_, —204 —24 0 —180 15 0 1 —1080 -—1140 -—25 -—25 


13 13 13 13 13.’ +13’: 13’ 13 


Step (1): J-= fj: a9) < 0} = {1,3} # @ the algorithm does not stop. 
Step (2): I= {i: aio> 0} = {1,2} #@ the problem is not unbounded 


b b b, »b eee as, R(460,480,8,8) 
Ly i , 
= = min{ ~iel } min{*, 2} = min 13’ 13 ’13’13 
aro io aio A209 24 27 
BB 
245 470, 470 
-— a ee: > = 
mint a7 a7 7 


Then, the leaving variable is x, 
Step (3): J+ = {j: aoj ; 0} = {4,5} 
389 391-5 —5 
) _ 30 


ij _ ROSS 
=fe]—)a)4> o} = min {="22 so} = min{ ee} = ok =3 
14 


-a 
p= = min | 


ark 


Then, the entering variable is x3 


6, = at = min | 


ar] 


a, < 0} > 6, = min {®@}= 0-56, <0, >s=k=3, the pivot element is a23 
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Step (4): the next tableau by pivot element: 


x4 Xz X3 X4 Xs X6 R.H.S 
z fei 391 -10 -10 90 0 12143 3 51 5% —10 =. 5 8015 8485 110 110 
169’ 169’ 169’ 169 13’13'13'13) ‘[69’169’ 169’ 169? io 4s, 1 
xX, =12 1 0 =12 655 805 -18 —18 
169 4 169 169’169’ 169’ 169 
x3 14 0 1 0 1 0 460 480 8 8 
13 19 CEMEENSEIBED 
X6 2208 0 0 -15 180 1 481320 501060 1115 1115 
169 13 169 1183 ’ 1183 ’ 169’ 169 
The solution is: z = 634.6 ,x, = 0,x2 = eas = ae 
169 13) 


5.1.2 Solving case study using neutrosophic exterior point simplex method 
First: We will convert the fuzzy numbers into neutrosophic numbers 
Then, using the following rank function: 


o az + Az 
R(@) = a (ig mip i) 
R(a)=a+1 
Max @ = R[(13,15,2,2)]x, + R[(12,14,3,3)]x_ + R[(15,17,2,2)]x; 


s.t. 
12x, + 13x, + 12x3 < R[(475,505,6,6)] 


14x, + 13x3 < R[(460,480,8,8)] 
12x, + 15x. < R[(465,495,5,5)] 
X4,X2,X3 20 

Putting the last formula into the standard form, we have: 
Max z = 15x, + 14x, + 17x3-2 
s.t. 

12x, + 13x2 +12x3+%, = 491 

14x, + 13x3 +x, = 471 

12x, + 15x, +x, = 481 

X4,X2,X3,X_, = 0 
Step (0): we construct the initial tableau of exterior simplex: 


x4 X2 Xz xX, Xs Xe RAS 
Z -15 -14 -17 0 0 0 2 
X, 37 12 13 12 1 O O 491 
x, 27 14 0 13 0 1 O 471 
X_ 27 12 15 0 0 oO 1 481 


Step (1): J- = {j: ao; < 0} ={1, 2,3} F @ the algorithm does not stop. 


Step (2): I+ = {i: aio> 0} = {1, 2,3} #D the problem is not unbounded 
br —(b (by by by _ (491 471 481) 491 
ay =min {ie te} = min [b= nop ap ar} = a7 

Then, the leaving variable is x4 


Step (3): J-= {fay > 0} = O 


>r=1 


mis in JO Sj _ (=401 —42 -a . (15 14 17) __ 14 
0, = ot = min | t= j € J—sdyj > 0} = min {201,82 208} — min fE, 4,2} = 4 = k= 
ork ay] Q41° a2’ a3 12’13’12) 13 
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Then, the entering variable is x, 


— | = mi rad € lat < 0| > 6, =min{®} =0 > 6, < 0, >s=k=2, the pivot element is azz 
Step (4): the next tableau by pivot element: 
X, = X2 X3 X, %Xs X_ RAS 
Z -—27 QO —53 14 0 O 6900 
“13° ec 2 Pew 
X2 24 12 1 12 1 0 O 491 
13.13 13.13 13 


13 13 13 13 13 


Step (1): J- = {j: ao; < 0} ={1,3} F @ the algorithm does not stop. 


Step (2): I = {i: aio> 0} = {1,2} #D the problem is not unbounded 

br (be (db, Dy _ (491 471) 471 

on = min {i E 1,} = min {7 a = min |= ; =| = 07 >r=2 
Then, the leaving variable is xs 


Step (3): J+ = {j: aoj : O} = {4} 


— Dok _ pi, J _ | ae ee re ais Ec a Pe Cad UL beac = 
6, = ae = min = =j € J-,a,; > 0| = min {= : 03} = min {= =}= a >k=1 
Then, the entering variable is x, 

02 = —sol = min a J € Jy, ay < 0| => 0, = min {9} = - > 0, < 6, > s=k=1, the pivot element is az1 
rl rj 
Step (4): the next tableau by pivot element: 
X, X22 X3 X4 Xs, %X RAS 
Z 0 0 —391 14 27 0 8409 
182 13. 182 14 
X2 6 0 41 6 -6 QO 47 
91 91 13 91 
x, 13 #1 0 ~~ 13 0 1 oO 471 
14 14 14 
x, 1104 0 0 -—-1104 -15 12 1 —164 
91 91 13 91 7 
Step (1): J- = {j: ao) < 0}={3} F @ the algorithm does not stop. 
Step (2): I+ = {i: aio> O} = {1,2} #M the problem is not unbounded 
br (be (db, Dy _ (611 471) 471 
— = min {i 1,} = minf>, 2} = nf ‘ [= => 7 S72 
aro Ain Aig Aro 6 13 13 
Then, the leaving variable is x, 
Step (3): J+ = {7: oj : O} = {4,5} 

= 0k ~ pin J“ =; a, ee = min $2803) = aye JEL = 
6, = . min = =j €J-—,a,;> 0| min {=} min {=| 2.3 >k 
Then, the entering variable is x3 

Z= =F = min a i] © jeitg = 0| => 6, = min{0} =~> 6, < 0, >s=k=3, the pivot element is as 
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Step (4): the next tableau by pivot element: 
X, Xz Xe My Xs, %X, RAS 


Z 391 0 ) 14 53 Q 114663 
169 13. 169 169 
X2 —12 1 0 1 -12 9Q 731 
169 13 169 169 
X3 14 0 1 0 1 0 471 
13 13 13 
X6 2208 QO 0 —-15 180 1 70324 
169 13.169 169 
Step (1): J-: fi: Ao; < 0} = @, the algorithm stops . 
The solution is: z = 678.4,x, = 0,x, = Ne — 474 


169 13 


Table 5. A comparison between Fuzzy EPSA & Neutrosophic EPSA 


FEPSA NEPSA 
Iter.no. 3 3 
Z 634.6 678.4 
X41 0 0 
Xs 730 731 
169 169 
Xs 470 471 
13 13 


In Table 5, we make a comparison between FEPSA and NEPSA. It is clear that the neutrosophic approach 
NEPSA is more accurate than the fuzzy approach FEPSA according to the value of objective function. The 
value of objective function of NEPSA is 678.4 while FEPSA has 634.6 where the type of this problem is 
maximization. From Table 5, we deduce that NEPSA is more accurate than FEPSA. 


6. Conclusion 

Three contributions were proposed. First contribution was proposing a good evaluation between the 
fuzzy and neutrosophic approaches using a novel fuzzy-neutrosophic transfer. Second contribution was 
introducing a general framework for solving the neutrosphic linear programming problems using the 
advantages of the method of Abdel-Basset et al. and the advantages of Singh et al.'s method. Third 
contribution was proposing a new neutrosophic exterior point simplex algorithm NEPSA and its fuzzy 
version FEPSA. NEPSA has two paths to get optimal solutions. One path consists of basic not feasible 
solutions but the other path is feasible. Finally, the numerical examples and results analysis showed that 
NEPSA more than accurate FEPSA. 
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Abstract. Uninorm generalizes the notion of t-norm and t-conorm in fuzzy logic theory. They are three increasing, 
commutative and associate operators having one neutral element. However, such specific value identifies the kind 
of operator it is; t-norms have the | as neutral element, t-conorms have the 0 and uninorms have every number lying 
between 0 and 1. Uninorms have been applied as aggregators in many fields of Artificial Intelligence and Decision 
Making. This theory has also been extended to the framework of interval-valued fuzzy sets, intuitionistic fuzzy sets, 
interval-valued intuitionistic fuzzy sets and L-fuzzy sets. This paper aims to explore neutrosophic uninorms. We 
demonstrate that it is possible to define uninorms operators from neutrosophic logic. Additionally, we define neu- 
trosophic implicators induced by neutrosophic uninorms. The combination of both, Neutrosophy and uninorms, 
enriches the applicability of uninorms operators due to the possibility of incorporating indeterminancy as part of the 
Neutrosophy contribution. 


Keywords: neutrosophic uninorm, uninorm, neutrosophic logic, neutrosophic implicator. 


1 Introduction 


Uninorms generalize the concepts of t-norm and t-conorm in fuzzy set theory, see [17]. Uninorm operators 
fulfill commutativity, associativity, increasing monotonicity and the existence of a neutral element e, in the same 
way that t-norm and t-conorm do, see [21]. When e is 1, the uninorm is a t-norm, when e is 0, it is a t-conorm. The 
generalization consists in widening to [0, 1] the range of values where the neutral element can lie. 

Uninorms are not only used to extend theoretically the other aforementioned fuzzy operators, furthermore we 
can find in literature many fields where they are applied as aggregators, for example, in expert systems, image 
processing, neural networks, classifiers, among others, see [4, 10, 13, 16, 19, 22, 27]. Moreover, there exists a 
fuzzy implicator theory based on uninorms, [7]. 

G. Deschrijver and E. Kerre in [15], extend fuzzy uninorms concepts to interval-valued fuzzy sets, intuitionistic 
fuzzy sets, interval-valued intuitionistic fuzzy sets and L-fuzzy sets, see [5-6, 14, 18]. They proved in [14], that 
these four kind of fuzzy sets are isomorphic each another, therefore, it is sufficient to prove uninorm properties in 
the framework of the L*-fuzzy set theory. 

On the other hand, “Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra’, [23-24, 26]. The novelty of this theory 
is that it includes for the first time the notion of indeterminacy in fuzzy set theory, that is to say, this approach 
admits the membership and non membership of elements or objects to a set, akin to intuitionistic fuzzy set theory 
does, as well as a third function which represents indeterminacy. This theory acknowledges that ignorance, con- 
tradiction, paradox and other knowledge representation conditions, which are often considered undesirable from 
the classic logic viewpoint, also should be taken into account. 

Neutrosophy has been applied in wide-ranging kinds of areas, e.g., image processing, decision making, clus- 
tering, among others. This is due to the nature of this theory, which allows representing and calculating with 
indeterminacies. 

This paper is devoted to introducing neutrosophic uninorms or N-uninorms, for generalizing uninorm operators 
to the neutrosopic framework. It is worthily to remark that N-uninorms are used to denote neutrosophic uninorms, 
not n-uninorms, see [2]. To our knowledge, this seems to be the first approach to neutrosophic uninorms. In neu- 
trosophic logic, neutrosophic norms generalize t-norms and neutrosophic conorms generalize t-conorms, hence, 
N-uninorms extend fuzzy uninorms, uninorms on L*-fuzzy sets, n-norms and n-conorms. 

N-uninorms could replace fuzzy uninorms in the mathematical models where usually the latter one are 
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employed, because this new approach keeps the advantages of uninorms as an esteemed aggregator, which is here 
improved with the appropriateness of neutrosophy to deal with human reasoning, knowledge representation, 
vagueness and uncertainty, when indeterminacy is present. 

The present paper is organized as follows; the preliminary definitions and results necessaries to develop our 
work will be given in Section 2. Section 3 is dedicated to exposing the N-uninorm theory, including N-uninorm 
implicators. Finally, Section 4 draws the conclusions. 


2 Preliminaries 


This section is devoted to exposing the preliminary definitions and results necessaries to develop the proposed 
theory of N-uninorms. The first subsection is dedicated to summarizing the basic definitions and results on 
uninorms. In the second one we recall the definition and aspects concerning neutrosophic logic theory. 


2.1 Basic notions of uninorm theory 


Definition 2.1. A uninorm is a commutative, associative and increasing mapping U: [0,1]? > [0,1], where 
there exists e € [0,1], called neutral element, such that Vx € [0, 1], U(e, x) = x, [17]. 

If e = 1, U is a t-norm and if e = 0, U is a t-conorm. 

Deschrijver and Kerre in [15] extend this definition to the framework of interval-valued fuzzy sets, intuition- 
istic fuzzy sets, interval-valued intuitionistic fuzzy sets and L-fuzzy sets, which are pairwise isomorphics, there- 
fore they restrict their theory to the set L* = {(x,,x,) € [0,1]? and x, + x, < 1}. 

Let us recall two well-known algebraic definitions that we explicitly write for the sake of being self-contained. 
They are namely, Partially Ordered Set or poset and Lattice, [1, 9, 20]. 


Definition 2.2. A Partially Ordered Set or poset is a pair (P, <), where P is a set and < is a binary relation over 
P, which satisfies for every x, y, z € P, the three following conditions: 

1. x<x (Reflexive). 

2. If x<y and ysx, then x = y (Antisymmetry). 

3. Ifxs<y and y<z, then x<z (Transitivity). 

An upper bound of X, XCP, is an element aeP, such that Vx eX it holds x<a. Equivalently, a lower bound is 
an element beP, such that VxeX, b<x. The supremum of X is the least upper bound and the infimum is the greater 
lower bound. 


Definition 2.3. A lattice (L, <,) is a poset, where every pair of elements x and y in L have an infimum or 
‘meet’, denoted by xy and a supremum or ‘join’ denoted by xvy. 
Lis a complete lattice if every of its subsets has an infimum and a supremum in L. 


The lattice (L*, <,*) is defined by the following poset: 


(X1,X2) Sp* (Wz, Y2) @ X1 Sy and xz = yz , V(X1,X2), (V1, y2) € L*. The units of L*are 0,» = (0,1) and 
1p» = (1,0). See that x = (x,,x2) and y = (y;, yz) can be incomparable with regard to <,*, where either x, < 
yi and x2 < yz , or X; > y; and x2 > yz . It is denoted by x Il,* y. 

Evidently, (x,,X2) 2,* (Y1,Y2) if and only if (y1, 2) Sz* (&1, X2). If (%1,X2) Si» (Wi,y2) and 
(X1,X2) 2 (Vi Y2) then (x1,X2) =p* (Vi Y2)- 

Formally, the uninorm on L’ is defined as follows: 


Definition 2.4. A uninorm on L* is a commutative, associative and increasing mapping U: L’? > L*, where 
there exists e € L*, called neutral element, such that Vx € L*, U(e, x) = x, [15]. 


Here, if e = 1,+, U defines a t-norm on L‘and if e = O;;, it is a t-conorm on L*. Nevertheless, the most in- 
teresting cases of uninorms are those where e satisfies 0, * <j* e <y* 1°. 


In [15] we can find properties and their demonstrations concerning uninorms on L* that generalize the proper- 
ties of fuzzy uninorms, including those of the uninorm-based R-implicators and S-implicators. Further, we shall 
guide the exposition of N-uninorms theory through the theory developed in that paper. Our goal is to prove that 
N-uninorms extend uninorms on L*. 


2.2 Basic notions of neutrosophic logic 


Definition 2.5. Given X, a universe of discourse containing elements or objects. A is a neutrosophic set ([25- 
26]) if it has the form: A = {(x: Ta (x), In CX), F,(x)), xe x}, where T, (x), I, (x), Fa(x) G]~0,1*], ie., they are 
three functions over either the standard or nonstandard subsets of | ~0, 1 [. T,(x) represents the degree of mem- 
bership of x to A, I, (x) represents its degree of indeterminacy and F,(x) its degree of non-membership. They do 
not satisfy any restriction, i.c., Vx € X, 0 < inf T, (x) + inf I, (x) + inf F,y(x) < sup T,(x) + sup I,4(x) + 
sup Fa(x) < 3%. 
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Another particular definition is that of Single-valued Neutrosophic set, which is formally defined as follows: 


Definition 2.6. Given X, a universe of discourse which contains elements or objects. A is a single-valued 
neutrosophic set (SVNS) [25] if it has the form: A= {(x:T, (x), I4(x), Fa(x)),x € X}, where 
Ta (x), I, (x), Fa (x) € [0, 1]. Ty (x) represents the degree of membership of x to A, I, (x) represents its degree of 
indeterminacy and F,(x) its degree of non-membership. Vx € X,0 < Ta(x) + In(x) + Fa(x) S 3. 

See that SVNS is derived from the definition of neutrosophic sets. In the present paper we prefer to use the 
former one. 

In neutrosophic set theory a lattice can be defined as follows: 

Given the universe of discourse X and x(T,, I,, Fx), y(T,, ly, Fy) two SVNS, we say that x<ny if and only if 
Ty S$ Ty, lx 2 ly and F, = Fy, (X, <n) is a poset. Whereas, (L, A, V) is a lattice, because it is a triple direct prod- 
uct of lattices, see [9]. xAy = (min{T,, Tt max{I,, ig} , max{F,, Fy}) and x Vy = (max{T,, Ty}, 
min{I,, ly} A min{F,, Fy }). Moreover, it is easy to prove that it is complete. 

Let us remark that this definition is valid for interval-valued neutrosophic sets, when we substitute their oper- 
ators by interval-valued operators. 

See also that there exist two special elements, viz., Oy = (0,1,1) and 1y = (1,0,0), which are the infimum 
and the supremum respectively, of every SVNS with regard to <n. 

Given two neutrosophic sets, A and B, three basic operations over them are the following [25]: 


1.ANB=AAB (Conjunction). 

2.AUB=AVB (Disjunction). 

3. A = (Fa, 1 — I,, Ta) (Complement). 

Definition 2.7. A neutrosophic norm or n-norm Ny [25], is a mapping N,: (| “0, 1t[x] 70, 1* [x 
]70,1*[)? >] ~0,1*[x] “0, 1* [x] 70, 1", such that Ny (x(Te x, Fx), ¥(Ty ly, Fy)) = 
(N,,TCx y), NaICx y), Na F(x, y)), where N,T means the degree of membership, N,I the degree of indeterminacy 
and N,F the degree of non-membership of the conjunction of both, x and y. 

For every x, y and z belonging to the universe of discourse, Nn must satisfy the following axioms: 

1. Nn (%,On) = On and Ny (x, 1N) = x (Boundary conditions). 

2. Nn (x,y) = Nn (y,x) (Commutativity). 


3. Ifxs<yy, then Nn (x,Z) <n Nn (y,z) (Monotonicity). 
4. Nn (Nn (X% y), Z) = Nn (X, Nn (y,Z)) (Associativity). 


Definition 2.8. A neutrosophic conorm or n-conorm N, [25], is a mapping N,: (] 0, 1* [x] ~0, 1*[x 
]70,1*[)? >] ~0,1*[x] “0, 1*[<] “0, 1*[, such that Ne (x (Ty, be Fx), ¥(Ty, ly, Fy) = 
(N,T(, y), NIC, y), N-F(x, y)), where N-T means the degree of membership, N.I the degree of indeterminacy 
and N.F the degree of non-membership of the disjunction of x with y. 

For every x, y and z belonging to the universe of discourse, N. must satisfy the following axioms: 

1. Ne (x,0n) = x and N; (x,1N) = In (Boundary conditions). 

2. Ne (x,y) = Ne (y,x) (Commutativity). 

3. Ifx<ny, then Ne (x,z) <n Ne (y,z) (Monotonicity). 

4. Ne (Ne (X,y),Z) = Ne (x, Ne (y,z)) (Associativity). 

According to [8] a Singled-valued neutrosophic negator is defined as follows: 


Definition 2.9. a singled-valued neutrosophic negator is a decreasing unary neutrosophic operator 
Ny: [0,1]? — [0,1], satisfying the following boundary conditions: 

1. Nn (On) = 1N. 

2. Ny(1n) = On. 


It is called involutive if and only if Ny(Ny(x)) = x for every x € [0, 1]°. 
In the following, we show the neutrosophic negators that we shall consider hereunder, extracted from the lit- 
erature, see [25]. Given a SVNS A(Ta, Ia, Fa), we have: 


1. Ny((Ta, 1a, Fa)) = (1 — Ta, 1 — 14,1 — Fa), Nn((Ta, Ia, Fa)) = 1 — Ta Ig, 1 — Fa), 
Nn ((Ta, Ia, Fa)) = (Fay la, Ta)and Ny((Ta, Ia, Fa)) = (Fa, 1 — Ia, Ta) (involutive negators). 


2. Ny((Ta la, Fa)) = (Fa 27 8**4, T,) and Ny ((Ta, Ta, Fa)) = (1 - Ty “A848, 1 — F,) (Non-invo- 


lutive negators). 
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In literature, we found neutrosophic implicators, which extend only the notion of S-implications [11]. More- 
over, we did not find a general definition on neutrosophic implications except in [8]. In the following, we con- 
clude this section with such definition and properties. 


Definition 2.10. A singled-valued neutrosophic implicator is an operator ly: [0, 1]? x [0,1]? > [0, 1]? 
which satisfies the following conditions, for all x, x’, y,y’ € [0,1]?: 

1. Ifx’ <y x, then Iy(% y) Sy In’, y). 

2. Ify <y y’, then Iy(x, y) <n In(x% y’). 

3. In(On, On) = In(On, In) = ING, In) = In. 

4. Iy(1n, On) = On. 

Herein we use the term neutrosophic implicator or n-implicator to mean singled-valued neutrosophic 
implicator. 

It can satisfy the following properties for every x,y,z € [0,1]? : 
Iy(y, x) = x (Neutrality principle) 
In y) = Iy (Nin), Nin (x)), where Nyy (x) = Iy(X, Oy ) is an n-negator (Contrapositivity). 
In(x% In(y,2)) = In(y, In, z)) (Interchangeability principle). 
X Sy y if and only if Iy(x, y) = 1) (Confinement principle). 
Iy is a continuous mapping (Continuity). 


Die: 


3 Neutrosophic uninorms 


This section is the core of the present paper, because here we explain the neutrosophic uninorm theory. We 
start defining this concept formally. 


3.1 N-uninorms 


Definition 3.1. A neutrosophic uninorm or N-uninorm Un, is a commutative, increasing and associative 
mapping, Uy: (]~0,1*[x] ~0, 1*[x] ~0, 1*[)? >] “0, 1*[x] 70, 1*[ x] 70, 1*[, such that: 
Un (x(Ty, 1, Fy), y(Ty, ly, Fy)) = (UyT( y), UyIC, y), Uy F(x, y)), where UnT means the degree of member- 
ship, UnI the degree of indeterminacy and UyF the degree of non-membership of both, x and y. Additionally, 
there exists a neutral element e €] ~0, 1*[x]~0, 1*[x]~0, 1*[, where Vx €] ~0,1*[x]~0,1*[x]~0,1*[, 
Un(e, x) =x. 


Remark 3.1. See that Def. 3.1, extends Def. 2.4 in two ways, according to the differences between L* fuzzy 
sets and neutrosophic sets. First, Un includes the third function representing indeterminacy and secondly, there not 
exists constraints in the relationship among T, I and F. In addition, Def. 3.1 extends Def. 2.7 when e = 1y and 
Def 2.8., when e = Oy. 


Remark 3.2. For the sake of simplicity, we shall develop the theory only for singled-valued neutrosophic 
uninorms. 

A trivial consequence of Def. 3.1 is that the neutral element is unique, which is a uninorm property in Def. 2.1 
and Def. 2.4. 

In the following, we explore the formulas of N-uninorms related to those corresponding to n-norms and n- 
conorms. For this end, first we need to describe two kinds of sets, namely, E, = {x € [0,1]?: x <y e} and E, = 
{x € [0,1]? : x Sy e}. 


Lemma 3.1. Let e €]0, 1] x [0, 1[ [0, 1[. The mapping @,: [0, 1]? > [0, 1]?, defined by: 
e(x) = (e1X1, X2 + e2(1 — xz), X3 + e3(1 — X3)) (1) 


for every x € [0,1]? is an increasing bijection from [0,1]? to E, and d¢7? is increasing as well. 

Proof. To prove @¢ is injective, let x,y € [0, 1]? and suppose .(x) = ¢(y).Then, clearly the equation 
(€1X1, X2 + e,(1 — xX2),x3 + e3(1 — x5) = (e1y1, V2 + e,(1 — yo), v3 + e3(1 — y3)) is fulfilled only if x = y, 
and the injection is proved, also taking into account that we excluded the cases e, = 0, e7 = 1 ande3 = 1. 


Yt xy, = 22 and x, = 3. Then, 
ey i=€5 1-e3 
e(x) = y and x;,X2,X3 € [0,1], which can be proved applying y <j e. Therefore, de is surjective and evi- 


dently it is increasing. The equation of the inverse is the following: 


Let us take any y € E, and define x = (x,,x>,X3), such that x, = 


(2) 


310) = (222, 3) 


e;' 1-e,’1-e; 
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Lemma 3.2. Let e € [0,1[x]0, 1] x]0, 1]. The mapping We: [0, 1]? > [0, 1], defined by: 
WelX) = (e, +X, — €1X1, €2X2, €3X3) (3) 


for every x € [0,1]? is an increasing bijection from [0,1]* to E, as well as We? is increasing. 
Proof. This lemma can be proved similarly to the proof carried out in the Lemma 3.1. The equation of the 
inverse is as follows: 


ve@ =( 323) (4) 


1—e,'e,’e3 


Theorem 3.3. Given Un an N-uninorm with neutral element e €]0, 1[?. Then the following two conditions 


are satisfied: 
i. The mapping Nyyy:[0,1]° x [0, 1]? — [0, 1]* defined for all x, y € [0, 1]? by the equation: 


Nnuy OY) = G27 (Un(e(%), be(y))) (5) 


is an n-norm. 
ii. The mapping N,y,:[0, 1]* x [0,1]* > [0, 1]° defined for all x, y € [0, 1]? by the equation: 


Neuy Gy) = We? (Un (Hes), Wely))) (6) 


is an n-conorm. 
Proof. This theorem is a consequence of Lemmas 3.1 and 3.2. 


Remark 3.3. Some cases of e were excluded in Lemmas 3.1, 3.2 and Theorem 3.3, for instance, e = 
(0,8, y), where 0 < B,y < 1 in Lemma 3.1. It is easy to prove that when e is one of them, there not exist any 
increasing bijection from [0,1]? to E, or E,, because E, or E, have one constant component, and therefore they 
only depend on at most two components, however, [0, 1]? depends on three, and that contradicts the injection. 
For example, if e = (0,8,y), then E, = {0} x [8,1] x [y, 1], and there not exists a bijective mapping from 
[0, 1]? to Ey. 


Corollary 3.4. Given Un an N-uninorm with neutral element e €]0, 1[%. Then the following two conditions 
are satisfied: 


i. For every x,y € E,;, Uy y) = De (Ni.uy (be1(x), =*(y))). 


ii, For every x,y € Ez, Uy(%,y) = We (Neuy (We), We(y))). 
Proof. The proof is obtained immediately from Theorem 3.3. 


Remark 3.4. See that Theorem 3.3 and Corollary 3.4 mean that we can define N-uninorms from n-norms 
and n-conorms, and vice versa. 


Remark 3.5. Comparing the precedent issues with their similar ones appeared in [15], we can find few dif- 
ferences and numerous similarities. Indeed, so far we have proved that N-uninorms extend the approach to struc- 
tures of uninorms on L* fuzzy sets, which is valid to interval-valued fuzzy sets, intuitionistic fuzzy sets, interval- 
valued intuitionistic fuzzy sets and Goguen’s L-fuzzy sets. 


Definition 3.2. We say that N,(x, y) is an Archimedean n-norm respect to <j if for every x € [0, 1] it satis- 
fies: N,(x,xX) <y X. 

Definition 3.3. We say that N,(x,y) is an Archimedean n-conorm respect to <y if for every x € [0, 1]? it sat- 
isfies: N.(x,X) >y X. 

Definition 3.4. Un(x,y) is an Archimedean N-uninorm respect to <y if it satisfies the following conditions: 

1. Uy(x,x) <n x for every 0 <y x <y e. 

2. Un(x,x) >n x for every e <y X <y 1y. 

Proposition 3.5. Given Un an N-uninorm with neutral element e €]0, 1[. It is Archimedean if and only if 
the n-norm and n-conorm defined in Eq. 5 and 6, respectively, are Archimedean. 

Proof Let 0 <y x <y e, and Uy(x, y) an Archimedean N-uninorm, i.e., Uy (x, x) <y x, then taking into ac- 
count that , and d¢7 are increasing bijections, we have N nUy CX) = 
oe? (Uy (d¢ (x), e(x))) <n e1(he(x)) = x. Equivalently, it is easy to prove that Nyy, (x, x) <n x implies 


Uy (x, x) <j X. The proof for the n-conorm is similar. 
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Proposition 3.6. Given Un an N-uninorm with neutral element e, and x, y € [0, 1]? are two elements such 
that either xX <y € Sy yory Sy e Sy X, then the following two inequalities hold: 

min(x, y) <y Uy(x, y) <n max(x, y). 

Proof. Without loss of generality, suppose x <y e <y y, then because of the monotonicity of the N-un- 
inorms Uy(x,y) Sn Un(e, y) = y = max(x,y) and Uy (x,y) =n Un(%, e) = x = min(x, y). 

The proposition above means that there exists a domain where Uy is compensatory with regard to <j. 

Let us note that there exists other sets where x ll<, y or X Il<, e. 


Example 3.1. Two examples of N-uninorms are the following: 
Recalling the well-known weakest and strongest fuzzy uninorms, respectively, defined as follows: 


0 if0 < x,y, < e min{x,,y,} if0 <x,y, Se, 
Ue, (Xi): = j max{x,,y,} ife; <x,y; $1 and U,, (&1,y1):= 41 ife, < x,y, <1 
min{x,,y,} otherwise max{x,, y,} otherwise 


For every X,, y; € [0,1] and e, € ]0, 1[. 
Let us define two N-uninorms as follows: for every x, y € [0,1]? and e € [0, 1]?is the neutral element: 


U.(x, y):= (Us, Or ¥1), Ue, %o,Y2), Ue, (X3,Y2)) (7) 


and 


Ue(x, y): = (We, 1 ¥1), Vey (X2,¥2), Ueg (Xa ¥3)) (8) 

Both U,(x,y) and U(x, y), are N-uninorms, because every one of the components are uninorms, thus, they 
are commutative, associative and increasing. The neutral element components are formed by the neutral ele- 
ments of every individual uninorm. 

Moreover, U.(x, y) is a conjunctive N-uninorm and U, (x, y) is a disjunctive N-uninorm, i.e., Ue(Oy, 1n) = 

On and U,.(0n, 1y) a 1y. 

See that U.(x, y) = (Ue, (x1, 91), Ue, (Xz, V2), Ue, (Xs, y3)) is also an N-uninorm, nevertheless, it is neither 

conjunctive nor disjunctive, U.(0y,1y) = (0,0,0). 


Definition 3.5. An N-uninorm Un is said to be t-representable if there exist three fuzzy uninorms, 
Ue, &LY1), Ue, (Kz, 2) and Ue, (X3,Y3), such that for all x = (x,,xX2,X3) and y = (y1,Y2,y3) it has the form 


Un Cy) = (Ue, V1), Ue, (2 V2), Veg (Xa Va)) 


Proposition 3.7. Let Un be an N-uninorm with neutral element e and x € [0, 1]?, then the following proper- 
ties hold: 
i. Uy (On, On) = Oy and Uy(1y, 1y) = In. 
ii. Ife € [0,1]? \ {0y, 1}, we have Uy (Oy, 1y) = Uy(Uy (On, 1), x), for every x € [0, 1]?. 
iii. Ife € [0,1]* \ (Oy, 1N}, then either Uy (Oy, 1n) = Oy or Uy(Oy, 1y) = 1y or Uy (On, 1) ley e: 


i. See that Uy(e, Oy) = Oy, Un(e,1y) = 1y and apply the increasing axiom of N-uninorm. 

ii. If x<ye then because Uy is increasing, we have Uy(Oy,x) <j Uy(On,e) = Oy , thus, 
Uy (On, X) = On and Uy (On, 1n) = Un(Un (On, x), 1y). Because of the commutativity and the asso- 
ciativity, Uy(On, 1y) = Uy(Un (On, 1), x). 

If x >y e then Uy(1y,x) =n Un(1y,e) = 1y and therefore, Uy(1y,x) = 1y . Uy(Oy, In) = 
Un (On, Un (1, x), and finally due to the commutativity and associativity, we obtain Uy (On, 1y) = 
Un (Uy (On, 1y),X). 

If x lle, e then xAe Sy X Sy XVe. We have xAe Sy e and e Sy xVe, thus according to the 
precedent results Uy (On, 1y) = Un(Uy (On, 1), XA €) = Un (Uy (On, 1), x V €). Applying the in- 
creasing axiom of N-uninorms we obtain Uy (Oy, 1y) = Uy(Uy (On, 1), x) . 

iii. Suppose Uy (Ow, 1) He, e, that implies either Uy (Oy, 1n) Sn e or e Sy Un (On, 1). 

If Uy (On, 1n) Sw e, then Uy (On, 1n) = UnCUn (On, 1n), On) = On , according to ii. 
If Uy (On, 1n) =n e, then Uy (On, 1n) = UnCUy (On, 1), 1n) = 1n , according to ii. 
Let us note that the precedent issues are similar to the ones obtained in [15]. 


3.2 Implicators induced by N-uninorms 
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This subsection is dedicated to explore the notion of n-implicators induced by N-uninorms. First of all we 
define the concept of neutrosophic R-implicator, which is new in this framework, at least in the scope of our 
knowledge. 


Definition 3.6. A neutrosophic R- implicator or n-R-implicator is an n-implicator defined as follows: 

Given N,, an n-norm, for every x, y € [0, 1]?, Rly(x,y) = sup{t € [0, 1]?:N,(x, t) <y yh. 

Let us note that this definition extends both, the definition of fuzzy R-implicator, see [7], and that of L* fuzzy 
implicator, [15]. As well as others appeared in [3, 12]. 

Indeed, it is an actual n-implicator. Taking into account the properties of <j, and the increasing property of 
n-norms with regard to <j, we have that Rly (x,-) is decreasing and RIy(-, y) is increasing. Additionally, the sat- 
isfaction of the boundary conditions by Rly can be verified straightforwardly. 


Example 3.2. Let a = (0.6, 0.2, 0.4), b = (0.7, 0.1, 0.3) and c = (0.5, 0.3, 0.5) be three SVNS. Observe 
that c <y a <j b. Consider the n-norm, Ny_min(% Y) = (min{T,, Ty}, max{I,, i}; max{F,, Fy}). 

Then, RIy(a,b) = 1y , RIn(a,c) = (0.5, 0.3, 0.5), RIy(b,a) = (0.6, 0.2, 0.4) and RIy(c,a) = 1y. See that 
Rly (a,c) <j RIy(a,b) and RIy(b, a) <y RIy(c, a). 


Proposition 3.8. Let RIy be an n-R-implicator induced by the n-norm Ny, then the two following properties 
hold: 
i. RIy(1y, y) = y for every y € [0,1]? (Neutrality principle). 
ii. RIy (x, xX) = 1y for every x € [0, 1]? (Identity principle). 
ili. x,y € [0,1]? and x <y y if and only if RIy(x, y) = 1y (Confinement principle). 
Proof. 
i. Fory € [0,1]?, we have Rly(1y, y) = sup{t € [0, 1]?:N,(1y,t) =t Sy y}=y. 
ii. Forx € [0,1]?, we have RIy(x,x) = sup{t € [0, 1]?:N, (x,t) <y x} = 1y, because N, is increasing 
and N(x, 1y) = x. 
iii. For x,y € [0, 1]? and x <y y, taking into account the inequalities N,,(x, t) <y Ny(% 1y) = xX Sy y for 
every t € [0,1]?, we have Rl y(x,y) = 1y. On the other hand, RIy(x, y) = 1y evidently implies x <y y, 
from the definition. 


Theorem 3.9. Let Un be an N-uninorm with neutral element e €]0, 1[%. Let us establish the mapping 
Rly: [0, 1]* x [0,1]* > [0, 1]? defined as follows: 

Rly, (& y) = sup{t € [0, 1]*: Uy (x,t) <y y} for every x,y € [0, 1]°. 

It is an n-implicator if and only if there exists X >y Oy such that every x >y X satisfies Uy(On, x) = On. 

Proof. It is easy to verify that Rly, (%") is decreasing and Rly, (-, y) is increasing. 

On the other hand, Rly, (On, In) = Rlyy (ny, In) = 1, because Uy is increasing and 1y is the supremum. 

See that for every t € [0, 1]?, Uy(1y, t) =v Uy(e,t) = t, then Uy(1y, t) >y On if and only if t >y Oy, 
therefore Rly, (1n, On) = On. 

Additionally, if there exists X >y Oy such that every x >y X satisfies Uy(Oy, x) = Oy, then because Uy is 
increasing and 1y is the supremum of that set, Uy (On, 1y) = On and Rly, (On, On) = 1. 


Remark 3.6. The Theorem 3.9 is valid when Uy is a conjuctive N-uninorm. 


Example 3.3. Given again a = (0.6, 0.2, 0.4), b = (0.7, 0.1, 0.3) and c = (0.5, 0.3, 0.5), three SVNS, 
as in Example 3.2. Let us consider U, of the Example 3.1, where e = (0.5, 0.5, 0.5). Recall that U.(Oy, 1n) = 
Oy. Then, Rly, (a,b) = (0.7, 0.1, 0.3), Rly, (a,c) = (0.5, 0.5, 0.5), Rly, (b, a) = (0.5, 0.5, 0.5) and Rly, (c,a) = 
(0.6, 0.2, 0.4). 


Proposition 3.10. Given Uy an N-uninorm with e € [0,1]? \ {Oy, 1}. Then, Rly, (e,x) = x, for every x € 
[0, 1]3. 
Proof. Let us fix x € [0, 1]°, Rly, (e,x) = sup{t € [0,1]*: Uy(e,t) =t <y x} =x. 


Proposition 3.11. Given Uy an N-uninorm with e € [0,1]? \ {On, In}. Rluy (& 1n) = 1, for every x € 
[0, 1]? (Right boundary condition). 

Proof. Taking into account Uy is increasing and 1y is the supremum of the elements of the lattice, then, 
Rly, (% In) = sup{t € [0,1]?: Uy (x, t) Sy 1y} = 1y- 


Proposition 3.12. Given Uy an N-uninorm with e € [0,1]? \ {Oy, 1}. If it is contrapositive respect to a ne- 
gator Ny, which satisfies Ny(e) = e, then Ny(x) = NNtuy (x) = Rly, (x e) for every x € [0, 1]%and Nntuy iS in- 
volutive. 

Proof. Reproduce the similar proof in [15] adapted to N-uninorms. 


Erick Gonzdlez-Caballero, Maikel Leyva-Vdzquex, and Florentin Smarandache, On neutrosophic uninorms 


Neutrosophic Sets and Systems, Vol. 45, 2021 347 


Proposition 3.13. Given Uy an N-uninorm and Ny an n-negator. The mapping Sly, (x y) = Un(Nn(&),y) is 
an n-implicator if and only if Uy is disjunctive. 

Proof. Reproduce the similar proof in [15] adapted to N-uninorms. 

Example 3.4. Revisiting Examples 3.2 and 3.3, where a = (0.6, 0.2, 0.4), b = (0.7, 0.1, 0.3) andc = 
(0.5, 0.3, 0.5). Now we consider the n-negator Nn((Ty, lL, F,)) = (F,, I, T,) and from the Example 
3.1, U.(x, y) with e = (0.5, 0.5,0.5). There, we proved it is disjunctive. 

Then, we have SIg, (a, b) = (0.7, 0, 0.3) , SIg, (a,c) = (0.4, 0, 0.6), SIg,(b, a) = (0.6, 0,0.4) and 
SIg,(c, a) = (0.6, 0,0.4). 


Proposition 3.14. Given Uy an N-uninorm and Ny an n-negator. The mapping Sly,, satisfies the Inter- 
changeability Principle: 


Sluy Ce Sluy & z)) = Sluy (y, Sluy z)) for every x, y,z € [0,1]?. 
Proof. It is proved by using the commutativity and associativity of N-uninorms. 


Conclusion 


The proposed paper was devoted to define and study a new operator called neutrosophic uninorm or N-uninorm. 
We demonstrated that it is possible to extend the notion of uninorm to the framework of neutrosophy logic theory. 
In addition, we defined new neutrosophic implicators induced by N-uninorms. Moreover, we introduced a new 
neutrosophic implicator which generalizes the fuzzy notion of R-implicator. The importance of this new theory is 
that the appreciated quality of fuzzy uninorms as aggregators is enriched with the capacity of neutrosophy to deal 
with indeterminacy. 
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Abstract. This paper presents the refinement of a type of neutrosophic hyperring in which +’ and -’ are hyperopraetions 
and studied some of its properties. Several interesting results and examples are presented. 
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1. Introduction 


In a general sense the triple (R,+,-) is an hyperring if the hyperoperations + and - are such that 
(R,+) is a hypergroup, (R,-) is semihypergroup and - is distributive with respect to +. These struc- 
tures are essentially rings with approximately modified axioms. Different notions of hyperrings have 
been investigated by researchers in the field of algebraic hyperstructures. For example, Krasner in 
introduced a type of hyperring in which ”+” is an hyperoperation and ”-” is a binary operation. This 
type of hyperring is referred to as a Krasner hyperring. In a type of hyperring called multiplicatve 
hyperring was introduced by Rota. In this hyperring +” is considered as an ordinary addition and ’’.” 
as an hyperoperation. The type of hyperring in which ’+” and ”-” were hyperoperations was studied 
by De Salvo in (14]. These classes of hyperrings were further studied by Barghi , Asokkumar and 
Velrajan |9}11) . 

In 1995, Smarandache generalized fuzzy logic/set and intuitionistic fuzzy logic/set by introducing a new 
branch of philosophy called Neutrosophy, which studies the origin, nature and scope of neutralities, as 
well as their interactions with different ideational spectra. In neutrosophic logic, each proposition has 


a degree of truth (T), a degree of indeterminancy (J) and a degree of falsity (F’), where T,I, F are 
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standard or non-standard subsets of ]—0,1-+[ as can be seen in . Ever since the introduction of 
this theory, several neutrosophic structures have been introduced, some of which includes; neutrosophic 
group, neutrosophic rings, neutrosophic modules, neutrosophic hypergroups, neutrosophic hyperrings, 
neutrosophic loops and many more. Smarandache in introduced the concept of refined neutro- 
sophic logic and neutrosophic set which is basically the splitting of the components < T,J,F > into 
subcomponents of the form < 7\,7>,--- ,Tp;,1o,:++ Jp; i, Fo,:-+, Fs > . This concept inspired 
the work of Agboola in where he introduced refined neutrosophic algebraic structures. A lot of 
results have been published on the refinement of some of the known neutrosophic algebraic struc- 
tures/hyperstructures ever since the work of Agboola. A comprehensive review of refined neutrosophic 
structures/hyperstrutures, can be found in : 

In this paper, the refinement of neutrosophic hyperring is studied and several interesting results and 


examples are presented. 


2. Preliminaries 


In this section, we will give some definitions, examples and results that will be used in the sequel. 


Definition 2.1. Let H be a non-empty set and o: H x H —+ P*(H) be a hyperoperation. The 
couple (H,o) is called a hypergroupoid. For any two non-empty subsets A and B of H and x € H, we 
define 


AoB= U aob, Aox=Aof{a} and roB={ax}oB. 
ac€A,beB 


Definition 2.2. Let H be a non-empty set and let + be a hyperoperation on H. The couple 
(H,+) is called a canonical hypergroup if the following conditions hold: 


(1) e+y=yHz2, for all x,y € H, 

(2) a+(y+z)=(e+y) +2, for all x,y,z € H, 

(3) there exists a neutral element 0 € H such that x +0 = {x} =0+42, for all x € H, 

(4) for every x € H, there exists a unique element —x € H such that 0 € « + (—2)N (—2) +2, 

(5) z€a+y implies y € —x+2z and a € z—y, for all z,y,z € H. A nonempty subset A of H is 


called a subcanonical hypergroup if A is a canonical hypergroup under the same hyperaddition 
as that of H that is, for every a,b € A,a—b€ A. If in additiona+A—aCA forallac H,A 


is said to be normal. 


Definition 2.3. A hyperring is a triple (R,+,-) satisfying the following axioms: 
(1) (R, +) is a canonical hypergroup. 
(2) (R,-) is a semihypergroup such that «-0 = 0-2 = 0 for all x € R, that is, 0 is a bilaterally 
absorbing element, 
(3) For all z,y,z € R, 
(a) e-(yt+z)=a-y+a-z and 
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(b) (w+y)-z = a-z+y-z. That is, the hyperoperation . is distributive over the hyperoperation 
+. 


Definition 2.4. Let (R,+,-) be a hyperring and let A be a nonempty subset of R. A is said to be a 
subhyperring of R if (A,+,-) is itself a hyperring. 


Definition 2.5. Let A be a subhyperring of a hyperring R. Then, 
(1) A is called a left hyperideal of R ifr-aC A for allr € Rae A. 
(2) A is called a right hyperideal of R if a-r C A for all r € R,a € A. A is called a hyperideal of 
Rif A is both left and right hyperideal of R. 


Definition 2.6. Let A be a hyperideal of a hyperring R. A is said to be normal in Rifr+A—rCcA 


for allr e R. 


It will be assumed that I splits into two sub-indeterminacies J; [contradiction (true (J) and false 


(F))] and I [ignorance (true (T) or false (F'))]. With the properties that: 


ih eS ee ig 
Ion = ie = Ip and 
Lip = ie = t 


Definition 2.7. If *: X(4, Ig) x X(h, Ig) & X(h, Iz) is a binary operation defined on X (1h, I2), 
then the couple (X (1, Iz),*) is called a refined neutrosophic algebraic structure and it is named ac- 


cording to the laws (axioms) satisfied by x. 


Definition 2.8. Let (X (1), I2),+,-) be any refined neutrosophic algebraic structure where + and 
. are ordinary addition and multiplication respectively. 


For any two elements (a, bl), cla), (d,eh, fl2) € X(h, In), we define 


(a, bhi, clz) + (d, el, flz) = (a + d, (b + e)h, (c + f)I2), 
(a, bI,, cIg) - (d, ely, fz) = (ad, (ae + bd + be + bf + ce)h, (af + cd+cf)Ig). 
Definition 2.9. If + and . are ordinary addition and multiplication, I, with k = 1,2 have the 


following properties: 


In t+Iyp +++ +I = nk. 
Ij, + (In) = 0. 


(1) 

(2) 

(3) In: In-+++Ip = If = I; for all positive integers n > 1. 
(4) 

( 
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Definition 2.10. Let (G, *) be any group. The couple (G(Jj, Jz), *) is called a refined neutrosophic 
group generated by G, I, and Ip. (G(h, Iz), *) is said to be commutative if for all x,y € G(Nh, Iz), we 


have « * y = y * x. Otherwise, we call (G(11, Iz), *) a non -commutative refined neutrosophic group. 


Definition 2.11. If (X (hh, Iz), *) and (Y (11, Iz), *’) are two refined neutrosophic algebraic struc- 
tures, the mapping 
¢: (X(h, bh), *) — (¥(h, b),#’) 


is called a neutrosophic homomorphism if the following conditions hold: 


(1) $((a, bly, cl2) * (d, el, fl2)) = $((a, bl, el2)) * e((d, el;, fI2)). 
(2) (Ik) =I, for all (a, bly, cla), (d, ely, f 12) E X(N, 12) and k = 1,2. 


Example 2.12. Let Za(h, Iz) a {(0, 0, 0), (L, 0, 0), (0, hi, 0), (0, 0, In)(0, fi, In), (1, th, 0), 
(1,0, fa), 1, hi, I2)}. Then (Zo(N, Iz), +) is a commutative refined neutrosophic group of integers mod- 
ulo 2. Generally for a positive integer n > 2, (Zp(11, 12), +) is a finite commutative refined neutro- 


sophic group of integers modulo n. 


Example 2.13. Let (G(h, J2),*) and and (H(i, I2),*’) be two refined neutrosophic groups. 
Let @ : G(h,In) x H(h,l2) > G(h,I2) be a mapping defined by ¢(2,y) = x and let ~ : 
G(, Iz) x H(1, Iz) + H(t, Iz) be a mapping defined by v(z,y) = y. Then ¢ and w are refined 


neutrosophic group homomorphisms. 


Definition 2.14. (6) Let (H,+) be any canonical hypergroup and let J be an indeterminate. 

Let H(1) =< HUI >= {(a,bI) : a,b © H} be a set generated by H and I. The hyperstructure 
(H(1I),+) is called a neutrosophic canonical hypergroup . For all (a, bl), (c,dI) € H(I) with b 4 0 
or d # 0, we define (a, bl) + (c,dI) = {(@,yl) : vc €at+ec, yEatdUb+cUb+d}. An element 
I € H(1J) is represented by (0,/) in H(Z) and any element x € H is represented by (x,0) in H(Z). For 
any nonempty subset A(I) of H(I), we define —A(I) = {—(a, bI) = (—a,—bI) : a,b € H}. 


Definition 2.15. (6) Let (H(I),+) be a neutrosophic canonical hypergroup . 


(1) A nonempty subset A(J) of H(J) is called a neutrosophic subcanonical hypergroup of H(1) if 
(A(I), +) is itself a neutrosophic canonical hypergroup . It is essential that A(Z) must contain 
a proper subset which is a subcanonical hypergroup of H. 
If A(Z) does not contain a proper subset which is a subcanonical hypergroup of H, then it is 
called a pseudo neutrosophic subcanonical hypergroup of H(J). 

(2) If A(Z) is a neutrosophic subcanonical hypergroup (pseudo neutrosophic subcanonical hyper- 


group), A(J) is said to be normal in H (J) if for all (a, bI) € H(1), (a,bI)+ A(1)—(a, bI) C A(L). 


Definition 2.16. (6) Let (R,+,-) be any hyperring and let I be an indeterminate. The hyperstructure 
(R(I),+,-) generated by R and I, that is, R(1) =< RUT >, is called a neutrosophic hyperring. For 
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all (a, BI), (c,dI) € R(I) with b £0 or d £0, we define 
(a,b) - (c,d) = {(z, yl): ee a-c,yea-dUb-cUb- dh. 


Definition 2.17. (6) Let (R(Z), +,-) be a neutrosophic hyperring and let A() be a nonempty subset of 
R(I). A(Z) is called a neutrosophic subhyperring of R(Z) if (A(Z), +,-) is itself a neutrosophic hyperring 
. It is essential that A(J) must contain a proper subset which is a hyperring. Otherwise, A(J) is called 


a pseudo neutrosophic subhyperring of R(J). 


Definition 2.18. (6 Let (R(J),+,-) be a neutrosophic hyperring and let A(J) be a neutrosophic 
subhyperring of R(I). 
(1) A(Z) is called a left neutrosophic hyperideal if (r, sI) - (a, bI) C A(Z) for all (r, s1) € R(Z) and 
(a, 61) € A(I). 
(2) A(Z) is called a right neutrosophic hyperideal if (a, bI)-(r,sI) C A(Z) for all (r, sI) € R() and 
(a, b6I) € A(I). 
(3) A(J) is called a neutrosophic hyperideal if A(Z) is both a left and right neutrosophic hyperideal 


A neutrosophic hyperideal A(J) of R(I) is said to be normal in R(J) if for all (r,s) € R(L) 
(r, sI) + AU) — (r, sI) C A(Z). 


Definition 2.19. (6) Let (Ri(Z),+,-) and (R2(I),+,-) be two neutrosophic hyperring and let ¢ : 
Ri (1) — Ro(L) be a mapping from R,(J) into R2(L). 
(1) ¢ is called a homomorphism if : 
(a) @ is a hyperring homomorphism, 
(b) $((0,1)) = (0,2). 
(2) ¢ is called a good or strong homomorphism if: 
(a) ¢ is a good or strong hyperring homomorphism, 
(b) 6((0,1)) = (0,0). 
(3) ¢@ is called an isomorphism (strong isomorphism) if ¢ is a bijective homomorphism (strong 


homomorphism). 


3. Formulation of a refined neutrosophic hyperrings 


In this section, we study and present the development of refined neutrosophic hyperring 
(R(i, I2),+,-) generated by R, I; and In where the operations +” and ”.” are hyperoperations. 
Le., 

+,-: Rth, Ie) x R(h, 2) 3 2? 2), 


For all (a, bly, cl2), (d, eh, fl2) € R(h, I2) with a,b,c, d,e, f € R, we define 


(a, bl), cl2) + (d, ely, fl2) — {(p, qh, r12) pea a d, qe (b 7 €), rE (c 7 ths 
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(a, bly, cl) - (d, ely, fI2) = {(p, qh, rle) : p € ad, qe ae+bd+be+bf+ce,reaf+cd+cf}. 


Definition 3.1. A refined neutrosophic hyperring is a tripple (R(,, I2),+,-) satisfying the following 


axioms: 


(1) (R(h, Iz), +) is a refined neutrosophic canonical hypergroup . 
(2) (R(1, I2),-) is a refined neutrosophic semihypergroup. 
(3) For all (a, bl, cl2), (d,eli, fI2),(g, hh, jlo) € R(h, 1), 
(a) (a, bly, clz)-((d, el, fl2)+(g, hh, jl2)) = (a, bhi, cl2)-(d, ely, fI2)+(a, bhi, cl2)-(g, hh, jz) 
and 
(b) ((d,eh, fl2) + (9g, hh, jl2)) - (a,6h,cl2) = (d,eh, fiz) + (a,bh, clo) + (9g, hh, jlo) - 
(a, bly, clg). 


Definition 3.2. Let (R(Ii, I2),+,-) be a refined neutrosophic hyperring. A non-empty subset M (hh, I2) 
of R(11, Iz) is called a refined neutrosophic subhyperring of R(11,I2) if (M(h,J2),4+,-) is itself a 
neutrosophic hyperring. It is essential that M (J), I2) must contain a proper subset which is a hyperring. 


Otherwise, M (I), Iz) is called a refined pseudo neutrosophic subhyperring of R(J1, Iz). 


Definition 3.3. Let R(1,I2) be a refined neutrosophic hyperring. The refined neutrosophic subhy- 
perring M(J,, Iz) is said to be normal in R(J,, Iz) if and only if (a, bl, cla) + M(h, Iz) — (a, by, cla) C 
M(hh, 12) for all (a, bh, cla) € R(h, In). 


Definition 3.4. Let (R(11, I2)),+,-) be a refined neutrosophic hyperring and let M(11, Iz) be a refined 
neutrosophic subhyperring of R(11, Iz). (M(dh, I2),+,-) is a left(right) refined neutrosophic hyperideal 
of R(,I2) ifa-m € M(h,I2)[m- a2 € M(h,12)] for all « = (a,bh,,clo) € R(h,I2) and m = 
(p, ql, sl2) € M(Kh, Iz). M(Q, 12) is a refined neutrosophic hyperideal if M(1;, Iz) is both left and 
right refined neutrosophic hyperideal. 


Remark 3.5. It should be noted that a refined neutrosophic hyperideal H(1;, Iz) of a refined neutro- 
sophic hyperring R(11, 2) is normal in R(J;, Iz) only if hyperideal H is normal in hyperring R. 


Proposition 3.6. Let (R(,12),+,-) be any refined neutrosophic hyperring. (R(11, I2),+,-) is a hy- 


perring. 


Proof. (1) That (R(1y, 12), +) is a canonical hypergroup follows from Proposition 2.3 in [19]. 
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(2) We show that (R(11, I2),-) is a semihypergroup. 
a-(y-z) = (a,bl,,cl2)- ((d,eh, fl) - (9, hh, ka) 
(a, by, clg) - ((dg, (dh +eg+eh+ek+4 fh)h, (dk + fg + fk)Io) 
= (a(dg),(a(dh) + a(eg) + a(eh) + a(ek) + a( fh) + b(dg) + b(dh) + b(eg) + b(eh) 


+b(ek) + b( fh) + b(dk) + b( fg) + b( fk) + c(dh) + c(eg) + c(eh) + c(ek) + c(fh))h, 


(a(dk) + a(fg) + a( fk) + (dg) + c(dk) + (fg) + e(fk)) 12) 
= (ad)g, (ahi, ((ad)k + (af)g + (af)k + (cd)g + (cd)k + (cf)g + (cf) k)I2) 
— ((a, bly, cla) - (d, el, fI2))- (g, hl, kI2) 


= (u-y)-z 
Accordingly, (R(1,, Iz),-) is a semihypergroup. Also, for all (a, bly, clg) € R(K, Lo), 
(a, bly, clg)- (0,04, 0l2) = {(@, yh, zo): 2 €a-0, yEa-0+b-04c-0,2 € a-0+c-0} = {(0, 0h, 022)}. 


Similarly, it can be shown that (0,041, 02) - (a, bli, cl2) = {(0,0h, 0l2)}. Hence, (0, 041, 0f2) is 
a bilaterally absorbing element. 

(3) For the distributivity of - over +. 
Let a = (a, yh, zI2),b = (u, vl, sIg),c = (k, mh, nIz) be arbitrary elements in R(11, Iz) with 


L,Y, 2,U,0,8,k,m,ne€ R. 
a:-(b+c) = a-{(hi, hol, hglo):hi eutk, hg ev+tm,h3es+n} 
= {(a, yl, 212) : (hy, holy, h3le) : hy E utk, ho E v+m,h3 Ee s+n} 


= {(p1, pel, psl2) : pr € whi, p2 € xhg + yhy + yho + yh3 + zh, p3 € hg + zh, + zh3} 


= {(pi,peli,psl2):p. € au+ xk, po € ev +amst yut yk t+ yo + ym st ys + ynt 


zu+zm,p3 €xs+an+ zut+zk+28+4 zn}. 
Now if we take p) =t1 +t), po =to+th, p3 =t3 +4, then we have 
a-(b+c) = {(tr +t), (to +t)h, (t34+t4)le):t +t, € cutak, 
to +t, €rvu+amst yut yk t+ yo + ymst ystynt+ zu + 2m, 
tg +ts €ast+an+zut+zk+2s+2n} 
= {(t1, tel, tglo):t, € ru, te Cxut+tyut yt yst zu, t3 €as+zut zs}+ 
{((), toh, tle): t, € xk, th eam+yk+ym+ynt zm, th €an+zk+ zn} 
= (a,yh, 212): (u,vh, sla) + (4, yh, ze) - (ky mh, nz) 
a-b+a-c. 
Similarly, we can show that (b+c)-a=b-a+c-a. Therefore - is distributive over +. 


Hence R(11, Jz) is a hyperring. 


Example 3.7. Let R(y,I2) = {a1 = (s, sl, sz), a2 = (8, 81), tle), ag = (s, th, slo), 

aq = (8,tl,tlo), by = (t,th,tle),bo = (t,th, slo), b3 = (t, sh, tl), b4 = (t, sli, sI2)} be a refined 
neutrosophic set and let + be the hyperoperation on R(1;, Iz) defined as in the tables below. Let 
a = {a1, 2,43, a4} and b = {by, be, bs, ba}. 


It is clear from Table 1 and 2 that (R(i, I2),+,-) is a refined neutrosophic hyperring. 
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TABLE 1. Cayley table for the binary operation ” +” 


+ ay a2 a3 a4 bi be b3 ba 
bi be b3 ba 


at a2 bi bg 
a3 a3 a4 bi be 
a3 a4 bs ba 
: b b 
a4 a4 as ie a b : 7 by 
aa a4 b3 i) 
a2 a3 
b b 
br bt : a: Hick) a a - 
be b3 by by by 
bs bg 
a2 aL 
b b 
a ae 2 1 aa az a4 az 
ba bs bi be by bo 
b3 ba 
a3 ai 
bs b 
bs bs 3 bi 1 a4 a4 a2 a2 
b4 ba by by b3 bs 
bo ba 
bs ba bs bo bi a - he ii 
by be bs ba 


Proposition 3.8. Let (R(1,,I2),+1,-1) be a refined neutrosophic hyperring and let (K,+2,-2) be a 
hyperring. Define for all (a1, ki), (v2, ke) € R(h, Ig) x K the hyperoperations "+" and." by 


(21, k1) + (@2, ko) = {(#3, kg) 2&3 € @y +1 @2, kg € ky +2 ko} 


and 
(x1, k1) - (2, ko) = {(x3,k3) : 3 € @1 +1 G2, kg € ky -2 ko}. 


Then (R(Ih, Iz) x K,+,-) is a refined neutrosophic hyperring. 


Proof. (1) That (R(1, Iz) x K,+) is a canonical hypergroup follows from the proof of Proposition 

2.6 in [19] . 
(2) We shall show that (R(11, Iz) x K,-) is a refined neutrosophic semihypergroup. 

Let (11, k1), (ro, k2), (r3, ks) € R(h, Ig) x K where r = (a, bh), cla). 
(r1, ki) - ((r2, ke) - (73, k3)) = 
((a1, 014, e112), k1) + [((@2, bei, c2I2), ke) - ((a3, 6314, e312), k3)] 
= ((a1, bili, e1l2), ki) - {((p, ah, S12), ka) : p € a2 1 a3, 
@ € G9+1 bg +1 ba +1 ag +1 bo +1 bg +1 bz +1. C3 +1 C2"1 3, 8 € G2°1C3 +1€2°103 +102°103, ka © kooks} 
= {((w, yh, 212), ks): 2 € a1 1p, 
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TABLE 2. Cayley table for the binary operation 


wn 


ai ae a3 aa by be b3 ba 
a a a ai ay ai a ay a1 
a2 al a a a 
a2 a3 a2 a2 
a1 at at ay ay a1 ay 
a3 at 
a3 a3 a3 a3 a3 a3 a3 
a1 
da ay a a a a a a 
a3 
a 
by ay a ‘| a R(ii, Iz) R(Ih, Ia) R(ii, Iz) R(h, Ia) 
a3 
ay a1 
a a 
bo a a SN Alii is) oN. RT Ts) : 
az be be 
ba ba 
ay, ay 
bg at us a a Ri, Iz) R(t, 12) - iis 
a2 a3 bs b3 
ba ba 
al aL 
be ay why Ay a "3 i 
a2 a3 bo bg ba 
ba ba 


Y © aye gti bra pti br -1 gt br 1 8 4+11-1 Gz € 1-1 $4111 pti e118, ks € ky -2 ka} 
= {((a, yh, zI2), ks) a ay'1 (a2 “1 a3), 


Y © G1 -1 (42-1 63 +1 bg +1 3 +1 2-1 bg +1 b2 +163 +1 C2-1 bg) +1 01 +1 (G2 +1 a3) +1 br +1 (G2 +163 +1 
bg +1 a3 +1 be +1 bg +1 b2 +1 C3 4 
bg +1 a3 +1 b2 +1 63 +1 b2 +1 €3 


z € a1 -1 (2+1 C3 +1 C21 a3 4 


ks € ky +2 (ke +2 k3)} 


= {((x, yl, zl2), ks) : © € ay +1 G2 +1 G3, 


+1 C2 +1 bs), 


Hy C2 +1 bg) +1 by +1 (2-1 €3 +1 C2 +1 3 +1 C21 C3) +1 C11 (G21 :b3 +1 


Hy €2 +1 €3) +1 C1 +1 (G2 +1 43) +1 C1 -1 (G2 +1 €3 +1 C2 +1 G3 +1 C21 C3), 


Y © Gy +1 Gg +1 bg +4 Gy +1 bg +1 3 +4 Gy +1 bg +1 -b3 +4 Gy +1: D2 +1 C3 +1 Gy +1 Co*1 bg +1 61 +1 G2 +1 3 +4 


by +1 Gg +1 63 +4 by +1 bg +1 a3 +1 by +1 b2 +1 bg +4 61 +1 b2 +1 C3 +1 Bi +1 C2 +1 63 +1 Dy +1 G21: 63 +1 O11 


€2 +1 @3 +4 by +1 C2 +1 €3 +1 C1 +1 G21 -b3 +4 C1 +1 B21 G3 +1 C1 +1 bg +1: 63 +1 2 +1 C3 +1 C21 bs, 


2 E A4+149°103 +141 12°13 +1411 C2°1C3+1C1 12°03 +11 71427103 +161°102"183+1C1°102°1€3, 5 © 
ky +2 kz -2 kg} 
= {((@, yh, zl2), ks) : @ € (a1 1 @2) 1 Gs, 
Y © (@1 +1 G2) +1 bg +1 (G1 +1 ba +1 br +1 Ga +1 b+ ba +1 br +1 Cg +1 C1 +1 2) +1 3 +1 (G1 +1 bg +1 1-1 


ag +4 by +1 bg +y by +1 Cg +1 C1 +1 2) +13 Hy (G4 +1 2 +1 By +1 G2 +1 4 +1 2 +1 4 +1 Co +1 C1 +1 02) 1 
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3 +1 (@1C2 +1 C12 +1 C1C2) +1 63, 
Z © (1-1 G2) +1. C3 +1 (G+ Co +1 C1 11 G2 +1 C1 1 C2) +1 G3 +1 (G11 C2 +1 C1 “1 G2 +1:€1 1 C2) +103, hs € 
(ky +2 ka) -2 k3} 
= {((m,nh, hIz),k) 2m € ay +1 ae, m © ay 1 ba +1 O11 G2 +1 1 +1 be +1 1 11 C2 +1 C1 11 D2, E 
Cg +1 C1a2 +1 C102, k € ky +2 ke} + ((@3, b3h, cgl2), kg) 
= [((a1, biti, e12), ki) - ((a2, bali, cet2), k2)] - ((a3, b3t1, e312)) 
= ((r1, 1) + (v2, k2)) + (v3, ks). 
Accordingly, (R(1,, I2) x K,-) is a refined neutrosophic semihypergroup. 
Also, for all ((a, bl, clz),k) € R(h, In) x K, 
((a, bly, cla), &) + ((0,04,0f2),0) = {((a, yh, zlo),ki): 2 €a10,y€a1041b:10416-70, 
z2€a 1041¢-0, ky €k-2 0} 
= {((0,01,022),0)}. 
Similarly, it can be shown that ((0,0/,, 0l2), 0) - ((a, bli, cl2), k) = {((0, 01, OL2), 0)}. 
Hence, ((0, 0/1, 0/2), 0) is a bilaterally absorbing element. 
(3) For the distributivity of - over +. 
Let a = ((x, yy, z[2),t1), b = ((u, vl, sI2), te), c= ((k, mly, nI2), t3) be arbitrary elements in 
R(hh, Ig) x K with x,y, 2z,u,v,8,k,m,n © Rand t1, te, ts € K. 
a:(b+c) a-{((hi, holt, hgl2), ta): hi € uti ky hg © u+1m, hg € $410, ts € te +2 ts} 
= {((a,yh, zl2),t1)- ((hi, heh, h3l2), ta) hi © uti k, he €vtim,h3 € s4in, 
t4 € to +9 t3} 
= {((p1, Peli, p3l2),ts) spr © 2-1 hi,p2 Ee hetiyrhitiyrhetiys hg 
+12 +1 he, ps € By hg +. 2-1 hy +1 2-1 ha, ts € ty +2 ta} 
= {((p1, peli, psl2), ts): pr Er-1utiz- rk, 
poe eyuvuticimtiyuiutiyrktiyuvtyrimtiyistiyinti 


l| 


ZyV+121M, p31 Sty oe yNty2Z yuti2i.kt+1218+121N, 
ts € ty oto +2 ti ets}. 
Now if we take p; = g1 +1 94; P2 = 92 +1 95, D3 = 93 +193, ts = hi +2 hi, then we have 
a-(b+e) = {((91 +194, (G2 +1 92)L1, (93 +1 93) 12), (ha +2 -24)) 91 tig, E@1Uti 21k, 
gotigg Gen vti ey mt yt yrkti yr tiy1 mt y 1 sty 1 nt 
Z1uti 21M, 99+19, CT 1stieintizsi1utiziktizistizi1n, 
hy +2 hi € ty +2 te +2 t1 +2 tg} 
= {((91, 92, 93!2),hi) i gr CX 1U,g2 eEU1VtiyiUutiyrVtiyustiz1y, 
g3 EU S84, 2-7. Ut, 2-18,h, Et -2 teh + 
{((91; 9221, 9322), 41) 29) 21k, gp CFuMt yrktiyumMt+iyi1Nntiz1M, 
gg EErNt 21k4i1 2-10, hi € ty -2ts} 
= a-b+a-c. 
Similarly, we can show that (b+ c)-a=b-a+c-a. 


Therefore - is distributive over +. Hence (R(Ii, Iz), x K,+,-) is a refined neutrosophic Hyperring. 
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Proposition 3.9. Let (R(11, I2),+1,-1) and (K (11, Iz), +2,-2) be any two refined neutrosophic hyper- 
ring. Define for all (a1, k1), (w2,k2) € RU, Io) x K(h, 12) the hyperoperations "+" and". by 
(x1, ki) + (x2, ke) = {(x3, kg): 3 € 1 +122, kg € ky +2 ko} 
and 
(a1, ki) - (x2, ko) = {(a3, kg) : e3 € 21-1 Le, kg € ky +2 ka}. 


Then (R(Ih, I2) x K(hh, I2),+,-) is a refined neutrosophic hyperring. 


Proof. The proof is similar to the proof of Proposition [3.3} 


Lemma 3.10. Let R(11,I2) be a refined neutrosophic hyperring. A non-empty subset M(Ih,I2) of 
R(Iy, Ig) is a left(right) refined neutrosophic hyperideal if and only if for m, = (p1,q, $111),m2 = 
(p2, 9211, 821) € M(h, 12) and x = (a, bli, cl2) € R(h, 1) 

(1) my — m2 C M(h, 1), 

(2) «+m, € M(h, In) [my - x € M(K, I2)}. 


Definition 3.11. Let H(), 12) and J(, Iz) be any two nonempty subsets of a refined neutrosophic 
hyperring R(1y, Ig). 


(1) The sum H(i, Ig) + J(h, Io) = {(@, yh, zo): 2 € ar +22, yey tye, 2 € 214+ 29}. 


For some £1, 91, 21 € H, X2, y2, 22 € J. 


(2) The product 


A(h, In) J(h, 12) => {(a, yh, 212) 7 (a »yh, 212) € yi aj, 0; Ii, G12) - (di, eit, fils), ne ek 
w=1 


Proposition 3.12. Let R(I1,I2) be a refined neutrosophic hyperring. Let H(I,,I2) and J(1h, Iz) be 
refined neutrosophic hyperideals of R(Iy, Iz) then : 


(1) A(h, le) + J(h, In) is a refined neutrosophic hyperideal. 
(2) H(hh, I2)J(h, 12) is a refined neutrosophic hyperideal. 


Proof. (1) Let « = (a,bh,,cl2),y = (d,eh, flo) € H(h, Iz) + J(h, Ig) and let r = (g, hh, kIn) € 
Biij, te). 
(i)e-y = (a,bh, clo) — (d,eh, fIz) = (a, bh, clo) + (—d, -eh, —fI2) 
= {(p,qh,rl2):pea+(—-d),qeb+(-e), rect (—f)} 
= {(pi + pa, (G1 + 92)f1, (71 + 72)L2) : pr + po € (a1 + a2) + (—di + (—dz)), 
gi he © (by ba) + (er + (en), ra Pre € (er tea) + (fr + (=f) 
= A(piygili, Tide) spi 6 aa (—ai),, gt: 6 bi (ea), MH ef 
{(p2, dali, rete) : pe € a2 + (—d2), go € be + (—e€2), r2 € c2 + (—fa)} 
{istilvrits) <i Str — dy, tS hi mei, hi Sa fi t+ 
{(p2, dali, rete) : pe € a2 — da, qa € be — €2,72 € C2 — fa} 
= (t1—y1) + (@2 — yz) 
C A(h,I2)+J(h, bh). 
M.A. Ibrahim, A.A.A. Agboola, Z.H. Ibrahim and E.O. Adeleke, On Refined Neutrosophic Hyperrings 


Neutrosophic Sets and Systems, Vol. 45, 2021 26 


(ii) r-a = (g,hh,klIe)- (a, bly, clo) 
= {(u,vh,mlg):u€ ga, v€ gb+ha+hb+hcet+kb, m € gc+ka+t ke} 
= {(ur + ue, (vr + ve)h, (mi + me)Ig) : uy + ua € g(ai + a2), 
vy + v2 € g(by + b2) + h(a, + az) + h(by + bz) + A(e1 + c2) + k(b1 + be), 
my + mg € g(ci + €2) + k(ay + ag) + k(e, + €2)} 
= {(u,u1t1,miJ2) : ur € gai, v1 € gbi + hay + hby + hey + kbi,m € ge, + kay + key }4+ 
{(u2, voli, M22) : U2 € gaz, v2 € gbo + hag + hbg + hcg + kb2, m2 € gceg + kag + keg} 


= Tr-4+Tr:X2 
© HiG,4)+Ih,h). 


(iti) w-r = (a,b, clo): (g,hh, kz) 
= {(u,vl,mlIg):ueag, v€ ah+bg+bh+bk+ch, me ak+cg+ck} 
= {(uy + U2, (v1 + v2)L1, (m1 + me)Ig) : uy + U2 € (a1 + a2)g, 
vy + v2 € (a, + a2)h + (by + b2)g + (bi + b2)h + (by + bo) + (cr + c2)h, 
my + mg € (a1 + ado)k + (cr +: €2)g + (C1 + C2)k} 
= {(u1,01h1, mila): ur € aig, v1 € aaht big + bh t+ bik + chim € ark + cg +c.k}+ 
{(u2, vol, Mel2) : ug € ag, v2 € agh + beg + beh + bok + coh, me € agk + cag + cok} 


= :r+%o-r 
© Ah bi eJ0id), 
(2) Let « = (a, bly, cl2),y = (d, el, f Iz) E A(h, In) J(h, 12) and let r = (g, hhh, kI2) € R(h, 12). 


Here 


n 


(a, bli, cla) € S\(ai, bil, cL) - (ai, bi, Iz) and (d,eh, flz) € $0 (di, eih, fila) - (dj, i, fi). 
i=1 


i=l 
For (a;, 6:11, 12), (di,eih, fil2) € H(h,le), (a),0jh, cI), (deh, file) € J(h,h), 
ai, bi, C1, di, ex, fi € H and ai, bi, ci, di, et, fi € J. 


fi Ma, Te lie ae 


So we have 
n n n 
ae S- aja, bE S- (aid) + bial, + bb, + bic, + c:b)), CE So (aie, + cial + ciC;) 
i=1 i=1 i=1 
and 


de) didi, e€ (die, + erd, + ese, + efi + fies), Fe DG + fad + Aft). 


w=1 w=1 i=l 


(i)e-y = (a,bh, clo) — (d,eh, fIz) = (a, bh, clo) + (—d, -eh, — flo) 

= {(u,vl,mlg):uEea—d, veEb—e, mec— f} 

= {(u,vh,mk): ue YL, aia, — Oe, didi, 
U © Doing (aad; + dias + bib; + bic, + cid) — i (die; + ead) + exe; + ex ff + fiei), 
m © Die (aic] + ciaj + exch) — Dea (Gil + fads + fi} 

= {(u,vl,,mlg): ue oi, (aial + (—didj)), 
UE Diu (ab; + diai, + bib; + bic + cab + (—die}) + (—eid;) + (—exe{) + (-eiff) 

+(—fiej)), m © Vie (ie, + cia; + cae + (—di fi) + (—fidi) + (-fif2))} 
C A(h,I2)J(h, 12). 
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(ii) r-e = (g,hl,kIg)- (a, bh, cle) 
= {(u,vh,mlg):u€ ga, v€ gb+ha+hb+hcet+kb, m € gc+ka+t ke} 
= {(u,vli,mlg): ue gd) aah, 
VE g do iy (aid) + dai, + bb; + dick + cb) +h Oe, aiai+ 
hr, (aibi + bai, + b:bi + Bic, + cibh) HAY (ac, + at + ech) + 
kyo (aid, + beat, + bib; + bic, + cib)), 
meEg> si (aic, + cia + cic) +R, aia +k Oe (aic, + cial, + cich)} 
= {(uyoh,mh): we 02, gana, 
v EY, (garbi + gbjal, + gibi + gbick + geib, + haza’, + ha;bi + hbjai, + hb;bi+ 
hbic, + heb, + hase, + heal, + hac, + kaib), + kbyal, + kbs, + kbyc, + ke,bi), 
m € Yoi_1 (gaic, + geal, + geic, + kaj’, + kaye, + kejai, + kei) } 
A(I,, Ig) J(h, 12). 


IN 


(it) Ler = (a, bl, cI2) 7 (g, hth, kI2) 
= {(u,vh,mlg):uceag, v€ ah+bg+bh+ bk +ch, m€ ak+cg+ck} 
= {(u,vli,ml2): we oe, aiaig, 
VE Day Giaih + 1 (aids, + biai, + bib, + dic, + cab) gt 
Sala bal, bb, t bch t cb, )h t Sy + bia’, + b; bi + bic + cb + 
ye (aie, + cit + cick )h, 
me, aiatk + e_ (aie, + cat + cich)g + Oe, (ic, + cia} + exch) k} 
= {(u, vh, mlz) :UEe viet diag, 
v €  (aiath + aibig + biaig + bibig + bicig + cibig + aibih + biath + bib h+ 
bch t+ cbih + abik + batik + bbik + bck + bik + ach + cath + och), 
m€ ye (aiatk + aicig + craig + cicig + ack + atk + ccik)} 
GH set): 


Hence H (Ih, I2)J(h, Iz) is a refined neutrosophic hyperideal of R(, Iz). 


Proposition 3.13. Let R(11, Iz) be a refined neutrosophic hyperrings and Ji(I1,I2)ien be a family of 
refined neutrosophic hyperideals of R(Iy, Iz), then (Ve, Ji(h, I2) is a refined neutrosophic hyperideal of 
R(t, Lz). 


Proof. The proof is the same as the proof in classical case. 


Proposition 3.14. Let H(I,, Iz) and J(1,, Iz) be a refined neutrosophic hyperideals of a refined neu- 
trosophic hyperring R(I1, Iz) such that J(I1, Iz) is normal in RUy, Iz). Then 


(1) A(h, l2)N J(h, Iz) is a normal refined neutrosophic hyperideal of H(11, Iz). 
(2) J(11, Iz) is a normal refined neutrosophic hyperideal of H(11, I2) + J(h, 12). 


Proof. (1) That H(h, Ig) J(h, 12) is a refined neutrosophic hyperideal of H(1;, Iz) can be easily 
established. So, it remains to show that H(1,, Ig) J(Q, Iz) is normal in H(1;, Iz). 
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Let «= (a, bI,, cI) € H(1,, Iz) q J (11, 12), h= (u, v1, tly) € A(I,, Iz) with a,b,c eAHnd 
and u,v,t © H. Then 


h+ H(Q,,I2)NJ(h, Ie) —h _ h+a-h forxé€ AH(h,h)NJ(h, hl) 


= (u,vh,tl) + (a,bh, clg) — (u, vl, tle) 

= {(p¢h,rh):peuta—u, qeutb—v, rEet+c—t} 

= {(p,qh,rle):peut(HnJ)—u, qevt+(AnJ)—-», 
rét+(HnJ)-t} 

= {(p,qh,rle):peut+(HnJ)—uC An, 
qevt+(AnJ)-vCAnJd, ret+(AnJ)-tCHn J} 

= {(p,qh,rl): pe HOS, qeHns, re Hn} 

© WEbiisdi, 


Accordingly, H(11, I2)N J(1, Iz) is a normal refined neutrosophic hyperideal of H (1, Iz). 
(2) That J(I,,I2) is a refined neutrosophic hyperideal of H(1,,[2) + J(1y, 12) can be easily es- 


tablished. So, it remains to show that J(, 12) is normal in H(,1I2) + J(,I2). Let x = 
(a, bly, cl2) € J(11, 12), h= (u, vl, t12) = (ui +ue, (vitva)h, (ti) +t2)I2) € A(1, Ig)+- J(h, In) 


with a, b,c, Ug, v2, te € J and uy, v1, tg € H. Then 


h+J(h,b)-h = 


c 


Accordingly, J(11, Iz) is a normal refined neutrosophic hyperideal of H(i, [2) + J(h, 2). 


h+a—h fora € J(h, 12) 

(u, vy, tla) + (a, bhi, cl2) — (u, vl, tle) 

((uy + U2), (vr + ve)K, (t1 + to) Le) + (a, bk, cle) 

—((u1 + U2), (v1 + v2), (t1 + t2)L2) 

{(p, qh, rl2) : p € (ur tue) +a— (uy + U2), gE (U1 + v2) +b (v1 + v2), 
r € (ty + to) +e- (tf + te) 

{(p, qh, rls) :p € (ur + ua) + J — (ur + U2), @ € (v1 +2) + J — (v1 + 22), 
r € (ty +te) + J — (ti + te)} 

{(p, qf, rz) :p € ur + (ua 
rétj+(tet+J—te)—ti} 
{(p,qh,rle):peut+J—wm, gqentJ—w,reth+J—t} 
{(p,qh,rle):peutJI—-um CJ, qeutJ-uCcJrett+J—t Cc J 
{(p,qh,rle): pet, qe J, re J 

J(Nh, Iz). 


J —ug)—u1, gE u1t (va t+JI—v2) - v1, 


Let R(I1, Iz) be a refined neutrosophic hyperring, and let H(1;, Iz) be a refined neutrosophic hy- 


perideal of R(Iy, Iz). Since H(J,, Iz) is a refined neutrosophic subcanonical hypergroup of R(Jq, I2), if 


(R/H,+) is a canonical hypergroup then 


Ry, I2)/H(h, hh) = {(a, yh, 2f2) : (2, yh, ze) € Rh, I2)} 
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is a refined neutrosophic canonical hypergroup under the hyperaddition +’ defined for 


ry+ A(h, fo), r2 + A(h, Ie) € R(h, Ie)/H(h, 2) with ry = (a1, yh, zie), r2 = (xa, yoh, z2I2), by 
r+ A(h, In) +’ r2 + A(h, 2) = (nr + ro) + A(Lh, bh). 
Define on R(K, I2)/H(h, I2) a hypermultiplication -’ by 
ry + A(h, Ie)! re + ACh, I) = (rire) + A(h, Ie). 


It can be shown that (R(h, I2)/H(h, I2),+’,-’) is a refined neutrosophic hyperring if (R/H,+,-) is a 
hyperring. 


Definition 3.15. Let (R(, I2),+1,-1) and (P(N, Iz), +2,-2) be any two refined neutrosophic hyper- 
grings and let 
@: R(h, Iz)  P(h, 12) 
be a mapping from R(J;, Ig) into P(;, Ia). 
(1) ¢ is called a refined neutrosophic hyperring homomorphism if: 
(a) ¢ is hyperring homomorphism, 
(b) (U,) =Iy for k=1,2. 
(2) ¢ is called a good refined neutrosophic hyperring homomorphism if: 
(a) ¢ is good hyperring homomorphism, 
(b) (U) =Iy for k=1,2. 
(3) ¢ is called a refined neutrosophic hyperring isomorphism if ¢ is a refined neutrosophic hyperring 


homomorphism and ¢~! is also a refined neutrosophic hyperring homomorphism. 


Definition 3.16. Let ¢: R(,I2) —> P(h, Iz) be a refined neutrosophic hyperring homomorphism 
from a refined neutrosophic hyperring R(J;, J2) into a refined neutrosophic hyperring P(J;, Iz). 

(1) The Kerd = {(u,vh, wl2) E R(h, 12) : O((u, vy, wl2)) = (0, 011, OL2)}. 

(2) The Im@é = {¢((u, vl, wl2)) : (u, vli, wl2) € R(h, In)}. 


Proposition 3.17. Let 6: R(1, I2) —> P(h, 12) be a refined neutrosophic homomorphism. 


(1) The kernel of is not a neutrosophic subhyperring of RU, I2). 
(2) The kernel of & is not a neutrosophic hyper ideal of R(I1, Iz). 


(3) The image of ¢ is a neutrosophic subhyperring of P(I1, Iz). 


Proof. (1) It follows easily from 1 of definition 
(2) It follows from the Proof of 1. 


(3) The proof is similar to the proof in classical case. 


It can be shown that ker¢@ is just a subhyperrings of R(J1, I2). 
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4. Conclusions 


This paper studied the refinement of a type of neutrosophic hyperrings in which "+" and ”-” are 
hyperoperations and presented their basic properties. It was established that every refined neutrosophic 
hyperring is a hyperring. It was also shown that the kernel of a refined neutrosophic hyperring homo- 
morphism is not a refined neutrosophic hyperideal but the image is a refined neutrosophic subhyperring. 
Funding: This research received no external funding. 
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Abstract: In this article, we present the notion of neutrosophic tri-topological space as a 
generalization of neutrosophic bi-topological space. Besides, we study the different types of open sets 
and closed sets namely neutrosophic tri-open sets, neutrosophic tri-closed sets, neutrosophic tri-semi- 
open sets, neutrosophic tri-pre-closed sets, etc. via neutrosophic tri-topological spaces. Further, we 
investigate several properties, and prove some propositions, theorems on neutrosophic tri- 


topological spaces. 


Keywords: Tri-open set; Tri-closed set; Tri-semi-open set; Tri-pre-open set; Neutrosophic crisp tri- 
topology; Neutrosophic tri-topology. 


1. Introduction 


The concept of Neutrosophic Set (NS) was grounded by Smarandache [1] by extending the concept 
of Fuzzy Set 2[] and intuitionistic FS [3]. The notion of Neutrosophic Topological Space (NTS) was 
developed by Salama and Alblowi [4] in 2012. Afterwards, Arokiarani et al. [5] studied the 
neutrosophic semi-open functions and established a relation between them. Iswaraya and Bageerathi 
[6] introduced the notion of neutrosophic semi-closed set and neutrosophic semi-open set via NTSs. 
Later on, Dhavaseelan, and Jafari [7] introduced the generalized neutrosophic closed sets. Thereafter, 
Pushpalatha and Nandhini [8] studied the neutrosophic generalized closed sets in NTS. Shanthi et al. 
[9] introduced the concept of neutrosophic generalized semi closed sets in NTS. Ebenanjar et al. [10] 
presented the neutrosophic b-open sets in NTS. Maheswari et al. [11] introduced the concept of 
neutrosophic generalized b-closed sets in NTS. Afterwards, the concept of generalized neutrosophic 
b-open set via NTS was introduced by Das and Pramanik [12] in 2020. Thereafter, the concept of 
neutrosophic ®-open sets and neutrosophic ®-continuous functions was presented by Das and 
Pramanik [13]. 


Suman Das, Surapati Pramanik, Neutrosophic Tri-Topological Space 


Neutrosophic Sets and Systems, Vol. 45, 2021 367 


The notion of neutrosophic crisp topology on neutrosophic crisp set was introduced by Salama 
and Alblowi [14]. Later on, the notion of neutrosophic crisp tri-topological space was introduced by 
Al-Hamido and Gharibah [15] in 2018. 


In 1963, Kelly [16] introduced the notion of bi-topological space. Thereafter, the concept of 
neutrosophic bi-topological space was presented by Ozturk and Ozkan [17] in 2019. Later on, Das 
and Tripathy [18] introduced the pairwise neutrosophic b-open sets via neutrosophic bi-topological 
spaces. Recently, Tripathy and Das [19] studied the concept of pairwise neutrosophic b-continuous 
functions via neutrosophic bi-topological spaces. 

So, we received enough motivation to do research on neutrosophic tri-topological space to extend 
the concept of neutrosophic bi-topological space. 

In this study, we procure the notion of neutrosophic tri-topological space as a generalization of 
the neutrosophic bi-topological space. Besides, we introduce the different types of open sets and 
closed sets namely, neutrosophic tri-open sets, neutrosophic tri-closed sets, neutrosophic tri-semi- 
open sets, neutrosophic tri-pre-closed sets, etc. via neutrosophic tri-topological spaces. Further, we 
investigate several properties of these kinds of neutrosophic tri-open sets. 

Research Gap: No investigation on neutrosophic tri-topological space has been reported in the 
recent literature. 

Motivation: To reduce the research gap, we present the notion and different properties of 


neutrosophic tri-topological space. 


The remaining part of this article is divided into the following sections: 

Section-2 is on preliminaries and definitions. In this section, we give some definitions and 
theorems, which are relevant to this article. In section-3, we present the notion of neutrosophic tri- 
topology and neutrosophic tri-topological space and also we give proofs of some theorems on 
neutrosophic tri-topological space. In section-4, we give the concluding remarks of the work done in 


the present article. 


Throughout this article, we use the following short terms for the clarity of the presentation. 


Short Terms 
Neutrosophic Set NS 
Neutrosophic Topology NT 
Neutrosophic Topological Space NTS 
Neutrosophic Open Set N-O-S 
Neutrosophic Closed Set N-O-S 
Neutrosophic Semi-Open NSO 
Neutrosophic Pre-Open NPO 
Neutrosophic Bi-Topological Space NBTS 
Neutrosophic Tri-Topological Space N-Tri-TS 
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Neutrosophic Tri-Open Set N-tri-OS 
Neutrosophic Tri-Closed Set N-tri-CS 


2. Some Relevant Definitions: 
Definition 2.1.[1] A neutrosophic set L over a universe of discourse ¥ is defined as follows: 
L={(n, Ti(n), Ii(n), Fu(n)): neP}, 

where Ti(n), Ii(n), Fi(n) (€]0,1*[) are respectively denotes the truth, indeterminacy and falsity 
membership values of ne, and so 0 <T1(n) + In(n) + Fi(n) < 3* for all ne. 
Definition 2.2.[1] The neutrosophic null set (Ov) and neutrosophic whole set (1) over a universe of 
discourse ¥ are defined as follows: 
(7) On ={(1,0,0,1): neV}; 
(ii) In={(n,1,0,0): ne}. 
Obviously, On c 1n. 
Definition 2.3.[20] Assume that be a universe of discourse. Then, a neutrosophic crisp set Q is 
defined by Q={Q1, Q2, Qs}, where Qi (i=1,2,3) is a subset of Y such that QiM Qj =6 (i, j= 1,2,3 and i¥) 
Definition 2.4.[4] Assume that be a universe of discourse, and t be a set of some NSs over W. 
Then, t is called a Neutrosophic Topology (NT) on W if the following axioms hold: 
(i) On, Ine % 
(il) X1, X2 ET SX1INX2 €7; 
(iii) {Xi: ieA} CT > UXiet. 

The pair ('¥, t) is said to be an NTS. If Xet, then X is called a neutrosophic-open-set (N-O-S) and 
its complement X° is called a neutrosophic-closed-set (N-C-S). 
Definition 2.5.[17] Assume that (, 11) and (¥, 12) be any two different NTSs. Then, we can call the 
triplet (W, t1, 12) as a Neutrosophic Bi-Topological Space (NBTS). 
Definition 2.6.[17] Assume that (¥, 1, t2) be an NBTS. Then, a neutrosophic subset X of W is said to 
be a pairwise neutrosophic open set in (¥, 11, 12) if there exists an N-O-S T1 in (¥, 11) and an N-O-S T2 
in (W, t2) such that X = T1UT2. 
Theorem 3.1.[18] Let (Y, 11, t2) be an NBTS. Then, a neutrosophic subset X of ¥ is called as 
(i) ti -neutrosophic-semi-open if and only if XS Ni,N/,(X); 
(ii) ti neutrosophic-pre-open if and only if XS NJ,,.Ni,(X); 
(iii) tj neutrosophic-b-open if and only if XS Ni,NZ,,(X) U Nz,.N4(X). 
Theorem 3.2.[18] Assume that (WY, t1, t2) be an NBTS. Then, every tj-neutrosophic-pre-open (ti- 
neutrosophic-semi-open) set is a tj-neutrosophic-b-open. 
Definition 2.7.[18] Assume that (¥, ti, 12) be an NBTS. Then X, an NS over W is said to bea 
(i) pairwise tj-neutrosophic-semi-open set (pairwise tj-neutrosophic-pre-open set) in an NBTS (¥, 11, 
12) if and only if X=TUK, where T is a tij-neutrosophic-semi-open set (tj-neutrosophic-pre-open set) 
and K is a tji-neutrosophic-semi-open set (ti-neutrosophic-pre-open set) in (W, 11, 12). 
(ii) pairwise tij-neutrosophic-b-open set in an NBTS (¥, 11, t2) if X=TUK, where T is a ty-neutrosophic- 


b-open set and K is a tj-neutrosophic-b-open set in (Y, 11, 12). 
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Theorem 3.3.[18] Assume that (Y, 1, t2) be an NBTS. If X is a pairwise tij-neutrosophic-semi open 
(pairwise tij-neutrosophic-pre-open) set, then it is also a pairwise tj-neutrosophic-b-open set. 
Theorem 3.4.[18] In an NBTS (¥, 11, 72), the union of any two pairwise ti-neutrosophic-b-open sets is 
a pairwise ti-neutrosophic-b-open set. 

Definition 2.8.[15] Assume that t1, t2 and 13 be any three neutrosophic crisp topology on a universe 


of discourse W. Then, (W, 11, 12, 3) is called a neutrosophic crisp tri-topological space. 


3. Neutrosophic Tri-Topological Space: 

In this section, we introduce the notion of neutrosophic tri-topological space, and formulate 
several results on it. 
Definition 3.1. Suppose that (¥, 11), (W, 12) and (¥, 73) be any three different NTSs. Then, the structure 
(W, t1, 12, 73) is called a neutrosophic tri-topological space (N-Tri-TS). 
Example 3.1. Let Y={u, v, w} be a universe of discourse. Let X1, X2, Y1, Y2, Y3, Zi and Z2 be seven NSs 
over Y such that: 
X1={(u,0.9,0.3,0.7), (v,0.5,0.6,0.8), (w,0.3,0.5,0.2)}; 
X2={(u,0.7,0.4,0.7), (v,0.5,0.9,0.9), (w,0.1,0.8,0.4)}; 
N= {(u,0.9,0.3,0.7), (v,0.5,0.6,0.8), (w,0.3,0.5,0.2) 
Y2= {(u,1.0,0.2,0.5), (v,0.9,0.5,0.8), (w,0.5,0.2,0.1) 
Y3= {(u,1.0,0.2,0.3), (v,1.0,0.1,0.8), (w,0.9,0.1,0.1) 
Zi= {(u,0.5,0.2,0.5), (v,0.9,0.4,0.3), (w,0.7,0.2,0.5) 
Z2= {(u,0.4,0.5,0.6), (v,0.5,0.6,0.4), (w,0.7,0.6,0.6)}; 
Then, clearly t1={On, 1n, X1, X2}, t2={On, 1n, Y1, Y2, Y3} and 13={On, 1n, Z1, Z2} are three different NTs on 


), 
), 
), 
), 


W. So, (W, 1, 12, 73) is a neutrosophic tri-topological space. 

Definition 3.2. Assume that (W, 11, 1, 13) be an N-Tri-TS. Then R, an NS over W is called a 
neutrosophic tri-open set (N-tri-OS) if RetitUt2Uts. A neutrosophic set R is called a neutrosophic tri- 
closed set (N-Tri-CS) if and only if R° is an N-Tri-OS in (¥, 11, 1, 13). 

Remark 3.1. The collection of all neutrosophic tri-open sets and neutrosophic tri-closed sets in (¥, 11, 
12, 13) are denoted by N-Tri-O(¥) and N-Tri-C() respectively. 

Theorem 3.1. Every N-O-S in (Y, ti), =1,2,3 is a neutrosophic tri-open set in (W, 11, 12, 73). 

Proof. Assume that W be an N-O-S in (W, ti), i=1,2,3. Therefore, Weti, i=1,2,3. This implies, We 
Uiess,2,33 ti: Hence, W is a neutrosophic tri-open set in ('P, 1, 12, 13). Therefore, every N-O-S in (¥, ti), 7 
=1,2,3 is a neutrosophic tri-open set in (YW, 11, 12, 13). 

Example 3.2. Let us consider an N-Tri-TS (WY, 11, 12, 13) as shown in Example 3.1. Then, the 
neutrosophic open sets X1, X2(in (¥, 11)), Y1, Y2, Y3 (in (W, 12)), Z1, Z2 (in (WY, 73)) are neutrosophic tri- 
open sets in (Y, 71, 2, 73). 

Remark 3.2. In an N-Tri-TS (¥, 11, 12, 3), the union of two neutrosophic tri-open sets may not be a 
neutrosophic tri-open set. This follows from the following example. 

Example 3.3. Consider the N-Tri-TS (W, 11, 12, 13) which has been shown in Example 3.1. Then, clearly 


Y3 and Z: are two neutrosophic tri-open sets in (¥, 11, 12, 13). But their union Y3UZi={(u,1.0,0.2,0.3), 
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(v,1.0,0.1,0.3), (w,0.9,0.1,0.1)} is not a neutrosophic tri-open set, because Y3UZi¢ Uiess,2,33 t7- Hence, the 
union of two neutrosophic tri-open sets may not be a neutrosophic tri-open set. 

Remark 3.3. In an N-Tri-TS (¥, 11, 12, 13), the intersection of two neutrosophic tri-open sets may not 
be a neutrosophic tri-open set. This follows from the following example. 

Example 3.4. Consider the N-Tri-TS (¥, 11, t2, 13) which is shown in Example 3.1. Then, clearly X1 and 
Z2 are two neutrosophic tri-open sets in (W, 1, 12, 73). But their union X190Z={(u,0.4,0.5,0.7), 
(v,0.5,0.6,0.8), (w,0.3,0.6,0.6)} is not a neutrosophic tri-open set, because X1NZ2¢ Uies1,2,33 1: Hence, the 
intersection of two neutrosophic tri-open sets may not be a neutrosophic tri-open set. 

Theorem 3.2. Every N-C-S in (¥, ti) (=1,2,3) is a neutrosophic tri-closed set in (Y, 1, 12, 13). 

Proof. Assume that W be an N-C-S in (, ti). So W¢ is an N-O-S in (, ti) (i=1,2,3). Therefore, Weeti, 
i=1,2,3. This implies, W°e Uier1,2,33ti- This implies, W° is a neutrosophic tri-open set in (P, 1, 12, 73). 
Therefore, W is a neutrosophic tri-closed set in (W, 11, 12, 13). Hence, every N-C-S in (¥, ti), =1,2,3 is a 
neutrosophic tri-open set in (W, 11, 72, 73). 

Example 3.5. Suppose that (WY, ti, 12, 13) be an N-Tri-TS as shown in Example 3.1. Clearly, Xic = 
{(u,0.1,0.7,0.3), (v,0.5,0.4,0.2), (w,0.7,0.5,0.8)} , X2° = {(u,0.3,0.6,0.3), (v,0.5,0.1,0.1), (w,0.9,0.2,0.6)} are 
NCSs in (¥, 11), Yae = {(u,0.1,0.7,0.3), (v,0.1,0.5,0.2), (w,0.5,0.8,0.9)}, Y2°= {(u,0.0,0.8,0.5), (v,0.1,0.5,0.2), 
(w,0.5,0.8,0.9)}, Ys° = {(u,0.0,0.8,0.7), (v,0.0,0.9,0.2), (w,0.1,0.9,0.9)} are NCSs in (W, 1), and Zic = 
{(u,0.5,0.8,0.5), (v,0.1,0.6,0.7), (w,0.3,0.8,0.5)}, Zoe = {(u,0.6,0.5,0.4), (v,0.5,0.4,0.6), (w,0.3,0.4,0.4)} are 
NCSs in (¥, 13). Therefore, Xi, X2are NOSs in (¥, 11), Y1, Y2, Ysare NOSs in (¥, 12), and Z1, Z2 are NOSs 
in (W, 13). By Example 3.2, X1, X2, Y1, Y2, Y3, Z1 and Zz are neutrosophic tri-open sets in (V, 11, 12, 73). 
Therefore, by definition 3.2, X15, X2°, Yis, Yo", Y3¢, Z1¢ and Z2° are neutrosophic tri-closed sets in (¥, 71, 
12, 3). 

Definition 3.3. In an N-Tri-TS (¥, 11, 12, 13), an NS G over Y is called a neutrosophic tri-semi-open 
set if G is a neutrosophic semi open set in at least one of three NTSs (YW, 11), (W, 72), and (W, 73). 
Example 3.6. Consider the N-Tri-TS (¥, t, ™ 13) which is shown in Example 3.1. Then, 
W={(u,1.0,0.2,0.5), (v,0.7,0.5,0.7), (w,0.9,0.8,0.3)} is a neutrosophic tri-semi-open set in (¥, 11, 12, 73), 
because W is a neutrosophic semi open set in (¥, 11). 

Definition 3.4. In an N-Tri-TS (W, 11, 12, 73), a neutrosophic set G over W is called a neutrosophic tri- 
pre-open set if G is a neutrosophic pre-open set in at least one of three NTSs (YW, 11), (W, t2) and (¥, 13). 
Example 3.7. Consider the N-Tri-TS (¥, ti, ™ 13) which is shown in Example 3.1. Then, 
W={(u,0.5,0.3,0.2), (v,0.6,0.3,0.2), (w,0.8,0.4,0.2)} is a neutrosophic tri-pre-open set in (VY, 11, 12, 73), 
because W is a neutrosophic pre- open set in (Y, 71). 

Definition 3.5. In an N-Tri-TS (W, 11, 12, 3), an NS G over W is called a neutrosophic tri-b-open set if 
G is a neutrosophic b-open set in at least one of three NTSs (YW, 11), (W, 72), and (¥, 73). 

Example 3.8. Consider the N-Tri-TS (¥, t, ™ 13) which is shown in Example 3.1. Then, 
W={(u,0.9,0.3,0.6), (v,0.8,0.6,0.4), (w,0.9,0.9,0.9)} is a neutrosophic tri-b-open set in (Y, 11, 12, T3), because 
Wis a neutrosophic b-open set in (¥, 11). 

Remark 3.4. Assume that (¥, 11, 12, 13) be an N-Tri-TS. Let 11,23= 1U 12Ut3. Then, 11,23 may not be a 


neutrosophic topology on W in general. This follows from the following example. 
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Example 3.9. Suppose that (¥, t1, 12, 73) is a neutrosophic tri-topological space, where ti={On, 1n, 
{(u,0.6,0.3,0.6), (v,0.5,0.4,0.5), (w,0.8,0.5,0.8)}, {(u,0.7,0.1,0.4), (v,0.9,0.3,0.3), (w,0.9,0.1,0.5)}}, t2={ONn, 1n, 
{(u,1.0,0.3,0.8), (v,0.8,0.4,0.7), (w,0.8,0.6,0.8)}, {(u,0.8,0.4,0.9), (v,0.5,0.5,1.0), (w,0.5,0.8,1.0)}}, t3={ONn, 1n, 
{(u,0.5,0.2,0.5), (v,0.9,0.4,0.3), (w,0.7,0.2,0.5)}, {(u,0.4,0.5,0.6), (v,0.5,0.6,0.4), (w,0.7,0.6,0.6)}} are three 
different NTs on W. Clearly, {(u,0.7,0.1,0.4), (v,0.9,0.3,0.3), (w,0.9,0.1,0.5)} and {(u,0.8,0.4,0.9), (v,0.5, 


0.5,1.0), (w,0.5,0.8,1.0)} I 1123, but their intersection {(u,0.7,0.4,0.9), (v,0.5,0.5,1.0), (w,0.5,0.8,1.0)} I 
71,23. Hence, 11,23 does not form a topology on W. 

Definition 3.6. Assume that (WY, ti, 1, 13) is an N-Tri-TS. Then R, an NS over ® is said to be a 
neutrosophic tri-t-open set in (Y, 71, 12, 3) if and only if there exist neutrosophic open sets Ri in 11, R2 
in 12, and R3 in t3 such that R = RiVR2UR3. 

Example 3.10. Consider the N-Tri-TS (YW, 11, t2, 13) as shown in Example 3.7. Then, W={(u,1.0,0.2,0.5), 
(v,0.9,0.4,0.3), (w,0.8,0.2,0.5)} is a neutrosophic tri-t-open set, since there exist NOSs Ri={(u,0.6,0.3,0.6), 
(v,0.5,0.4,0.5), (w,0.8,0.5,0.8)} in t1, R2={(u,1.0,0.3,0.8), (v,0.8,0.4,0.7), (w,0.8,0.6,0.8)} in 2 and 
Rs={(u,0.5,0.2,0.5), (v,0.9,0.4,0.3), (w,0.7,0.2,0.5)} in t3 such that W= RiU R2URs. 

Remark 3.5. In an N-Tri-TS (¥, 11, 12, 13), an NS G is called a neutrosophic tri-t-closed set if and only 
if G*is aneutrosophic tri-t-open set in (¥, 11, 12, 73). 

Theorem 3.3. Assume that (W, 11, 12, 13) be an N-Tri-TS. 

(i) The neutrosophic null set (0x) and the neutrosophic whole set (1y) are always a neutrosophic tri-t- 
open set in (W, t1, 12, 73); 

(ii) Every NOS in (¥, 11), (W, 12) and (¥, t3) are neutrosophic tri-t-open sets in (¥, 11, 72, 73); 

(iii) Every NCS in (¥, 11), (W, t2) and (¥, 3) are neutrosophic tri-t-closed sets in (¥, 11, 72, 73). 

Proof. (i) We can write the neutrosophic null set (Ov) as Ov= WUMULN, where W = On, M = On, N = On 


are NOSs in (¥, 11), (W, 12) and (Y, 13) respectively. Hence, On is a neutrosophic tri-t-open set in (¥, 11, 
12, 3). 

Similarly, we can write the neutrosophic whole set (1y) as Iv= WUMUN, where W=1n, M =1n, N =1n 
are NOSs in (¥, 11), (W, 12) and (Y, 13) respectively. Hence, 1n is a neutrosophic tri-t-open set in (¥, 11, 
12, 73). 

(ii) Suppose that W be an NOS in (¥, 11). Now, we can write W = WUO0nUO0n. Therefore, there exist 
NOSs W, On, On in (WY, 11), (W, t2) and (¥, 13) respectively such that W = WUO0nUOn. Hence, W is a 
neutrosophic tri-t-open set in (W, 11, 12, 73). 

Suppose that W be an NOS in (¥, 12). Now, we can write W= 0nUWULOn. Therefore, there exist NOSs 
On, W, Onin (¥, 71), (W, 12) and (W, 13) respectively such that W =OnUWLOn. Hence, Wis a neutrosophic 
tri-t-open set in (WY, t1, 2, 73). 

Suppose that W be an NOS in (¥, 13). Now, we can write W= 0nUOnUW. Therefore, there exist NOSs 
On, On, Win (W, 11), (W, 72), and (¥, 73) respectively such that W=O0nUO0nUW. Hence, Wis aneutrosophic 
tri-t-open set in (WY, t1, 12, 73). 

(iii) Suppose that W be an NCS in (¥, 11). So Wis an NOS in (¥, 11). By the second part of this theorem, 
Wis a neutrosophic tri-t-open set in (W, 11, 12, 73). Hence, W is aneutrosophic tri-t-closed set in (¥, 11, 


12, 73). 
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Suppose that W be an NCS in (W, 12). So W is an NOS in (¥, 72). By the second part of this theorem, 
W is a neutrosophic tri-t-open set in (W, 11, 12, 73). Hence, W is aneutrosophic tri-t-closed set in (V, 11, 
12, 73). 
Suppose that W be an NCS in (W, 13). So We is an NOS in (¥, 13). By the second part of this theorem, 
W is a neutrosophic tri-t-open set in (W, 11, 12, 73). Hence, Wis aneutrosophic tri-t-closed set in (¥, 11, 
12, 73). 
Theorem 3.4. In an N-Tri-TS (¥, 11, %, 13), the union of two neutrosophic tri-t-open sets is a 
neutrosophic tri-t-open set. 
Proof. Assume that X and Y are any two neutrosophic tri-t-open sets in an N-Tri-TS (W, 11, 12, 13). So 
there exist NOSs X1, Yi in (W, 71), X2, Y2 in (W, 12), and X3, Y3 in (W, 73), such that X = XiVX2UX3 and Y 
= NUY2UY3. Now XVY = (X1VX2UX3) U (YU Y2UY3) = (X1VY1) U (K2UY2) U (X3U Y3). Since X1, Yi are 
NOSs in (¥, 11), so X1U Y1 is an NOS in (¥, 71). Since X2, Y2 are NOSs in (¥, 12), so X2U Y2 is an NOS 
in (W, 12). Since X3, Y3 are NOSs in (¥, 13), so X3UY3 is an NOS in (, 13). Therefore, XUY is a 
neutrosophic tri-t-open set in (W, 11, 12, 73). 
Remark 3.6. In an N-Tri-TS (W, 11, 12, 13), the intersection of any two neutrosophic tri-t-open sets may 
not be a neutrosophic tri-t-open set. 
Definition 3.7. Assume that (WY, 11, 12, 73) be an N-Tri-TS. Then Q, an NS over ® is said to be a 
neutrosophic tri-t-semi-open set in (Y, 11, 12, 73) if and only if there exists a neutrosophic semi open 
sets Qi in (W, 71), Q2 in (W, 12), and Q3 in (W, 13) such that Q=Q1iUQ2UQ3. 
Theorem 3.5. In an N-Tri-TS (W, 1, 12, 13), every neutrosophic tri-semi-open set is a neutrosophic tri- 
t-semi-open set. 
Proof. Assume that X be a neutrosophic tri-semi-open set in an N-Tri-TS (¥, 11, 12, 73). So, X must be 
an NSO set in at least one of the NTS (¥, 11), (W, 12), (W, 13). So, there will be seven cases. 
Case-1: X is an NSO set in (Y, 11) 
Case-2: X is an NSO set in (¥, 72) 
Case-3: X is an NSO set in (Y, 13); 
Case-4: X is an NSO set in (W, 11), and (¥, 12); 
) 
) 


y 


y 


Case-5: X is an NSO set in (W, 11), and (¥, 73); 

Case-6: X is an NSO set in (W, 12), and (¥, 73); 

Case-7: X is an NSO set in (Y, 11), (W, 12), and (¥, 73). 

In case-1, we can express, X = XUOnUOn, that is X is the union of NSO sets X (in (W, 11)), On (in (W, 72), 


and On (in (W, 73)). Therefore, X is a neutrosophic tri-t-semi-open set in (W, 11, 72, 13). 

In case-2, we can express, X = OnUXUOn, that is X is the union of NSO sets On (in (W, 71)), X (in (W, 72), 
and On (in (W, 73)). Therefore, X is a neutrosophic tri-t-semi-open set in (W, 11, 72, 13). 

In case-3, we can express, X = OnU0NUX, that is X is the union of NSO sets On (in (W, 11)), On (in (W, 
12)), and X (in (W,13)). Therefore, X is a neutrosophic tri-t-semi-open set in ((¥, 11, 12, 73). 

In case-4, we can express, X = XUXUOn, that is X is the union of NSO sets X (in (W, 11)), X (in (W, 72), 
and On (in (W, 73)). Therefore, X is a neutrosophic tri-t-semi-open set in (W, 11, 72, 13). 

In case-5, we can express, X = XUONUX, that is X is the union of NSO sets X (in (W, 71)), On (in (W, 72), 


and X (in (W, 13)). Therefore, X is a neutrosophic tri-t-semi-open set in (YW, 71, 12, 73). 
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In case-6, we can express, X = OnUXUX, that is X is the union of NSO sets On (in (W, 11)), X (in (W, 72)), 
and X (in (W, 13)). Therefore, X is a neutrosophic tri-t-semi-open set in (Y, 71, 12, 73). 

In case-7, we can express, X = XUXUX, that is X is the union of NSO sets X (in (W, 71)), X (in (W, 12), 
and X (in (W, 13)). Therefore, X is a neutrosophic tri-t-semi-open set in (Y, 1, 2, 73). 

Hence, every neutrosophic tri-semi-open set is a neutrosophic tri-t-semi-open set. 

Definition 3.8. Assume that (WY, 11, 12, 13) be an N-Tri-TS. Then Q, an NS over ® is said to be a 
neutrosophic tri-t-pre-open set in (¥, 11, 12, 73) iff there exist a neutrosophic-pre-open sets Q: in t1, Q2 
in 7, and Qs in 13 such that Q = QiUQ2UQ3. 

Theorem 3.6. In an N-Tri-TS (, 11, 12, 13), every neutrosophic tri-pre-open set is a neutrosophic tri-t- 
pre-open set. 

Proof. Assume that X is a neutrosophic tri-pre-open set in an N-Tri-TS (¥, 11, 12, 13). So, X must be an 
NPO set in at least one of the NTS (¥, 11), (W, 12), (W, 3). So, there will be seven cases. 

Case-1: X is an NPO set in (YW, 11); 

Case-2: X is an NPO set in (¥, 72); 
Case-3: X is an NPO set in (YW, 13); 

Case-4: X is an NPO set in (Y, 11), and (¥, 1); 
Case-5: X is an NPO set in (¥, 71), and (W, 13); 

Case-6: X is an NPO set in (¥, 72), and (W, 13); 

Case-7: X is an NPO set in (¥, 71), (W, 12), and (¥, 13). 

In case-1, we can express, X = XUONUOn, that is X is the union of NPO sets X (in (W, 71), On (in (W, 


12)), and On (in (W, 73)). Therefore, X is a neutrosophic tri-t-pre-open set in (W, 11, 72, 13). 
In case-2, we can express, X = ONUXUOn, that is X is the union of NPO sets On (in (W, 11)), X (in (W, 


12)), and On (in (W, 73)). Therefore, X is a neutrosophic tri-t-pre-open set in (VW, 11, 72, 13). 


In case-3, we can express, X = OnUOn UX, that is X is the union of NPO sets On (in (W, 11)), On (in (W, 
t2)), and X (in (W, 13)). Therefore, X is a neutrosophic tri-t-pre-open set in (¥, 11, 12, 73). 

In case-4, we can express, X = XUXUOv, that is X is the union of NPO sets X (in (W, 11)), X (in (W, 72), 
and On (in (W, 73)). Therefore, X is a neutrosophic tri-t-pre-open set in (Y,11,12,73). 

In case-5, we can express, X = XUONUX, that is X is the union of NPO sets X (in (W, 11)), On (in (W, 72), 
and _X (in (W, t3)). Therefore, X is a neutrosophic tri-t-pre-open set in (YW, 11, 72, 73). 

In case-6, we can express, X = ONUXUX, that is X is the union of NPO sets On (in (W, 11)), X (in (W, 72), 
and X (in (W, 13)). Therefore, X is a neutrosophic tri-t-pre-open set in (Y, 11, 2, 73). 


In case-7, we can express, X = XUXUX, that is X is the union of NPO sets X (in (W, 11)), X (in (W, 12), 


and X (in (W, 13)) . Therefore, X is a neutrosophic tri-t-pre-open set in (W, 11, 72, 13). 

Hence, every neutrosophic tri-pre-open set is a neutrosophic tri-t-pre-open set. 

Definition 3.9. Assume that (¥, 11, 12, t3) is an N-Tri-TS. Then Q, an NS over Y¥ is said to be a 
neutrosophic tri-t-b-open set in (Y, 1, 12, 13) if and only if there exist three neutrosophic-b-open sets, 
namely Q1 in 11, Q2 in 12, and Q3 in 13 such that Q =Q1UQ2UQ3. 

Theorem 3.7. In an N-Tri-TS (¥, 11, 2, 13), every neutrosophic tri-b-open set is a neutrosophic tri-t-b- 


open set. 
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Proof. Assume that X be a neutrosophic tri-b-open set in an N-Tri-TS (¥, 11, 12, 13). So, X must be a 
neutrosophic b-open set in at least one of the NTS (Y, 11), (W, 72), (W, 13). So there will be seven cases. 
Case-1: X is a neutrosophic b-open set in (¥, 11); 


y 


Case-2: X is a neutrosophic b-open set in (W, 12 


y 


Case-3: X is a neutrosophic b-open set in (¥, 13 


) 
) 
Case-4: X is a neutrosophic b-open set in (Y, 11), and (¥, 12); 
Case-5: X is a neutrosophic b-open set in (¥, 11), and (¥, 13); 
Case-6: X is a neutrosophic b-open set in (Y, 12), and (¥, 3); 
Case-7: X is a neutrosophic b-open set in (WY, 11), (W, 72), and (¥, 73). 
In case-1, we can express, X = XUOn UOn, that is X is the union of neutrosophic b-open sets X (in (W, 
71), On (in (W, 72)), and On (in (W, 13)) . Therefore, X is a neutrosophic tri-t-b-open set in (Y, 11, 12, 13). 
In case-2, we can express, X = OnUXUOn, that is X is the union of neutrosophic b-open sets On (in (W, 
t1)), X (in (W, 72)), and On (in (W, 3)). Therefore, X is a neutrosophic tri-t-b-open set in (YW, 11, 12, 13). 
In case-3, we can express, X = OnUONUX, that is X is the union of neutrosophic b-open sets On (in (W, 
t1)), On (in (W, 72)), and X (in (W, 73)). Therefore, X is a neutrosophic tri-t-b-open set in (VW, 11, 12, 13). 
In case-4, we can express, X = XUXUOv, that is X is the union of neutrosophic b-open sets X (in (W, 
t1)), X (in (W, 12)), and On (in (W, 13)) . Therefore, X is a neutrosophic tri-t-b-open set in (¥, 11, 12, 13). 
In case-5, we can express, X = XU0NUX, that is X is the union of neutrosophic b-open sets X (in (W, 
11), On (in (W, 72)), and X (in (W, 73)). Therefore, X is a neutrosophic tri-t-b-open set in (W, 11, 12, 13). 
In case-6, we can express, X = ONUXUX, that is X is the union of neutrosophic b-open sets On (in (W, 
t1)), X (in (W, t2)), and X (in (W, 73)). Therefore, X is a neutrosophic tri-t-b-open set in (¥, 11, 12, 73). 
In case-7, we can express, X = XUX UX, that is X is the union of neutrosophic b-open sets X (in (W, 
t1)), X (in (W, 12)), and X (in (W, 73)) . Therefore, X is a neutrosophic tri-t-b-open set in (Y, 11, 12, 73). 
Hence, every neutrosophic tri-b-open set is a neutrosophic tri-t-b-open set. 
Definition 3.10. Assume that (Y, 11, 12, 13) be an N-Tri-TS. Let X be an NS over WV. The neutrosophic 
tri-t-interior (N-tri-tint) and neutrosophic tri-t-closure (N-tri-ta) of X is defined as follows: 
N-tri-tin(X)= U{Y: Y is a neutrosophic tri-t-open set and YcX}; 
N-tri-ta(X)= O{Y: Y is a neutrosophic tri-t-closed set and XcY}. 

It is clearly observed that N-tri-tin(X) is the largest neutrosophic tri-t-open set which is contained 
in X and N-tri-tc(X) is the smallest neutrosophic tri-t-closed set which contains X. 
Theorem 3.8. Let (¥, 11, 12, 73) be an N-Tri-TS. Let X and Y be two neutrosophic sets over W. Then, 
(1) N-tri-tint(X) C X; 
(ii) X CY => N-tri-tint(X) Cc N-tri-tint(Y); 
(iii) If X is a neutrosophic tri-t-open set, then N-tri-tint(X)=X; 
(iv) N-tri-tin(On)=On, and N-tri-tint(1n)=1n. 
Proof. 
(i) From the definition 3.10, we see that N-tri-tin(X) = U{B: B is a neutrosophic tri-t-open set and BCX}. 
Since BcX, so U{B: B is a neutrosophic tri-t-open set and BcX} c X. Therefore, N-tri-tint(X) c X. 
(ii) Suppose that X and Y are two neutrosophic sets over Y such that X c Y. Then, 
N-tri-tint(X) 
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= U{B: B is a neutrosophic tri-f-open set and B c X}; 

c U{B: B is a neutrosophic tri-t-open set and BcY} [since X c Y] 

= N-tri-tint(Y) 

=> N-tri-tint(X) Cc N-tri-tin(Y). 

Therefore, X C Y => N-tri-tint(X) C N-tri-tint(Y). 

(iii) Assume that X be a neutrosophic tri-t-open set in an N-Tri-TS (¥, 11, 12, 3). Now, N- 
tri-tin(X) = U{B: B is a neutrosophic tri-t-open set and B c X}. Since X is a neutrosophic tri-t-open set 
in (Y, 11, 72, 13), so X is the largest neutrosophic tri-t-open set in (¥, 11, 72, 13), which is contained in X. 
Hence U{B: B is a neutrosophic tri-t-open set and B c X} = X. Therefore, N-tri-tin(X) = X. 

(iv) We know that On, and 1n are neutrosophic tri-t-open sets in (YW, 11, 12, 73), so by the third part of 
this theorem, we have N-tri-tint(On) = On, N-tri-tint(1n) = 1N. 

Theorem 3.9. Let (¥, 11, 12, 73) be an N-Tri-TS. Let X and Y be two neutrosophic sets over W. Then, 
(i) X c N-tri-tai(X); 

(ii) X < Y => N-tri-ta(X) c N-tri-ta(Y); 

(iii) X is a neutrosophic tri-t-closed set iff N-tri-ta(X) =X; 

(iv) N-tri-ta(Ow)=On, and N-tri-tca(1n)=1n; 

Proof. (i) From the definition 3.10, we see that N-tri-ta(X)= A{B: B is a neutrosophic tri-t-closed set 
and X c B}. Since each X c B, so X C MB: B is a neutrosophic tri-t-closed set and X c B}. Therefore, 
X C N-tri-ta(X). 

(ii) Suppose that X and Y are two neutrosophic sets over Y such that X c Y. Then, 

N-tri-ta(X) 

= -\{B: B is aneutrosophic tri-t-closed set and X c B}. 

< B: B is a neutrosophic tri-t-closed set and Y c B} [since XCY] 

= N-tri-tc(Y). 

Therefore, X < Y > N-tri-tc(X) ¢ N-tri-ta(Y). 

(iii) Assume that X be a neutrosophic tri-t-closed set in (WV, 11, 12, 13). Now, N-tri-ta(X) = A{B: B is a 
neutrosophic tri-t-closed set and X c B}. Since X is a neutrosophic tri-t-closed set in (Y, 11, 72, 13), So X 
is the smallest neutrosophic tri-t-closed set in (V, 11, 12, 73), which contains X. Therefore, M{B: B is a 
neutrosophic tri-t-closed set and X c B} = X. Therefore, N-tri-ta(X) = X. 

(iv) It is known that, On and 1n are neutrosophic tri-t-closed sets in (Y, 11, 12, 13). So, by the third part 
of this theorem, we have N-tri-ta(On) = On, N-tri-tc(1N) = 1. 

Theorem 3.11. Let (¥, t1, 12, 13) be an N-Tri-TS. Let X be an NS over W. Then, ti-Nint(X) = N-tri-tint(X). 
Proof. Assume that X be a neutrosophic subset of an N-Tri-TS (¥, 11, 12, 13). Now, ti-Nin(X) = U{Y: Y 
is an NOS in (¥, ti) and YcX}. Since Y is an NOS in (¥, ti), so by second part of Theorem 3.3., Y is a 
neutrosophic tri-t-open set in (W, 11, 12, 73). 

Therefore, ti-Nint(X) 

= U{Y: Yis an NOS in (¥, ti) and YcX} 

= U{Y: Y is a neutrosophic tri-t-open set in (¥, 11, 72, 13), and YCX} 

= N-tri-tint(X). 

Hence, in an N-Tri-TS (W, 11, 2, 13), ti-Nint(X) = N-tri-tin(X) for any neutrosophic set X. 
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Theorem 3.12. Let (¥, 11, 12, 13) be an N-Tri-TS. Let X be an NS over W. Then, ti-Ne(X) ¢ N-tri-ta(X). 
Proof. Assume that X be a neutrosophic subset of an N-Tri-TS (, 11, 12, 13). Now, ti-Na(X) = OY: Y is 
an NCS in (¥, ti) and XcY}. Since Y is an NCS in (¥, 1), so by third part of Theorem 3.3., Y is a 
neutrosophic tri-t-closed set in (Y, 11, 12, 13). 

Therefore, ti-Nci(X) 

=O{Y: Yis an NCS in (¥, ti) and XcY} 

= MY: Y is a neutrosophic tri-t-closed set in (¥, 11, 12, 13) and XCY} 

= N-tri-te(X). 

Hence, ti-Nei(X) = N-tri-to(X), for any neutrosophic subset X of (V, 11, 12, 13). 


4. Conclusions 

In this study, we introduce the notion neutrosophic tri-topological spaces. Also, we establish some 
of their basic properties. By defining neutrosophic tri-topology and neutrosophic tri-topological 
space, we present well described examples and proofs of some theorems on neutrosophic tri- 


topological spaces. 


References 


[1]. Smarandache, F. (1998). A unifying field in logics, neutrosophy: neutrosophic probability, set 
and logic. Rehoboth, American Research Press. 

[2]. Zadeh, L.A. (1965). Fuzzy sets. Information and Control, 8(3), 338-353. 

[3]. Atanassov, K. T. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20 (1), 87-96. 

[4]. Salama, A.A., & Alblowi, S.A. (2012). Neutrosophic set and neutrosophic topological space. 
ISOR Journal of Mathematics, 3 (4), 31-35. 

[5]. Arokiarani, I., Dhavaseelan, R., Jafari, S., & Parimala, M. (2017). On some new notations and 
functions in neutrosophic topological spaces. Neutrosophic Sets and Systems, 16, 16-19. 

[6]. Iswarya, P., & Bageerathi, K. (2016). On neutrosophic semi-open sets in neutrosophic 
topological spaces. International Journal of Mathematical Trends and Technology, 37 (3), 214-223. 

[7]. Dhavaseelan, R., & Jafari, S. (2018). Generalized neutrosophic closed sets. In F. Smarandache, 
& S. Pramanik (Eds., vol.2), New trends in neutrosophic theory and applications (pp. 261-273). 
Brussels: Pons Editions. 

[8]. Pushpalatha, A., & Nandhini, T. (2019). Generalized closed sets via neutrosophic topological 
spaces. Malaya Journal of Matematik, 7 (1), 50-54. 

[9]. Shanthi, V.K., Chandrasekar, S., Safina, & Begam, K. (2018). Neutrosophic generalized semi 
closed sets in neutrosophic topological spaces. International Journal of Research in Advent 
Technology, 67, 1739-1743. 

[10]. Ebenanjar, E., Immaculate, J., & Wilfred, C.B. (2018). On neutrosophic b-open sets in 
neutrosophic topological space. Journal of Physics Conference Series, 1139 (1), 012062. 

[11]. Maheswari, C., Sathyabama, M., & Chandrasekar, S. (2018). Neutrosophic generalized _b- 
closed sets in neutrosophic topological spaces. Journal of Physics Conference Series, 1139 (1), 
012065. 


Suman Das, Surapati Pramanik, Neutrosophic Tri-Topological Space 


Neutrosophic Sets and Systems, Vol. 45, 2021 377 


[12]. 
[13]. 


[14]. 


Das, S., & Pramanik, S. (2020). Generalized neutrosophic b-open sets in neutrosophic 
topological space. Neutrosophic Sets and Systems, 35, 522-530. 

Das, S., & Pramanik, 5. (2020). Neutrosophic ®-open sets and neutrosophic ®-continuous 
functions. Neutrosophic Sets and Systems, 38, 355-367. 

Salama, A.A., Smarandache, F., & Alblowi, S.A. (2014). New neutrosophic crisp topological 
concepts. Neutrosophic Sets and Systems, 4, 50-54. 

Al-Hamido, R.k., & Gharibah, T. (2018). Neutrosophic crisp tri-topological spaces. Journal of 
New Theory, 23, 13-21. 

Kelly, J.C. (1963). Bitopological spaces. Proceedings of the London Mathematical Society, 3 (1), 71- 
89. 

Ozturk, T.Y., & Ozkan, A. (2019). Neutrosophic bitopological spaces. Neutrosophic Sets and 
Systems, 30, 88-97. 

Das, S., & Tripathy, B.C. (2020). Pairwise neutrosophic-b-open set in neutrosophic 
bitopological spaces. Neutrosophic Sets and Systems, 38, 135-144. 

Tripathy, B.C., & Das, S. (2021). Pairwise Neutrosophic b-Continuous Function in 
Neutrosophic Bitopological Spaces. Neutrosophic Sets and Systems, 43, 82-92. 

Salama, A.A., Smarandache, F., & Kroumov, V. (2014). Neutrosophic crisp Sets and 
Neutrosophic crisp Topological Spaces. Neutrosophic Sets and Systems, 2, 25-30. 


Received: May 15, 2021. Accepted: August 12, 2021 


Suman Das, Surapati Pramanik, Neutrosophic Tri-Topological Space 


Neutrosophic Sets and Systems, Vol. 45, 2021 
University of New Mexico 


Ny “ 


Hybridization between deep learning algorithms and 
neutrosophic theory in medical image processing: A survey 


NN Mostafa !, K Ahmed?, and I El-Henawy 2 


! Computer Science Department, Zagazig University, Zagazig, Egypt; nihal.nabil@fci.zu.edu.eg 
2 Computer Science Department, Beni-Suef University, Beni Suef, Egypt;kareem_ahmed@eng.bsu.edu.eg 
3 Computer Science Department, Zagazig University, Zagazig, Egypt; henawy2000@yahoo.com. 


Abstract: Deep learning can successfully extract data features based on dealing greatly with non- 
linear problems. Deep learning has the highest performance in medical image analysis and 
diagnosis. Additionally, deep learning performance is affected by insufficient medical image data 
such as fuzziness or incompleteness. The neutrosophic approach can enhance deep learning 
performance with its great dealing with inconsistency and ambiguity information in medical data. 
This survey investigates the various ways in which deep learning is enhanced with neutrosophic 
systems and provides an overview and concept on each other. The hybrid techniques are classified 
based on different medical image modalities in different medical image processing stages such as 
preprocessing, segmentation, classification, and clustering. Finally, future works are also explored. 
In this study the highest accuracy was achieved by hybridization between neutrosophic and LASTM 
to classify the cardio views. While the highest capability to precisely detect those with the disease 
(sensitivity) is achieved by integration between neutrosophic, convolution neural network and 
support vector machine. Best specificity was obtained by neutrosophic and LSTM. 


Keywords: Medical image; Neutrosophic; Deep learning; denoising; classification; segmentation; 
clustering; image modalities. 


1. Introduction 


Recently, rapid diagnosis, and treatment of diseases becomes a major area in computer science 
using different medical image modalities such as computed tomography (CT), magnetic resonance 
imaging (MRI), Microscopic image analysis (MIA), ultrasound (US), and X-ray [1]. Usually, 
radiologists and physicians perform the interpretation of a medical image. However, Computer- 
aided systems can help human experts and doctors from potential fatigue and individual variations 
in pathology reading. Deep learning (DL) and neutrosophic techniques can help to improve the rate 
of computational medical image analysis [2]. 

In the last few decades, many automatic analysis systems have been implemented from scanned 
and loaded medical images. Between the 1970s and 1990s, low-level pixel and mathematical 
processing (edge detection, region growing, fitting lines) were the main techniques for doing medical 
image analysis. It was common in that period there are same as if-then-else statements in expert 
systems. Haugeland, 1985 named these systems GOFAI (good old-fashioned artificial intelligence) 
like rule-based image processing systems [3, 4]. 

Supervised learning (SL) develops systems using training data at the end of the 1990s. These 
systems become more and more common in medical image analysis such as atlas approaches which 
fit new data from the training data, feature extraction, and use of statistical classifiers such as 
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computer-aided diagnosis (CAD) and active shape models. These methods have become successful 
in many medical image analysis tasks. So, systems are trained using extracted data vectors instead of 
data designed by humans. The optimal decision boundary is done using computer algorithms in high 
dimensional space. Feature extraction is a vital step in model deployment. This process is named the 
hand-crafted feature [4]. 

Logical progress is learning optimal features that represent data for a complex problem. This 
concept lies at the foundation of many DL models. So, DL techniques permit the machine to make 
data interpretation by learning complex mathematical problems. These models consist of linear 
and/or non-linear functions as input data and weighted model parameters. These functions treat 
hierarchy as a layer, so the name of DL is inspired by a larger number of such layers. Usually, Training 
data tasks such as denoising, segmentation, and classification help the computational model to learn 
its parameter. The basic idea of DL is an Artificial Neural Network (ANN) that contains multiple 
layers of neurons, while its parameters (weights) identify the parameter of the connections between 
the neurons and layers [5]. 

DL uses testing data to perform the same task accurately, which makes DL more generalizable 
than other different machine learning (ML) techniques. DL learn parameter using a back-propagation 
strategy which iteratively attains the desired parameter value using the Gradient Descent technique. 
The single epoch is the terminology of update the model parameter using whole training data once. 
Usually, modern DL models are trained for hundreds of epochs before utilization [5]. 

Convolutional neural networks (CNNs) are the most popular network in DL. A CNN does a 
mathematical operation called convolution [6]. CNN was introduces to the world in handwriting 
digit recognition in LeNet [7]. After those novel approaches were implemented for effectively 
training deep networks, and improvements were produced in main computing systems. Krizhevsky 
et al. (2012) proposed the AlexNet based on CNNs which trained on ImageNet data in December 
2012 [8]. 

The medical image analysis society observes these crucial improvements. later than, other DL 
architecture has deployed recurrent neural networks (RNNs), autoencoders (AEs), restricted 
Boltzmann machines (RBMs) [9], and deep belief networks (DBN). All these contributions take 
attention to the medical image analysis community [4]. 

On the other hand, many problems in medical image analysis have been shown such as 
impression and uncertainty, incomplete, fuzziness, and inconsistent, which derive from acquisition 
errors, incomplete knowledge, or stochasticity. These problems make denoising, segmentation, 
clustering, and classification are difficult operations to perform on medical image analysis [10]. So 
soft computing combined with medical applications and DL architecture to get solutions for 
unsolvable problems. Many theories can deal with ambiguous information such as para consistence 
logic theory [11], intuitionistic fuzzy set (IFS) theory [12], fuzzy set (FS) theory [13], probability theory 
[14]. One of these methods is the FS introduced by Zadeh (1965) which solves fuzziness and 
ambiguity problems that exist in medical data [15]. One disadvantage of FS that it doesn’t take 
indeterminacy in its consideration independently [16]. 

Neutrosophy is a novel philosophy branch adopted by Smarandache that is a scope of 
neutralities. Neutrosophy can specify classical logic, fuzzy logic (FL), and imprecise probability. 
Human rational can deal with the ambiguity of knowledge linguistic mistakes and so neutrosophy 


can deal with this ambiguity. Usually, neutrosophy includes a neutrosophic set (NS) which can deal 
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with neutralities along with their relations. Neutrosophy has truth, falsity, and an indeterminacy 
degree, which are independent of each other [17]. 

Medical data is unpredictable, partial, inaccurate, incomplete, and vague. Expert systems vary 
in inputs because of not existence of the specified policy in treatment or drug usage. Normally, a 
large scale of information process is needed in a medical image, a significant part is unconscious and 
rapid processing and computation. Therefore, indeterminacy, irregularity, ambiguities, and 
vagueness must be solved. Intelligent diagnosis system has been observed by computer science and 
applicable mathematics field. So evolutionary neural network in breast cancer detection has been 
proposed by [18]. Also, Tan et al. [19] classified the hepatitis rule and breast cancer cases using a 
hybrid evolutionary algorithm (EA) and genetic programming (GP). 

A new neuro-fuzzy technique for segmentation of the MRI data to brain tumor [20]. Lately, NL 
and NS have major importance in medical applications. Neutrosophic systems prove its successful 
effect than fuzzy counterparts. It can deal with major processes in medical systems such as data 
acquisition, data generation, indeterminacy, truth, and falsity. Hence, NS comprises truth, 
indeterminate, and false membership functions. In2015, Ye [21] proposed the improved cosine 
similarity measure for simplified NS (SNS) and applied it to medical diagnosis. The single-valued NS 
(SVNS) is the crucial usage set in most applications introduced by Wang et al. [22]. 

There are lots of surveys in medical image analysis discuss the use of NS in different levels of 
image analysis such as (denoising, segmentation, and classification) or using NS in different medical 
image modalities on different organs, but all of these surveys did not cover the last researchs and 
algorithms of using DL under NS theory [23], [24], [25], [26], [27], [28], [29]. Also (Elhassouny et 
al.,2019) discuss the integration of NS and ML algorithms, but not cover the medical image analysis 
domain [30]. On the other hand, many surveys on DL in a medical image, but these studies ignore 


the dealing of inconsistency and fuzzification information in the medical image [2], [31], [4], [32]. 


This study aims to introduce a survey on DL algorithms in medical image processing under a 
NS theory. The following sections are arranged as follows. Section 2 provides an overview of different 
image modalities. Section 3 provides a general concept of NS and NS algorithms that are used in 
medical image processing stages such as denoising, segmentation, and classification in different 
image modalities such as MRI, CT, US, CT, and MIA. In section 4 we introduce an overview of the 
DL concept and previous work on techniques that commonly used different medical image 
processing stages. In section 5 explores hybridization between NS and DL and how this integration 


can affect the performance in medical image processing and analysis. 


2. Medical image modalities 


The medical image modalities help for more medical image analysis and diagnosis. Medical 
image modalities differ in characterization and applications that assist the study organs and 
diagnosis and treatment follow-up. These modalities can be categorized into five types: MIA, MRI, 
US, X-ray, CT [33]. A short discussion about these modalities is introduced in Table 1. 

Table 1. Medical Imaging Modalities. 


Medical image modalities Famous issue 


MIA Fuzziness, inconsistency, weak robustness[29]. 
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MRI Gaussian, Rician, Rayleigh[27]. 
US Gaussian, Speckle noise[27]. 
X-Ray Gaussian, Poisson[34]. 


Speckle noise, gaussian noise, 


ea salt and pepper noise[35]. 


2.1 Microscopic image analysis 


MIA is a good effect on converting to completely automatic analysis instead of the human 
observer. MIA Can carry a blood smear or any tissue of the human body [36]. MIA can help improve 
the diagnosis performance in various diseases. Many applications use MIA in processing techniques 
such as image enhancement, microscopic segmentation, cell classification, and White blood cell 


detection. 


2.2 Magnetic resonance imaging 


MRI is essential in non-invasive diagnosis and is one of the most commonly and reliably used 
clinical situations. The most characterization of MRI that it can pick up soft tissue such as blood 
vessels, organs in the pelvis, the abdomen of (heart, liver, kidney). These cross-sectional images are 
taken by magnets and radio waves to form a slice of the human body. 

MRI is safe for children and pregnant women because no radiation exposure also has high 
accuracy. On the other hand, MRI has a great sensitivity to a movement which affects the organs that 
involve movement. Additionally, MRI suffers from magnetic field distribution and patients cannot 
wear metallic devices such as pacemakers. Many applications of computer science using MRI such 


as tissue classification, liver diagnosis,3D tumor visualization [33]. 


2.3 Ultrasound 


The US transformed the echoes retrieving sounds into images, So the US cannot detect bone 
organs. Advantage of US is low cost, high resolution, no radiation, and widely available scan. But it 
is difficult to image lungs and bones resolution to be affected easily. A lot of applications are using 


US images such as pregnancy, breast cancer detection, liver and tumor diagnosis [33]. 


2.4 X-ray image 


X-rays are considered the most and oldest imaging types. X-ray images formed using 
electromagnetic radiation. Most X-ray applications are detecting problems with the skeletal system, 


diagnose cancer via mammography, gastric concerns, and dental problems detection [27]. 


2.5 Computed tomography 


Series of Cross-sectional images are formed using x-ray sensors. So, it can detect hard tissue such 
as bones. CT has a wide scan area so it can pick up blood vessels and brain, liver. CT has an advantage 
over MRI in that it has a short time of scan with high resolution. But it has limitations in tissue 
characterization, sensitivity, high cost, and high radiation. Many applications are using the CT image 


such as covide-19 detection, chest diagnostic, brain simulation, tumor detection [33]. 


3. Neutrosophic set in medical image analysis 
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Samarandache introduced neutrosophic in 1995 which is the generalization form of fuzzy [37]. 
Neutrosophy is the fundamental of neutrosophic probability, neutrosophic statistics, neutrosophic 
logic (NL), and (NS) [37]. The NS is the general concept of the classical sets, FS, interval-valued fuzzy 
set [38], IFS [39]. NS concept (A) in relation to its opposite (Anti-A) and the neutrality (Neut-A), 
which is not (A) nor (Anti-A). The (Neut-A) and (Anti-A) are mentioned as (Non-A). So concept (A) 
is neutralized and balanced by (Anti-A) and (Non-A) concepts [40]. 

NL defines three neutrosophic components: T, I, F for truth, false, and indeterminacy 
membership degree in <A>.NL can handle the uncertainty by providing extra domain I which 
increases the efficiency of dealing with uncertainty unlike FL [41]. NL is able to perform the difference 
between relative truth and absolute truth as well as between relative falsity and absolute falsity, so 
NL component (T, I, F) can be over-flooded over 1 or under-dried 0 [23].Commonly, some definitions 
are given for the NS as follows: [40, 42] 

Definition 1. T, land F are real standard or non-standard of ]—0,1+[ with 

supT = t_sup,infT = t_inf, 
supl = i — sup, infl = ting, SupF = foup, inf F = finfandnsupy = tsup + tsup + foup Ning = ting + °° 
ling + f_inf 

Definition 2. (Neutrosophic image) for U is universe, aneutrosophic image Pys is characterized by 
subsets T, I and F. A pixel P in the image is defined as P(T, LF).Then, the pixel P(n,m) in the image 
domain is converted to NS image using the following equations: 

Hys(n,m) = {T(n,m),I(n,m), F(n, m)} (1) 
Where T(n,m),I(n,m) and F(n,m) probabilities of white, indeterminate, non-white sets: 
g(1,M) — Gmin 
i ale, Bey, e 
n+w/2  m+w/2 


gm=—— YY gy) 3) 


Ww 


x=n-w/2 y=m-w/2 


d(n, m) = Smin 
I(n,m) = er ar (4) 
6(n,m) = abs(g(n,m) — g(n,m)) (5) 
F(n,m) = 1-—T(n,m) (6) 


Where g(n,m) is the intensity value of the pixel(n,m) ,g(n,m) is the local mean value of 
g(n,m),6(n,m) is the absolute value of the difference between intensity g(n,m)and its local mean 
value g(n,m) [23]. 

Definition 3. (Neutrosophic image entropy) The gray image entropy measures the distribution of 
intensities. Maximum entropy value implies for equal intensities probability and small entropy 
implies for non-uniform intensity distribution [23]. The NS image entropy defined as the summation 


of the entropies of three subsets T, I and F, which is given by: 


Ens = Ep + E, + Ep (7) 
max{T} (8) 
ae » P,(i) In Pp(i) 
i=min{T} 
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max{I} (9) 
B=- ) P@OmPO 
i=min{I} 
max(F} (10) 
Ep=— >. Pe@InPeO 
i=min{F} 
where, E;, E,and E; are the entropies of sets T, I and F, respectively. Also, Pp (i), P;(i), Pr(i) are 
the probabilities in T, I and F; respectively. Commonly, E; and £, are used to measure the 
distribution of the elements in NS, and £, is evaluated to measure the indeterminacy distribution. 
Recently NL and NS had major importance in the medical domains. Neutrosophic systems are 
noticed to be more successful than fuzzy systems. NS can deal with indeterminacy in medical 
information which makes it more generalization than FS [23]. NS provides approximate the 
connection between modern medical image analysis and fuzzy approaches. It improves performance 
in different medical systems processes such as acquisition, generation, sorting. Therefore, the NS has 
an independent (T, I, F) membership function. Lately, Ye [21] used the cosine function, SVNS, and 
interval neutrosophic cosine similarity to propose cosine similarity measures for SNSs for medical 
analysis issues. Afterward, the weighted cosine similarity measures of SNSs were used. Wang et al. 
[22] proposed a SVNS, which is the main example of NS for most applicable applications. Research 
of NS in medical diagnosis cover many problems are in different image modalities and different tasks 


such as denoising, clustering, classification. 


3.1. Neutrosophic set in medical image denoising 


Generally, the medical image consists of noises, these noises are kind of intermediate 
information. Removing noises from the medical images is an important research area in computer 
science. Dealing with indeterminacy in images under the NS theory helping in reaching better 
performance during the image preprocessing stage [43]. Many approaches rely on NS for reducing 
salt and pepper, speckle, rician, and gaussian noise are listed in Table 2. 

In 2011 Mohan et al. [44] proposed a filter to remove noise from MRI image by converting it to 
NS domain. Then obtain the membership values of T, I, F. The y-median filter used to decrease the 
indeterminacy entropy. This approach compared with the median filter and NLM filer and shows 
superior results. An extension for this study applies w — wiener filter on MRI image [45]. Also, the 
same author expanded the study on nonlocal NS (NLNS) [46]. The results show superior result for w 
— wiener with higher PSNR. 

In 2012 Koundal et al. [47] applied Kuan filter and Lee filter on US image. An extension to this 
study [48] use Gamma variation on neutrosophic domain to improve image quality. The same author 
proposed a Nakagami distribution method based on NS. The results show superior results to 
Nakagami distribution approach based on NS. 

Another contribution on RGB image in [49] aimed to improve the quality of image based on 
NSS. Another study on NSS in [50] on liver image. the results shows higher PSNR to [50] but [49] 
improve the contrast of image more better. Another contribution improved the NLM using the 
weighted function based on NL to enhance US image. Furthermore Ashour et al. [26] introduce a 


novel method for dermoscopic image denoising based on OIF which aims to optimize the 
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indeterminacy filter using GA. Also, Nasef et al. [51] improve the dark area in skeletal image based 


on NS and SSA under multi-criteria. 


Table 2. Different medical image denoising methods using the NS theory. 


Gray 


Denoising 


Authors Modality Data Noise IRGB Method Metric 
Mohan et MRI brain PSNR‘ (Axial, 
al. (2011) MRI (axial, Rician Gray $y -median Sagittal)= 
[44] Sagittal) (19.90,19.11) 
Mohan et . SSIM*=0.9682 
al. (2012) MRI Seetia Rican Gray w-—wiener PSNR=24.08 
[45] QILV#=0.9882 
SNRS 
(Lee)=17.5375 
Koundal et Kuan filter Bieies 
al. (2012) US Thyroid Speckle Gray and EPI" (Lee) = 
[47] Lee filter 0.7858 
EPI 
(Kaun)=0.7599 
Marans nonlocal 
Axial MRI bs NS(NLNS)  PSNR=23.92 
a ar oe brain Rican Gray andw- — SSIM=0.9254 
wiener 
UQI'' = 0.8606 
Kountiat et Based FSIM#=0.8790 
al. (2016) US Thyroid Synthetic Gray on gamma EPI = 0.8718 
[48] image Speckle distributio  MSSIM™=0.809 
n 9 
VIF® = 0.3565 
Based UQI = 0.8606 
on EPI = 0.8813 
ae US pai ae Gray Nakagami MSSIM=0.813 
, distributio 9 
n VIF = 0.3771 
blood smear __ illuminatio Neutrosop Cost Time 
. images (3327 __n, contrast, hic (Sec per 
ae i MIA of different and color RGB similarity image) from 
types of balance score(NSS)  0.276s to 0.96 
WECs) problems scaling s 
Rahimizade Weighted SNE In Role 
; ; level 0.4=53.36 
het al. US Different Speckle Gray function + SSIM for noise 
(2019) organs (NLM) Bust 
9?) a 0.4=0.9514 
Bharti et PSNR= 
al.(2020) US Liver Speckle Gray (NSS) 34.18+1.80x10- 
[50] 1 
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AMBE&&= 
0.0326+9.87x10 
-3 
EPI= 
0.9687+2.1x10- 
3 
UIQI’= 
0.9757+1.17x10 
-2 
MS-SSIM“= 
0.9996+1.63x10 
-4 
20 randomly Optimized 
select indetermin 
ee images : ' ae SNR=27.75 
oe Dermoscop' (Internationa _ synthetic BA PSNR=31.47 
al. : ; : Gray (OIF) + 
2019)|26] ic 1 Skin Gaussian patele MSE*=57.86 
( Imaging 8 ; RMSE°=7.18 
Collaboratio algcneim 
(GA) 
n) 
Results sh 
Data Salp ee on 
collected Swarm eo Peer 
Nasef et al. Skeletal from Dark Gra algorithm ene 
(2020) scintigraph Menoufia j M4 (SSA) 
. : regions level better 
[51] y University under 
en : performance 
Hospital in multi- : 
E t criteria Sani 
BYP criteria 


Key of Table 2: * Peak-signal-to-noise ratio, t Structural Similarity index, | Quality Index based on 
local variance, § Signal-to-noise ratio, I Edge preservation index, | | Universal quality index, # Visual 
information fidelity, ** Multi-scale structural similarity index metric , & Visual information fidelity 
&Absolute mean brightness error , * universal image quality index , *“ Multi-scale structural 


y 


similarity, ++ Mean squared error , ° The root of mean squared error 


3.2. Neutrosophic sets in medical image clustering and segmentation 


In computer vision Clustering means several grouped objects that are related in common 
members. On the other hand, segmentation in medical image separate object from the background 
so the image is separated into non-overlapping various regions. Clustering and segmentation are 
crucial processes in medical image diagnosis [23]. There are various approaches that use to segment 
and cluster the medical image using the NS theory in many medical applications as in Table 3. 

Shahin et al. [54] proposed a new method for WBC segmentation using multi-scale similarity 
measure based on NS domain. This approach is obtained on RGB public dataset. Another proposed 
on RGB image, Ashour et al. [55] proposed a segmentation method on WBC image. This approach 
aims to detect blood cell by first using canny edge detector and then circular Hough transform (CHT) 
based on NS domain. Finally, K-means detect nuclei in blood cell image. 

A study on dental image segmentation aimed to increase the accuracy in x-ray image by 


introducing a new fuzzy clustering methods based on NS orthogonal matrix [56]. Furthermore, 
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Ashour et al. [57] proposed an approach on dermoscopic grayscale image based on clustering 
histogram. The histogram clustering method aims to determine the needed number of clusters in NS 
c-means. 

On breast cancer segmentation, Lotfollahi et al. [58] proposed a new method based on active 
contour to detect the tumor outline. Then the initial contour is defined depending on intensity and 
NS feature. Another study on breast cancer CT image, by first transform the CT image to NS domain. 
Then apply RGI segmentation algorithm for lesion segmentation [59]. Guo et al. [60] introduced an 
approach for Skin lesion segmentation based on NCM and KGC. This approach shows superior 
result than using KGC only or traditional GC. 

In brain tumor segmentation Palanisamy et al. [61] introduced the integration between NS and 
FCM and optimizing the clustering using modified PSO. Another contribution on brain tumor 
segmentation, by Singh [62] proposed a T2NS method for selecting multi adaptive threshold to 
segment brain lesions. This approach shows superior results on neutrosophic-based adaptive 
threshold. Also, Tufail et al. [63] proposed a method to extract ROI under NS domain based on 
modified s-function. 

In Parkinson's disease, Singh [64] proposed methods based on neutrosophic based adaptive 
threshold for segmentation. This approach aimed to solve two problems, first is the gray and white 
boundaries, second unclear gray regions. An expand for this work, which composed of two parts 


NEBCA for segmentation and HSV color system for better representation. 


Table 3. Different medical image segmentation/clustering methods using the NS theory. 


Gray/ 
Authors Modality Organ nies Methods Evaluation metric 
Shahin et al. multi-scale 
(2018b) MIA WBC RGB similarity Precision= 97.2% 
[54] measure 
Davies-Bouldin 
=10.562 
Ali et al. Simplified silhouete 
1 
(2018) x-ray Dental oe Ne oe i width criterion 
[56] pee (SSWC)=0.941 
Visibility metric 
(VM)=484.002 
Histogram- 
based 
1 : 
senouE cual: Gray Sete 
ar Dermoscopic skin lesion fesat (HBCE) and Accuracy= 96.3% 
[ neutrosophic 
c-means 
(NCM) 
Lotfollahi et ee 
al. (2018) Gray Active contour abs 
[58] US Breast level eee False positives 
(FP)=6% 


Similarity scores=90% 
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. Lee et al. 
(2018) 
[59] 


Guo et al. 
(2019) 
[60] 


Ashour et al. 


(2019) 
[55] 


Palanisamy 
et al. (2019) 
[61] 


Singh 
(2020) 
[64] 


Singh 
(2020) 
[65] 


Singh 
(2021) 
[62] 


CT 


Dermoscopic 
images 


MIA 


MRI 


MRI 


MRI 


MRI 


Breast lesion 


Skin lesion 
segmentation 


WBC 


Brain tumor 


Parkinson's 
disease 


Parkinson's 
disease 


Brain tumors 


Gray 
level 


Gray 
level 


RGB 


Gray 
level 


Gray 
level 


Gray 
level 


Gray 
level 


RGI integrated 
with NS 


(NCM) and 
kernel graph 
cut(KGC) 


Canny 
detector, 
circular 
Hough 
transform 
(CHT) and k- 
means 
Fuzzy C-mean 
(FCM) 
clustering 
guided with a 
modified 
particle 
swarm 
optimization 
(PSO) 
Adaptive 
threshold and 
neutrosophic 
entropy based 


neutrosophic- 
entropy based 
clustering 
algorithm 
(NEBCA), and 
HSV color 
system. 


Type-2 NS 
(T2NS) 
entropy and 
multiple 
threshold 
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Dice coefficient (DC) 
=0.82 
AUC = 0.8 
Accuracy= 97.41% 
DC = 93.27% 
Jaccard similarity 
coefficients (JAC) = 
87.78% 
Sensitivity=99.21% 


Accuracy=98.44% 
DC=93.10% 
JAC= 87.14% 
Sensitivity=95.08% 


Sensitivity=95.43% 
Specificity=98.58% 
JAC= 87.56% 
DC= 94.32% 


Result for testing data 
PSNR=62.99 
MSE= 0.10 
SSIM= 0.7006 
(Result of HSV color 
system based on 
testing set) 
standard deviation 
(SD)= 13885000 


total neutrosophic 
entropy information 
(TNED =323670 


Result of sets (Set I, 
Set II and Set III) 


JAC=97.07%, 97.92% 
97.13% 


Correlation 
coefficients=0.9638, 
0.9698 ,0.9610 
Uniformity measures 
= 0.9624, 0.9633 and 
0.9660 
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Tufail et al ROI in tumor 
Ae oe Detect ROI Gray imagesextract Sensitivity=98%, false 
(2021) MRI ; 
[63] Brain tumor level using S- negative (FN) =1.5% 
function 


3.3. Neutrosophic sets in medical image classification 


NS classification is achieving success because of its use of simple procedures. The NS classifier 
utilizes NL to manage the gain noise and indeterminacy. We summarized all studies in Table 4. 

Xian et al.[66] introduced neutrosophic subset and neutrosophic connectedness. This approach 
showed it’s results on breast US images with superior performance than fuzzy connectedness. 
Moreover, Gaber et al.[67] proposed a segmentation and classification approach for thermogram 
image. in segmentation, an integration between NS and FCM was introduced. In classification, aSVM 
is used to normal or abnormal regions. Another study proposed a SVM as classifier by combining 


texture and morphological features. 


Table 4. Different medical image classification methods using the NS theory. 


Author Year Modality Task Method using NS 
Xian et al.[66] (2014) US Breast Neutro-Connectedness 
Gaber et al.[67] (2015) Thermogram Breast Fast fuzzy c-means (FFCM) 
Amin et al. [68] (2016) US Breast NS score 


4. Deep learning in medical image analysis 

DL has great success over traditional ML algorithms. Neural networks (NN) are the key 
foundation for DL. It is implemented with more than two layers to permit non-linear operations, 
Which makes it widely used in medical image Denoising and clustering, segmentation, and 
classification phases [23]. 

Learning strategies are divided into supervised, semi-supervised, and unsupervised algorithms. 
SL has a labeled data that intends to learn the function of given data, Semi-supervised learning (SSL) 
intends to learn unlabeled data points using knowledge learned from labeled data. Unsupervised 
learning (USL) has not any label data, so its objective is to deduce the real structure present with a 
group of the data point. 

At Present, CNN and RNN are widely utilized in medical image diagnosis as (SL). On the other 
hand, the Auto-encoder (AE), Restricted boltzmann machine (RBM), and DBN are widely used as 
(USL)or (SSL). In the following Table 5. there is a brief on Different DL architectures [23]. Koundal et 
al.2018 [52]. 
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Table 5. Different DL architecture in SL, SSL, and USL 


SL 
Architecture Variants Main feature Main problem 
LeNet 
Alexnet ; : 
-parameter sharing Require labeled data and 
CNN VGGnet ; 
-spatial relationship large scale of data 
Resnet 
GoogleNet 
RNN LSTM -parameter sharing avenishine /exploding 
-recurrent connections gradient problem 
USL or SSL 
Architecture Main features Main problem 
-Has unidirectional connection aus cede Hana 
AE - Greedy strategy is implemented in each q es 
layer P 
More general than DBN where all edges Sot ePeEieie 
RBM ea parameters during large 
are indirect 
scale of data 
osu ; ; High computation 
DBN Is probabilistic generative model with an 


Training process results 
from initialization 


RBM. 


4.1. DL in medical image denoising 


One of famous medical noisy image is additive white noisy images which can be salt and pepper, 
gaussian, and poison noisy images. Also, real noisy image is considered one of denoising problem as 
it comprises blurry and false image artifacts.in the other hand, there is a need for DL technique to 
overcome the real complex and noise which results from image corruption. Sometimes the images 


consist of hybrid types of noises [69].Some of DL techniques to solve noisy image problem follows in 
Table 6. 


Table 6. DL techniques in medical image denoising. 


Ref. Method Modalities Noise 
Maet al. ae . 

(2018) sonauiona! Generative Retinal OCT Speckle (Edge 
[70] adversarial network (cCGAN) preservation) 
Meng et ; . 
al.(2020)[71] CNN CT Low-dose CT imaging 

Chai et hierarchical deep generative 
al.(2 Ree adversarial networks (HD- CT Low-dose CT imaging 
: GANs) 
Jifara et al. . . : . 
CNN using residual learning x-ray Poison 


(2019)[73] 
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Gholizadeh- 


Ansari et CNN using residual learning CT, x-ray Low dose 
al.(2018)[74] 


4.2. Deep learning in medical image clustering and segmentation 


Lesions and organs segmentation is an important area in DL. Some semantic segmentation 


research works have been done over various segmentation modalities and organs are shown in Table 
7; 


Table 7. DL techniques in medical segmentation. 


Authors Modality Organ Methods 
eas ‘ al. (2017) MRI ee 3D ECNN, CRE 
i imp] tial 1 
Zilly et al. (2017) [76] Bernal asa Simple CNN, Squen ial learned to use 
image boosting. 
Implement FSS-2019-nCov 
Abdel-Basset et al. (2021 
ade Al ee) CT Covid-19 architecture based on Few-shot 
learning 
LPNet 
Chen et al. (2021) oni ; 
178] X-ray Dental multi-scale location perception 
network 


Ding et al. (2021) 


MRI Brain Informed DL segmentation (FI-DL- 


Seg) network 
4.3. Deep learning in medical image classification 


DL shows precedence success in image classification. CNN is the most used architecture since 
the propositions of Alexnet 2012 by [8]. Which becomes the beginning of many architectures 
depending on CNN such as GoogleNet, VGG, and Resnet. Many studies show its effort in DL in 
medical image classification shows in Table 8. 


Table 8. DL techniques in medical image classification. 


Author Year Modality Task Method 
Piaya chal: 2016 Brett Schizophrenia DBN 
[80] morphography 
Fu et al. [81] 2018 Retinal Glaucoma M-Net 
Different ae 
Zhang et al.[82] 2019 . - : classification Multiple DCNNs 
modalities 
task 
Wang et al. [83] 2020 CT Liver CNN 


5. Deep learning in medical image analysis using NS theory 


Some studies show results of NS integration with DL algorithms in medical images analysis with 


explores in this section and in the following Table 9. 
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Table 9: Summarization of different studies in medical image analysis using NS-based DL 


models. 
Author Organ/modality Task DL architecture 
Guo et al. 
(2019) Skin lesion classification DCNN 
[84] 
is . CNN with neutrosophic expert 
ie eel Brain tumor Se gmeiayOn, maximum fuzzy (NS-CNN) sure 
al.(2019) [85] classification 
entropy 
pee a X-ray Covid-19 Classification Alexnet, GoogleNet, Resnet 
ee, Ee scasthiios DCNN 
Shain et al. 
(2020) : : ieee ‘ 
[88] cardio location Classification CNN architectures, LSTM 


MDCNN is proposed by Guo et al.(2019) [84] for skin dermoscopic image classification between 
melanoma(malignant) and nevi(benign). First, Guo et al. implement DCNN architecture consists of 
convolution, ReLU (rectified linear unit), pooling, softmax, and classification layer. For speeding up 
the training phase, multiple pre-trained CNN models were applied with transfer learning (TL), where 
a neutrosophic reinforcement sample learning (NRSL) strategy is introduced in the MDCNN. 
Usually, the NRSL is not used in a single DCNN training; the NRSL is used in the model to develop 
the next DCNN samples in the MDCNN model. 

The ISIC2016 dataset was joined to assess the proposed NMDCNN model as in Figure 1. For 
every DCNN, the implemented NRSL TL-based was introduced to train each DCNN model on the 
different samples. The NSS was introduced to define the reinforced training time, which differs based 
on sample performance. This procedure was replicated for every DCNN in the MDCNN, selection 
criteria based on the previous model previous score. 

An MDCNN architecture is constructed by follow multiple networks of the same 
implementation. For Q, the total number of DCNNs samples, the MDCNN can be expressed as: 

MDCNN = {CNN,, CNN}, ..., CNNg} 

Normally, every DCNN, usual training was used while the incremental learning was used to 

generate samples for the next DCNN as follows: 
SPo41 = {SP,, ReInSP,} 

where SP,and SP,,,are the sample for the qth DCNN and (q+1)th DCNN, respectively, and 
RelnSP, is the reinforcement sample for the (q+1)th DCNN. 

The voting scheme is used for evaluating the classification results. The results show the effect of 


the NMDCNN model on testing, training accuracies with 97.78%, 85.22% respectively. 
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(a) (b) 
Figure 1. Samples from demoscopic dataset: (A) benign (nevus) (B) malignant. 


Cai et al. [87] introduced an NS-DL technique to detect breast cancer in the mammogram. The 
proposed consists of five stages as in Figure 2. The test is done using data gathered from Nanfang 
Hospital (NFH), Guangzhou, China, and the publicly available [89]. 

In the coarse stage detection, the thresholding method is used for image binarization, and the 
connected component analysis classifies the binary image regions to (TP) and (FP). The DCNN1 is 
the training phase based on DCNN architecture. In Traditional DCNN, all samples are trained in 
fixed time so, adding NRSL strategy through the training phase trains samples in adaptive time. 

The Microcalcifications (MC) clustering phase done using density-based spatial clustering of 
applications with a noise (DBSCAN) algorithm which has high adaptability with noise. The second 
classifier (DCNN2) is used to train the data set while DCNN1 is only for MC detection and FP 
deduction. 


The final stage is diagnosis and testing for data to give the probability of malignancy using a 
bounding box. The results of MC detection stage 92% sensitivity and0.50 FP per image in cluster 
evaluation. After 40 epochs, training, validation, and testing accuracies are 99.87%, 95.12%, and 
93.68% respectively while, 98.03%, 93.49%, and 92.36% for comparative. Methods AUC for validation 
and testing 0.908 and 0.872 for DCNN2. 


Input image 


| Transform to NS domain 


H ' 
H i 
H ' 
| | 
| 
H ' 
H } 


| Coarse detection 


NRSL Strategy DCNNI Reduce FP using DCNN1 


| Microcalcifications region clustering 


TL DCNN! | Microcalcifications classification > Diagnosis 


Figure 2. Breast cancer detection architecture based on NS and DL. 


Ozyurt et al.(2019) [85] classified the segmented brain tumor using hybridization between NS 
and CNN(NS-CNN). To test the proposed approach The Cancer Genome Atlas Glioblastoma 
Multiforme (TCGA-GBM) data collection in The Cancer Imaging Archive (TCIA) was used. The 
proposed (NS-EMFSE-CNN) is consists of 3 stages: segmentation, feature extraction, and 


classification as in Figure 3. 
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The first stage segments the MRI brain using the NS-EMFSE algorithm. This algorithm consists 
of three steps. In the first step, some pre-processing techniques are applied to (T1-GD sequence) MR. 
In the second step the NS- EMFSE method transform the filtered image NS image then converts it to 
a binary image. The last step is cleaning residual pixels and fill gaps in the edge image. This process 
is reviewed in Algorithm 1. 


Algorithm 1: Image Segmentation using NS-EMFSE 
1.Getting brain MRI from dataset. 


2. Convert the image to grayscale form. Step 1 
3.Apply adaptive winner filter to gray scale image. 
4.Using NS-EMFSE method to convert filtered image into binary image. Step 2 


5.Cleannig residual pixels in binary image. Step 3 
6.Filling gaps. P 
The finally segmented image is obtained in algorithm 2 for training and testing 


preparation 


Algorithm 2: Image preparation for training and testing 


1. Get the corresponding white colored points in the segmented image. 
2. Get the corresponding points in the original image. 


The second stage in NS-EMFSE-CNN is feature extraction which is done using Alexnet 
architecture based on CNN to avoid manual feature extraction. The fully connected layer (FC7) in 
Alextnet obtain 4096 features which are given to the next stage of classification as in Figure 3. 

The final stage is a classification which is done using Support vector machine (SVM) and K- 
nearest neighbor (KNN) classifiers. The results show higher accuracy when using SVM classifier than 
KNN. Also shows high sensitivity for both classifiers which indicates that feature is more judicial to 
benign tumors. At the same time, specificity rates were lower which indicates that malignant tumor 
features were less notable. 


Original | Segment | || Atexnet FCT | 4096 «=|! |) 6svm si 
teenie (Me a > cr Rae 
MRI brain image + | Layer features KNN 


Applied Convolution layer for feature extraction 


Figure 3. (NS-EMFSE-CNN) architecture 

Khalifa et al. [86] provided a study that shows the effect of hybrid NS and DTL on classification. 
The study work on Covid-19 x-ray dataset images. It was gathered from various websites such as the 
Italian Society of Medical, online publications, and the Radiopaedia web. The formed dataset is 
arranged into four categories normal, pneumonia bacterial, pneumonia virus, and COVID-19 with 
several images 79, 79, and 79, and 69, respectively. 

The NS-DTL model first converted the original image to the NS image So every pixel in the 
image has been divided into three subsets (T, I, F). Then applied different DTL model with DL 
strategies under specific hyperparameter for training and testing phases such as in Table 10. More 
than 36 trails had been conducting to assess the performance of the NS conversion. Four domains of 


images are tested, and they are the original images T, I, and F images such as in Figure 4. 
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Table 10. Ns-DTL learning strategies, models and hyperparameters. 
Different training and testing strategies 
Training-Testing 
70% — 30%. 
80% — 20%. 
90% — 10%. 
Different DT models 
Resnet18 
Googlenet 
Alexnet 


Hyperparameters 
Optimizer: Adaboost 
Momentum: 0.9 

Epochs: 50 

Early stopping: 10 epochs 
Batch size: 32 

Learning Rate: 0.001 


According to the experimental results, the maximum accuracy possible in the testing accuracy 
and performance metrics such as F1Score, recall, precision was achieved by the Indeterminacy (I) NS 
domain. 

Shain et al. [88] proposed a classification framework to classify the 3-location of cardio view. The 
proposed integrated the LSTM and CNN architecture as in Figure 5. Also, the proposed use of NS to 
extract the temporal descriptor to combine the spatial and NS temporal. Then Using CNN as a pre- 
trained model. Lastly, utilize LSTM to classify each echo clip into eight cardio-views. 
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Figure 5. Eight cardio-views classification system. 

Echocardiography clips consist of frames each frame has a spatial descriptor, which is converted 
to a temporal descriptor using the NS theory. Then a preprocessing stage of resizing spatial and 
temporal frames to fit the pre-trained network. 

The proposed use of both spatial and temporal descriptors for CNN feature extraction. The 
feature extraction phase is done using CNN architectures such as Alexnet, VGGNets, GoogleNet, 
Densenet, and ResNets. The next stage is feature fusion which gathers the latest information of 
cascading spatial and temporal descriptors from FC layers of both model’s streams. Finally, LSTM is 
used to classify the fused CNN features. LSTM the implementation is done using Quad-Core 2.9 GHz 
Intel i5 with 16 GB of memory, and moderate graphic processing unit NVIDIA TITAN-Xp GPU with 
12 GB RAM. 


The results show that ResNet101 achieves the highest performance in Spatial-temporal and 
fusion features with an accuracy score of 96.3% and 99.1% for cardio location classification. 


6. Conclusion and future works 


Recent progress in the deep learning research area shows a successful impact on medical image 
analysis. Deep learning performance can be improved via integration with neutrosophic systems. 
Recently, deep learning performance was affected by noise, ambiguity, or incomplete data, which are 
the major problems in medical data images. 

At the time being, many researchers aim to tackle these issues by using neutrosophic systems. 
Some studies show that the hybridization of neutrosophic theory and deep learning can enhance the 
performance of medical image analysis where data are noisy, fuzzy, incomplete, or ambiguous. 
Neutrosophic systems can be used as an essential part of deep learning models by using neutrosophic 
reinforcement sample learning to speed up the training procedure and reinforce training to the poor 
performance samples with more times according to their performance. Neutrosophic image 
transformation (T, I, F) for each pixel can increase the computational complexity, but it provides great 
resistance to noise. The availability of software platforms such as Intel MKL, AMD ROCm, and 
Nvidia CUDA can speed up deep learning processes. 
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In almost all neutrosophic sets in medical image analysis or in hybridization between 
Neutrosophic sets and deep learning, image conversion to the neutrosophic image has been carried 
using the same equations, which used in all medical image modalities, all different stages in image 
analysis, and with any deep learning architecture integration. Every case in medical image analysis 
requires convenient define of membership function. 

At present, some research efforts show the results of deep learning and neutrosophic set 
integration. But there is an essential need to show studies in neutrosophic in deep learning parameter 
optimizing, neutrosophic with medical big data analysis, and various types of medical image 
modalities and applications. So, more comprehensive studies should be developed, such as studies 
on fuzzy neural networks. Enhancing the performance of neutrosophic deep learning models can be 
explored in the future. 
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Abstract: The purpose of this article is studying the types of system of neutrosophic linear equations, 
where the neutrosophic linear equation and the solution to the neutrosophic linear equation are 
defined. Also, finding a solution to a linear equation with two variables, the general situation of the 
solution. In addition to studying the n-variable neutrosophic linear equation and the system of 
neutrosophic homogeneous linear equations. The most important is the introduction of the concept 
of Cramer's rule to solve the system of neutrosophic linear equations. Provide enough examples for 


each case to enhance understanding. 
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1. Introduction 


As an alternative to the existing logics, Smarandache proposed the Neutrosophic Logic to 
represent a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, 
unknown, incompleteness, inconsistency, redundancy, contradiction, where the concept of 
neutrosophy is a new branch of philosophy introduced by Smarandache [3-13]. He presented the 
definition of the standard form of neutrosophic real number and conditions for the division of two 
neutrosophic real numbers to exist, he defined the standard form of neutrosophic complex number, 
and found root index n= 2 of aneutrosophic real and complex number [2-4], studying the concept 
of the Neutrosophic probability [3-5], the Neutrosophic statistics [4][6], and professor Smarandache 
entered the concept of preliminary calculus of the differential and integral calculus, where he 
introduced for the first time the notions of neutrosophic mereo-limit, mereo-continuity, 
mereoderivative, and mereo-integral [1-8]. Madeleine Al- Taha presented results on single valued 
neutrosophic (weak) polygroups [9].Edalatpanah proposed a new direct algorithm to solve the 
neutrosophic linear programming where the variables and right- 
hand side represented with triangular neutrosophic numbers [10]. Chakraborty used pentagonal 
neutrosophic number in networking problem, and Shortest Path Problem [11-12]. Y.Alhasan studied 
the concepts of neutrosophic complex numbers, the general exponential form of a neutrosophic 
complex, and the neutrosophic integrals and integration methods [7-14-17]. On the other hand, 
M.Abdel-Basset presented study in the science of neutrosophic about an approach of TOPSIS 


technique for developing supplier selection with group decision making under type-2 neutrosophic 
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number [15]. Also, neutrosophic sets played an important role in applied science such as health care, 
industry, and optimization [16]. Recently, Alhasan,Y., and Alfahal, A presented study in the 
neutrosophic differential equations that translate into linear[18]. 

Mathematical equations are used to solve real problems in our daily life, for example, 
mathematical equations are used in electronic chips used in all modern machines and devices, such 
as washing machines and dryers, cars, airplanes, ships, cell phones, computers, space programs and 
so on. One may be surprised when he learns that there are about 2 million algorithms and 
mathematical equations in mobile and computer devices. 

The paper consists of 5 sections. In 1th section, provides an introduction, in which neutrosophic 
science review has given. In 2th section, some definitions and examples of neutrosophic real number. 
The 3th section frames studying types of system of the neutrosophic linear equations. The 4th section 
introduces the concept of Cramer's rule to solve the system of neutrosophic linear equations. In 5th 


section, a conclusion to the paper is given. 


2. Preliminaries 


2.1. Neutrosophic Real Number [4] 


Suppose that w is a neutrosophic number, then it takes the following standard form: w = a+ 
bI where a,b are real coefficients, and I represent indeterminacy, such 0.1=0 and I” =I, for all 
positive integers n. 


2.2. Division of neutrosophic real numbers [4] 


Suppose that w,,w, are two neutrosophic numbers, where 
W,=a,+b 1, Wz = a, + bol 
To find (a, + b,I) + (az + b2!), we can write: 


a, + byl _ hath 
a, + bol are 
where x and y are real unknowns. 


a, + byl = (ag + boI)(x« + yl) 


a, + byl = anx + (box + any + boy)! 
by identifying the coefficients, we get 
ay = aAzrXx 


by = box + (a, + bay 
We obtain unique one solution only, provided that: 


Az 0 

by ap +b, #0 => aj,(a,+b2) #0 
Hence: a,#0 and a,#-—b, are the conditions for the division of two neutrosophic real 
numbers to exist. 


Then: 


a,+bl a, ab, —a,bz 


Q,+bol a, a,(a,+b,)° 


3. The neutrosophic linear equation 
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Defination3.1: 

The neutrosophic linear equation of n variables x1, X2,%3, .....X,, is each equation that takes the form: 
(a, + byI)x, + (az + byI)x2 + (a3 + b3Ix3 +++ (a, + b,D)x, = c+ dl 

Where: 

Ay, Az, Az, «An , Dy, bz, bz, ...,b,,C,d are real coefficients, and I represent indeterminacy. 

We call (a, + b,1), (a2 + b2!), (az + B31), 1, (Gn + bnI) neutrosophic coefficients of the borders of the 

equation, and c + dl constant neutrosophic border of the equation. 


Remarks3.1: 
We call each equation of the form: 
(a, + biI)x + (ag + boy =c+dl 
the two-variable neutrosophic linear equation, where: 
Ay, Az, Az, «An , Dy, bz, bg, ...,b,,C,d are real coefficients, and I represent indeterminacy. 


Remarks3.2: 
We call each equation of the form: 
(a, + by Ix + (az + boy + (a3 + b3I)z=c+dl 
the three-variable neutrosophic linear equation, where: 
Ay, Az, Ag, «An , Dy, bz, bg, ..,b,,C,d are real coefficients, and I represent indeterminacy. 


Example3.1: 
¥Y (24+3Dx4+(4-5Dy+(-14+D)z=5+4+41 
Y B-D)x+(9-S5Dyt(-14+Dz+(3-2Dw =7-1 
Y (4D)x+(2-5)y=6-21 


Defination3.2: 
Solution of the neutrosophic linear equation: 
(a, + bI)x, + (az + bg!) x2 + (a3 + b3Ix3 4++°+ (a, + b,x, = c+ dl 
is finding the values of the variables x1, x2, 3, ...,X, that make its first term equal to its second term. 
where @1,Q2,b,,b2,c,d are real coefficients. 


Example3.2: 
The equation: (1+ /)x + (2 — 5I)y = 6 — 21 accepts the solution 
5 23 
Sak yoo 

. cat ie 2 
because fulfills the equation: 

5 23 46 25 115 

L, = @+NG-D+@-sn(5->7) =1-1+5-[I->1+—1=6-21=1, 


3.1 Solution of the two-variables neutrosophic linear equation 


For the neutrosophic linear equation: 
(a, + byI)x + (a, + boy =c+dl 
unlimited number of solutions defined by form: 
a, a,b, — a,b, c a,d — cb, 
S={(xy) eR? UL y =( 1) — + —__—.. } 
Az Az (az + bz) a, az(az + bz) 
where @1,@2,b,,b2,c,d are real coefficients, az # 0 anda, # —b, , by given a value for one of the 


two variables, we obtain a value for the other variable. 


Example3.1.1: 
Find solution of the equation: 
(1+NDx+(2-5l)y=6-2I 
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Solution: 
EDs «tea 
eset (Oo) 


=($+21) ee eae 
saa 3 
Then the set of solutions is: 


F —-1 7 13 
s={ay) ER vitky=(S+/)x+34+s1] 


By given any value for the variables x, we obtain a value of the variable y. 


3.2 General situation: Solution of the n-variable neutrosophic linear equation 


For the neutrosophic linear equation: 
(a, + byI)x, + (az + b21) x2 + (a3 + b31)x3 Si (dy + bDnl) Xn =ct dl 
unlimited number of solutions, where Qj, Q,Q3,...,Qy, ,b1, D2, b3,...,bn,¢,d are real coefficients. 


4. System of the neutrosophic linear equations 


It is a system of neutrosophic linear equations that given by the form: 


(Ay + Dy) x1 + (Qy2 + Dig!) x2 + (yg + Dig!) x3 +2 + (Gin + Din I) Xn = Cy + dy 
(gq + bayI) xy + (Az2 + bogI)x2 + (Az3 + bo3I)X3 +++ + (Gan + don!) Xn = C2 + dy! 


(Qt + Dil) X41 ate (Am2 a Dm2!)X2 ae (Ams ae bm3!)X3 ae (ran A Dinn!)Xn = Cm + dnl 


Where: 
ay, by, c,d; are real coefficients, i = 1,...,n,j = 1,...,m, and I represent indeterminacy. 


4.1 Solution of system of the neutrosophic linear equations 


Solution of system of the neutrosophic linear equation: 


(Aq + byl) x1 + (Giz + Dig!) x2 + (ay3 + big) x3 + + (Gin + Din!) Xn = Cy + dy! 
(gq + bayI) xy + (Ag2 + bog!) x2 + (Az3 + bo3I)X3 +++ + Gon + Dol) Xn = Cz + dy! 
want bad ue Suc. aia aak =e (*) 


(Qm1 oF Dy!) x1 + (m2 te Dm2l)x2 oe (Ams ar D3!) x3 oo (Qinn ag Din!) Xn = Cm + dil 


Where: 

aj, by, cj,d; are real coefficients, i = 1,...,n,j = 1,..,m, and | represent indeterminacy. 

is finding the values of the variables x,,x2,%3,...,X, that fulfill each of the system equations. We call 
this solution the system solution. 


Remarks4.1.1: 


We distinguish three cases to solve the system(*): 
1. It may have unique solution 
2. Itmay be impossible to solve 
3. Itmay have Unlimited number of solutions 


4.2 Cramer's rule to solve system of the neutrosophic linear equations 


Let the system of the neutrosophic linear equations: 
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(ayy + byl) x1 + (Giz + dig!) x2 + (ay3 + big) x3 +2 + (Gin + Din!) Xn = Cy + yl 
(Ag, + bgyI) xy + (Ag2 + bog!) x2 + (Gz3 + bo3!)X3 +7 + (Gan + DonI)Xn = Cz + dy! 


(Ani t Dal) xy ae (Anz + bn2l) x2 + (Anz + bn3l) x3 ee oe (Qnn a Dan!) Xn = Cyn t+ d,I 


with the n variables and the n equations, A the neutrosophic coefficient matrix of the system, and 
suppose det(A) = a + bl, We distinguish the following cases: 
1. If det(A) #+0+0/ ora #0 ora + —b, then the system has unique solution given by the 


formula: 


det(x;) 
= QP S12 ii, 
*i = “Get(A) ** 7 


Where det(x;) is the determinant produced by the determinant det(A) by replacing the column of 
constants with the i -order column. 


2. If a=0ora= -—b,then the system is impossible to solve. 


3. If det(A) = 0 + OJ, then we distinguish tow cases: 


> Ifone of the determinants det(x,), det( x2), ...,det(x,,), is not equal to zero, 


then the system is impossible to solve. 


> If det(x;) =0+0/; i = 1,2,...,n, then the system is impossible to solve or it 


have unlimited number of solutions. 


4.2.1 Solve the system of two linear equations by two variables 


Let: 


(Qq1 + DyI)x + (yz + DQNy =, + dy 
(Qg1 + bayI)x + (Az2 + bo2!)y = C2 + dy! 


Ae i +byl ay2 + dy! 
~ dg, tbl Qa2 + Dol 


Qy41 + by,1 ay2 + by! 


» det(y) = 


Suppose det(A) = a + bI, We distinguish the following cases: 
1. If det(A) #0+0/ ora #0 ora # —b, then the system has unique solution given by the 


formulas: 


_ det(x) eh det(y) 
Gera) * Y~ Getcay 
2. If a=0ora= -—b,then the system is impossible to solve. 


3. If det(A) = 0 + OJ, then we distinguish tow cases: 


> If one of the determinants det(x) , det(y) , is not equal to zero, then the system is 


impossible to solve. 
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> If det(x;) =0+0/; i = 1,2,...,n, then the system has unlimited number of 


solutions. 
Note: To verify the solution, we substitute the value of x and y into one of the equations. 


Example4.2.1: 

Let: 
(2+1x+3y=5+4+1 
(3 -2Dx+2y=I1 


Find solution of the system. 


Solution: 
_f2+!I 3 
al ee 2] 
_|24+!1 3) _ - i 
detA=|o "5, 5|=4+21-9+61=-5 +81 #0401 
Then the system has one solution, is: 
_{5+!F 3) _ 4, _ _—{2+72 S++ _ 
detx=[P 7! 5[=10-1, dety=|f7) OF !|=-15 4421 
detx . 101 dety —15+12/ © 


=-2+5!I and y= 


«= tata 58 i ae 


detA  -5+8/ 
(x,y) = (-2 +51 3-41 
To verify the solution, we substitute the value of x and y into the first equation: 


(24+ Dx +3y =(2+ND(-24+51)+3G-4) 
==4= 9) +101 + 574.9 127 = S41 


Example4.2.2: 
Let: 
2Ix+7y =I 
3Ix +y = 21 
Find solution of the system. 
Solution: 
_ f2l 7 
4=[Fr 4 
(2h 7) a8 pe. ava ft 
det A = er 4 = 21-211 =0-191 
This does not fulfill the condition: detA =a+b/l , a#Oanda+#-—b 
Because: 
detx = [J "= 1-141 = 0-131 
21 1 
Then: 
_detx 0-13] er 
BO Ten oon ee 


So, the system is impossible to solve. 


Example4.2.3: 
Let: 


(24+Dx+3y=5+1 
(3-2Dx+y=!I 
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Find solution of the system. 
Solution: 
_f2+!l 3 

We E —2I il 
24+] 3) _ es =. 
3 oy ql=2ti- ote a 7471 
W This does not fulfill the condition: detA=a-+ bl 
7anda=-—b). 
So, the system is impossible to solve. 


detA = | 


, a#O0anda+#-—b, where: (a=-7,b= 


Example4.2.4: 
Let: 


(1+Dx+@B-Dy=2-3! 


(2+21Ix+(6-2)y=4-6] 
Find solution of the system. 


Solution: 
flak - Bes 
A=| peo 27 
Sa Ser. 
deta =|) or 6-21 = OF 0! 
eer Sari. ~ Ale Sai... 
detx= [12 5] = 9+ Ol» dety =|," 1 el =O tO 


As: det A = detx = dety = 0 + OI, so the system has Unlimited number of solutions defined by form: 


se ER? Uf}: =(5+5-1) es Za} 
=j;(x%,y ya|stgl)xtg-= 
By given any value for the variable x, we obtain a value of the variable y. 


4.2.2 Solve the system of three linear equations by three variables 


Let: 
(Qyy + DyyI)x + (Qy2 + Dy2Ny + (Qy3 +by3NzZ=c, +I (1) 
(Qg1 + bg1I)x + (Az2 + bo2!)y + (Az3 + bz3!)Z = C2 +d,!1 (2) 
(a33 + bg3I)x + (a33 + b33!)y + (a33 + b33I)x = cz +d3l (3) 


Ay, t+ dy Aya t+ dygl ay3z + by31 
A — az, + bo4I a22 + bool a3 + bo3l 
a33 + b33! a33 + b33I a33 + b33! 

Ay, + dy ayy + Dygl ay3 + dy31 

det A = az, + bo4I a22 + baz! a3 + bo3l 


a33 + b331 a33 + b33! a33 + b33I 


, dety= [ + byl Cygtdgl agz + bo3! 
33 + b33l cz +d3l a33 + b33! 


detx =]cg +d I QAg2+ do2I  ag3 + bo3! 


C3 +d3I Az3 +5331) =a33 4+ ba3! 


Cy tay aya t byl ayy t+ bal 


det z = [ + bo,! a22 + baz! C3 + dz! 
A33 +b331 A334 5331 cz +d! 


We will discuss the second case of (3): 
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If det(A) = 0+ 0/ and det(x;) = 0+ 01; i = 1,2,...,n, then we are looking for the solutions of two of 
the system of equations, such as {(1), (2)}: 
v If the system {(1), (2)} is impossible to solve, then the system {(1), (2), (3)} is impossible to 
solve. 


v If the system {(1), (2)} has unlimited number of solutions from the form x = g(z),y = h(z), 
(maybe g(z) or h(z) is constant), then we substitution in (3) to obtain on the equation of the 
form: 


0.z=pPp; PERU{H 
This equation is impossible to solve or it have unlimited number of solutions (According to 6 value). 


Example4.2.5: 

Let: 
(2+ 21Ix+(3+3Dy+(-5-5)z=1 (1) 
(1+Dx+(-1-Dy+(14+Dz=2 (2) 
(5+5/)x+(5+5)Dy +(-9-91)z = 4 (3) 


Find solution of the system. 


Solution: 
2+2!] 34+37] -5-5I] 
A=]1+I -1-I 1+] 
5+57 5+57 -9-9I] 
2+22) 3+3!7] -5-5I] 
detA=]1+/ -1-I 1+/ |}=0+0! 
5+5/7 5+57] -9-9I] 
1 34+3/ -5-5I 2+2!2 1 -5-5I] 
detx=]2 -1-I] 1+/ }=0+0/ , dety=/1+/ 2 1+] |}=0+0I 


4 5+5] -9-9I 5+5I 4 —-9-9I] 


2+221 3+3/] 1 
1+/J -1-I 2 
5+57 5+5/] 4 
As: detA =0+ 0] = detx = dety = detz = 0 + OJ, so we are looking for a system solution {(1), (2)}, 


then: 


detz = =0+0/ 


= =(2 +7 1) 
ee Z 2 


=5(7 3451) 
Ys Z 2 


By substitution in (3), we get: 

(0+ 0/)z=0+0I 
This equation has unlimited number of solutions, so the system {(1), (2), (3)} has unlimited number of 
solutions given by: 


s={c ye R2uU {I}: = = (2 roa 1) =5(7 3+51)| 
= }(x,y,Z x= = Z 5 Yre Z 5 


{(§(22+ 7-51),2(72- 3451),2\;2 ER via} 


Or: 
S 


Example4.2.6: 
Let: 
(24+Dx+1+Dy+3-DZ=2+1 
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(-14+)x+@8-2)y+1+3DZ=4+2!1 
(34+2Dx+4-Jy+(2-3DZ=5-I1 
Find solution of the system. 

Solution: 
2+1 1+/ 3-I 


—14+/ 3-2! 143! 
3+2I1 4-I 2-31 


A= 


2+] 1+/ 3-1 
-1+!/ 3-2] 1+3!I 
3+2I1 4-I 2-3! 


detA = = —304+ 21] 


2+I 2+!1 3-I 
—14+/] 442! 143! 
34+2!1 2-31 2-3! 


2+I1 1+!1 3-I 
detx =|4+27 3-27 14+3] 
2-31 4-I 2-31 


=4+291 , dety= =-35-31I] 


2+] 1+2 241 


detz=]-1+/ 3-2] 44+2/)=-11+4+14I 
342] 4-I 2-3I] 
Then: 
_ detx _ 44+ 29] —2 477 


~= GetA —304211 15 135! 


_dety _-35- 311 _7 37 
vt A =—30 211 6. 6 


gs i oo ee ee 


a deed == 211 30. 10 


aes pee eee 


Pe a ie LU Tea 
se dae =(5- is bes 6 30: LO 


To verify the solution, we substitute the value of x and y into the first equation: 


SEN 2 PRG Ehed peed 7 1) =241 
( MGs 735) ( MG ay) (3 -DGp- 7p) = 


Example4.2.7: 


Let: 
(24+Dx+04+)y+(3-Dz=14+!1 (1) 


(442N)x+(2+2Dy+(6-2Nz=1+2I (2) 

(64+3N)x+(3+3Dy+(9-3Dz=-1+3! (3) 
Find solution of the system. 
Solution: 


4+21 2+2I 6-2! 
6+31 3431 9-31 


2+I1 1+!1 3-I!I 
re | 


2+I1 1+!1 3-I!I 
4+2!1 2+2I 6-2! 
6+31 3+3!1 9-3]I 


detA = =0+0/ 
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1+/1 1+/I 3-I 
detx=|1+27 2421 6-21) =20/ 
—14+3/ 343] 9-3! 


As: detA =0+ 0] and detx + 0 + OI, so the system is impossible to solve. 
4.3 System of the homogeneous neutrosophic linear equations 


Defination4.3.1: 
It is a system of homogeneous neutrosophic linear equations that given by the form: 


(Qy1 + Dy) xy + (Qy2 + Dy2I) x2 + (Gig + DigI)x3 +++ + (Qin + DinI) Xn = 0+ OF 
(21 + dg11) x1 + (Aq + Do2I) Xz + (Az3 + D293!) x3 +2 + (Aan + boyl)X_n = 0+ 01 


(Qm1 + Dinil)X1 + (@m2 + Dm2!)X%2 + (Gm3 + Dm3!)x3 + °° + GQnn + Pmn!) Xn = 0 + OF 


Where: 


aij, bij, Cj, dj are real coefficients, i = 1,..,n,j =1,...,m, and I represent indeterminacy. 


Remarks4.3.1: 


We distinguish two cases to solve the system of the homogeneous neutrosophic linear equations: 
1. It may have one solution 
2. Itmay have Unlimited number of solutions 

Hence it is always a solvable system (It is not impossible to solve). 


Example4.3.1: 
Let: 
(2+)x+A1+Dy+@3-Nz=0 
(-1+Dx+(3-2Dy+(1+4+31z=0 
(3+ 21Dx+(4-Dy+t(2-3)1z=0 


Find solution of the system. 


Solution: 
2+1 1+] 3-1 
A=|-14+/ 3-2] 14+3I 
3+2!1 4-I 2-3] 
2+1 1+/ 3-1 
detA=]-1+/ 3-2/7 1+3/|/=-—304 21] 
34+2!1 4-I 2-3] 
0 1+!I 3-1 2+I 0O 3-I 
detx=]0 3-27 1+3//=0, dety=/-1+/ 0 1+3//=0 
0 4-I 2-31 3+2! 0 2-3] 
2+1 1+/ O 
detz=|-1+1 3-2! 0O}=0 
3+2! 4-I 0O 
Then: 
det x dety detz 


, 


= = = — Z= = 
detA : detA detA 


(x,y,z) = (0,0,0) 
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5. Conclusions 


This study was presented based on the importance of linear equations in our lives, where we 
introduced the concept of neutrosophic linear equation and its types. In addition to the introduction 
of Cramer's rule to solve the neutrosophic system of equations. This study can be generalized and 
applied in several fields of application in our current reality, traffic as an example. 
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Abstract. Refinement of neutrosophic algebraic structure or hyperstructure allows for the splitting of the indeterminate 
factor into different sub-indeterminate and gives a detailed information about the neutrosophic structure/hyperstructure 
considered. This paper is concerned with the development of a refined neutrosophic canonical hypergroup from a canoni- 
cal hypergroup R and sub-indeterminate J; and Ig. Several interesting results and examples are presented. The paper also 
studies refined neutrosophic homomorphisms and establishes the existence of a good homomorphism between a refined 
neutrosophic canonical hypergroup R(/1, /2) and a neutrosophic canonical hypergroup R(J). 


Keywords: Neutrosophic, neutrosophic canonical hypergroup, neutrosophic subcanonical hypergroup, refined neutro- 


sophic canonical hypergroup, refined neutrosophic subcanonical hypergroup, refined neutrosophic canonical hypergroup 


homomorphism. 


1. Introduction 


The refinement of neutrosophic components of the form < T),7To,--+ ,Tp;ti,12,-°- , 
I; Fy, Fo,+++, Fs > was introduced by Florentine Smarandache in . The birth of this refinement 
led to the extension of neutrosophic numbers a+ b/ into refined neutrosophic numbers of the form 
(a + bE, + bolg +--+ + bpln) where a, b1,b2,--- ,b, are real or complex numbers. The concept of 
refined neutrosophic set was later studied using refined neutrosophic number and this paved way for 
the introduction of refined neutrosophic algebraic structures by Agboola in [5]. Ever since he studied 
and introduced this structure, several researchers in this field have studied this concept and a great 
deal of results have been published. For example recently, Ibrahim et al., published in their 
results on refined neutrosophic vector spaces, refined neutrosophic hypergroup and refined neutrosophic 
hypervector spaces. Also, Adeleke et al., in studied refined neutrosophic rings, refined neutrosophic 


subrings, refined neutrosophic ideals and refined neutrosophic ring homomorphisms. And in |8| Agboola 
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et al., refined neutrosophic algebraic hyperstructures and presented some of its elementary properties. 


For details about algebraic hyperstructure, neutrosophic structures/hyperstructure and new trends in 


neutrosophic theory the readers should see (3}{6][7\[9][0|[1 5] 76). 


2. Preliminaries 
In this section, we will give some definitions, examples and results that will be used in the sequel. 
Definition 2.1. If *: X(4, Ig) x X(h, 12) & X(h, Iz) is a binary operation defined on X (i, In), 


then the couple (X (J;, Iz), *) is called a refined neutrosophic algebraic structure and it is named ac- 


cording to the laws (axioms) satisfied by x. 


For the purposes of this paper, it will be assumed that J splits into two indeterminacies J, [contra- 


diction (true (J) and false (F’))] and I [ignorance (true (T’) or false (F’))]. It then follows logically 


that: 
Lh = 2 = h, 
IoIy = i? = Ip and 
lg = In = Ny. 


Definition 2.2. Let (X(Q, I2),+,-) be any refined neutrosophic algebraic structure where + and 
. are ordinary addition and multiplication respectively. 
For any two elements (a, bl), cl2), (d,eh, fl2) € X(h, In), we define 
(a, bly, cla) + (d, eli, fle) = (a+, (b+e)h, (c+ f) Ly), 
(a, bly, cla) - (d, ely, fz) = (ad, (ae + bd + be + bf + ce), (af + cd+cf)Io). 
Definition 2.3. If + and . are ordinary addition and multiplication, I, with k = 1,2 have the 


following properties: 


In t+Ip +++ +I =n. 
Th + (—In) = 0. 


(1) 
(2) 
(3) In: In--+-Ip = If = I; for all positive integers n > 1. 
(4) 
(5) 


Definition 2.4. Let (G,*) be any group. The couple (G(J;, Iz), *) is called a refined neutrosophic 
group generated by G, I, and Ip. (G(h, Iz), *) is said to be commutative if for all x,y € G(N, Iz), we 
have x xy = y * x. Otherwise, we call (G(11, Iz), *) a non -commutative refined neutrosophic group. 
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Definition 2.5. If (X (Ky, Ia), *) and (Y (K, Ig), *’) are two refined neutrosophic algebraic structures, 
the mapping 
@: (X(h, In), *) — (Y(h, f), *’) 


is called a neutrosophic homomorphism if the following conditions hold: 


(1) O(a, bhi, cl2) * (d,eh, fl2)) = o((a, bh, el2)) *' O((d, eh, fl). 
(2) (Iz) =I, for all (a, bly, cla), (d, ely, f 12) € X(N, 12) and k = eds 


Example 2.6. Let Zo(h, Iz) = {(0, 0, 0), (1, 0, 0), (0, hi, 0), (0, 0, I), (0, hi, In), (i fh, 0), 
(1,0, Za), (1, hi, I2)}. Then (Z2(N, I2), +) is a commutative refined neutrosophic group of integers mod- 
ulo 2. Generally for a positive integer n > 2, (Zn(11,1I2),+) is a finite commutative refined neutro- 


sophic group of integers modulo n. 


Example 2.7. Let (G(1, Iz), *) and and (H(J,, Iz), *’) be two refined neutrosophic groups. 
Let @: G(h, I2) x H(h, In) > Gh, Iz) be a mapping defined by (x, y) = x and let 
w:G(,I2) x H(h, I2) ~ H(h, Iz) be a mapping defined by w(x, y) = y. Then ¢ and w are refined 


neutrosophic group homomorphisms. 


Definition 2.8. Let H be a non-empty set and o : H x H —+ P*(H) be a hyperoperation. The 
couple (H,o) is called a hypergroupoid. For any two non-empty subsets A and B of H and x € H, we 
define 


AoB= U aob, Aoxw=Aof{a} and roB={ax}oB. 
ac A,beEB 


Definition 2.9. Let H be a non-empty set and let + be a hyperoperation on H. The couple 
(H,+) is called a canonical hypergroup if the following conditions hold: 


(1) «+y=y-+2, for all z,y € H, 

(2) a+ (y+z)=(x+y) +2, for all x,y, 2 € H, 

(3) there exists a neutral element 0 € H such that x +0 = {x} =0+42, for all x € H, 

(4) for every x € H, there exists a unique element —x € H such that 0 € x + (—x)N (—x) +2, 

(5) z€a2+y implies y € -r +2 and x € z—y, for all x,y,z € H. A nonempty subset A of H is 


called a subcanonical hypergroup if A is a canonical hypergroup under the same hyperaddition 
as that of H that is, for every a,b € A,a—b€ A. If in additiona+A-—aCA forallac H,A 


is said to be normal. 


Definition 2.10. (6) Let (H,+) be any canonical hypergroup and let I be an indeterminate. 

Let H(1) =< HUI >= {(a,bI) : a,b € H} be a set generated by H and I. The hyperstructure 
(H(I),+) is called a neutrosophic canonical hypergroup . For all (a, bI), (c,dI) € H(I) with b 4 0 or 
d # 0, we define 


(a, DI) + (c,d) = {(a, yl): ee atc, yEat+dub+cUb+d}. 
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An element IJ € H(I) is represented by (0,7) in H(J) and any element x € H is represented by (a, 0) 
in H(Z). For any nonempty subset A(I) of H(1), we define —A(I) = {—(a, bl) = (—a,—bI): a,b € H}. 


Definition 2.11. (6) Let (H(I),+) be a neutrosophic canonical hypergroup . 
(1) A nonempty subset A(I) of H(J) is called a neutrosophic subcanonical hypergroup of H(1) if 
(A(I), +) is itself a neutrosophic canonical hypergroup . It is essential that A(Z) must contain 
a proper subset which is a subcanonical hypergroup of H. 
If A(Z) does not contain a proper subset which is a subcanonical hypergroup of H, then it is 
called a pseudo neutrosophic subcanonical hypergroup of H(J). 
(2) If A(Z) is a neutrosophic subcanonical hypergroup (pseudo neutrosophic subcanonical hyper- 


group), A(J) is said to be normal in H (J) if for all (a, bI) € H(1), (a,bI)+ A(1)—(a, bI) C AZ). 


Definition 2.12. (6| Let (Hi (1),+) and (H2(Z), +) be two neutrosophic canonical hyper- groups and 
let 
o: Hy(1) —> H2(I) be a mapping from Ay (J) into H2(L). 
(1) ¢ is called a homomorphism if : 
(a) ¢ is a canonical hypergroup homomorphism, 
(b) $((0,1)) = (0,2). 
(2) ¢ is called a good or strong homomorphism if: 
(a) ¢ is a good or strong canonical hypergroup homomorphism, 
(b) $((0,1)) = (0,2). 
(3) @ is called an isomorphism (strong isomorphism) if ¢ is a bijective homomorphism (strong 


homomorphism). 


3. Development of a refined neutrosophic canonical hypergroup 


In this section, we study and present the development of refined neutrosophic canonical hypergroup 


and some of their basic properties. 


Definition 3.1. Let (R,+) be any canonical hypergroup. The couple (R(q, Iz), +) is a neutrosophic 


canonical hypergroup generated by R, J; and Iz, where + hyperoperations. i-e., 
+: R(h, bb) x Rh, Ib) — 22022), 
For all (a, bly, cl2), (d, el, fl2) € RU1, Iz) with a,b,c, d,e, f € R, we define 
(a, bl, cla) + (deh, fl2) = {(p,qh,rle):p €a+d,q€ (b+e),r € (e+ f)}. 
Lemma 3.2. Let (R(Ih, Iz), +) be any neutrosophic canonical hypergroup. Let hy = (u, vl, to), 
ha = (m,nl,, kIz) € R(h, Io) with u,v,t,m,n,k € R. For all hy, ho € R(y, Iz) we have 


(1) —(—hy) = —(-u, —vI,, —tl2) = ( ( u), ( oh, ( t)Iz) = (u, vy, t12). 
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(2) (0,0L,, 01g) is the unique element such that for every hy © R(I,,I2), there is an element 
—h, € R(, 12) with the property (0,011, 022) € hi — ho. 

(3) —(0,041, 02) = (0,04, Of2). 

(4) —(hi + ho) = —hy — he. 


Proof. The proof is similar to the proof in classical case. 


Definition 3.3. Let R(1I1, Iz) be a refined neutrosophic canonical hypergroup and let K(,I2) be a 
proper subset of R(J,, J). Then 


(1) K(d, Iz) is said to be a refined neutrosophic subcanonical hypergroup of R(1y, I2) if K(h, I2) 
is a refined neutrosophic canonical hypergroup. It is essential that K (1), I2) contains a proper 
subset which is a canonical hypergroup. 

(2) K (11, Iz) is said to be a refined pseudo neutrosophic subcanonical hypergroup of R(, I2) if 
K (Qh, Iz) is a refined neutrosophic canonical hypergroup which contains no proper subset which 


is a canonical hypergroup. 
Proposition 3.4. Every refined neutrosophic canonical hypergroup is a canonical hypergroup. 


Proof. Let (R(Ii, 2), +) be a refined neutrosophic canonical hypergroup and let x = (a,bl1,clI2),y = 
(d, el, fle), 2 (g, Al, k Ig) € R(t, Iz). Then : 


(j)a+ty = (a,bh, clo) + (d,eh, flo) 
= {(p,¢h,sle):peatdqebt+e,sect f} 
= {(p,ah,sh):ped+aqeetbseftc} 
= (d,elh, flz) + (a,bh, clo) 


= yt. 
(it) (x + y) +z ((a, bl, cl2) + (d, ely, f12)) + (9, hy, k12) 
= {(p, qh, sI2) :peatdqebte,sect f}+(g,hh, kl2) 
= {(',¢h,s'Io):p'ept+g,7 €qth,s Estk} 
= {(',7h,s'Io):p'e(atd)t+g, fe lote\+h, se(et+f) +h} 
= {(p',d’h,s'In):p'eat(dt+g), gebt+(e+h), s ec+(f+k)} 
_ (a, bl, ela) + ((d, eli, fl2) + (9, hy, kI2)) 
= xt+(y+z). 
(iit) (0, 0L,, Of2) + (a, bl, clz) = {(p, qh, tle) :pE0+a,qEe0+b,tE€04c} 


= {(p,qh, tle): p € {a},q € {b},t € {c}} 
= {(a, bli, cl2)}. 
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Also, it can be shown that (a, bf, clg) + (0,04,,0h) = {(a,bl,, clz)}. Hence, there exists a neutral 
element (0,011, 0/2) € R(N, In). 


(iv) ((a, bl), cla) + (—a, -—bl),cl2)) A ((—a, —bhy, cl2) + (a, bly, cl2)) 
= {(p,qh,tlz): peat (—a),qeb+ (—b),t € c+ (—c)} 
N {(m, nl, ulg) :m € (—a) +a,n € (—b) + b,u € (—c) +c} 
= {(p,qh, tz): p € {0}, ¢ € {0}, t © {0}} 
N {(m, nIytlz) :m € {0}, ne {O}, t € {O}}. 
Then we can say that (0,04, 0l2) € ((a, bli, cl2) + (—a, —bh, —cl2)) N ((—a, —bh, —cl2) + (a, bhi, cl2)) 


and therefore, —(a, bJ,cI2) is the unique inverse of any (a, bl, cl2) € R(h, 12). 


(v) Let zea+y, te (g,hh,kl2) € (a, bh, cl2) + (d,eh, flz). Then 

(g, hth, kl) € {(p,qh,th):peEatdqebt+etect+f} 
= {(p,qh,th):d€—-a+p,e€ —b+q,f €-—c+t} 
= {(d,eh,flh):d€-a+p, e€—b+q, fe—ct+t}. 


So, we have (d, ely, f Iz) E —(a, bly, cl2) + (g, hh, k Ig). 
Also we can show that (a, bl,, cz) € (g, hI,, kIg) — (d, el, fIz). Hence, z € «+ y implies that 2 € z—y 


and y € —2+ 2. Accordingly, R(1, Iz) is a canonical hypergroup. 


Example 3.5. Let R(y, Iz) = {a1 = (s, sl, slg), a2 = (8, 81), tle), ag = (s, th, slo), 

aq = (8,tl, tl), by = (t,th,tle), bo = (t,th, slo), b3 = (t, sh, tla), b4 = (t, sli, sI2)} be a refined 
neutrosophic set and let + be the hyperoperation on R(J;, Z2) defined as in the tables below. Let 
a = {a1, 2,43, a4} and b = {bj, be, bs, ba}. 
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TABLE 1. Cayley table for the binary operation ” +” 


+ ay a2 a3 a4 bi be b3 ba 


at a2 bi bg 
a3 a3 a4 bi be 
a3 a4 bs ba 
: b b 
a4 a4 as ie a b : 7 by 
aa a4 b3 i) 
a2 a3 
b b 
br bt ' a: Hick) a a = 
be b3 by by by 
bs bg 
a2 aL 
b b 
eee 2 1 aa az a4 az 
ba bs bi be by bo 
b3 ba 
a3 ai 
bs b 
bs bs 3 bi 1 a4 a4 a2 a2 
ba be bi bi b3 b3 
bo ba 


be ha Be is Bi is oe — it 
by be bs ba 


It is clear from the table that (R(N, Iz), +) is a refined neutrosophic canonical hypergroups. 


Example 3.6. Let R= {0,u,v} and define ” +” on R as follows 


TABLE 2. Cayley table for the hyper operation ” +” 


+ 0O wu v 
0 O wu Vv 
wu wu {0O,u} v 
vovieov {0, u,v} 


Let Ri, Io) = {a1 = (0,0h, 02), ag = (0,0h, ula), a3 = (0,0, vl2),a4 = (0, ul, OL2), 

= (0, uli, viz), a7 = (0, vk, ula), ag = (0, ul, ul2), ag = (0, vk, via), 
= (u, uh, 0l2), bs = (u, ul, via), ba = (u, Oh, ule), bs = (u,vh, ule), 
( ) ( ), bg = (u, 01, O12), bg = (u, vl, via), c1 = (v, vty, v12), 

co = (v,vh, Olg), c3 = (v, 0h, ula), ca = (v, 0h, vie), 5 = (v, uli, viz), c6 = (v, 0h, ule), 

(uv, uly, Of2), cg = (v, 0, 02) 


,Cg = (v, ul,, ulz)} be a refined neutrosophic set. 
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For any (a, yl,, 211), (p, ql, rle) € R(h, Iz) define the hyperoperation +’ by 


(2, yh, zh) + (p,¢h,rl2) = {(m,nh,sl2):mer+p,neytgseztr}. 


Then (R(q, Iz), +’) is a refined neutrosophic canonical hypergroup. 


Proposition 3.7. Let (R(1,,I2),+1) be a refined neutrosophic canonical hypergroup and let (K, +2) 


be a canonical hypergroup. Define for all (a1, k1), (a2, ko) € R(h,I2) x K the hyperoperation "+" by 


(1, k1) + (a2, ke) = {(23, 3) + 3 € 1 +1 X2, kg € ky +2 kg}. 


Where x; = (a;,b;:I1,c)12) fori =1,2---n. Then (R(h, In) x K,+) ts a refined neutrosophic canonical 


hypergroup. 


Proof. Let (21, k1), (x9, ke), (x3, ks) E R(h, [2) x K for 1,042,273 € R(h, 2) and ky, ke, kg EK. 


Then : 


(1) For commutativity; 
(a1,k1)+(r2,k2) = ( 
= 1 
{( 


(2) For associativity; 
[(x1, ky) =F (x2, k2)] =P (x3, k3) 


(3) Existence of inverse element: 


(a1, biti, cit2), k1) + ((@a, bali, e212), kz) 

(p, qh, sIz),k) sp € ay +1 G2, dE bi +1 b2, 8 Er +1 fo, KE ky +2 ka} 
(p, qh, 8l2),k): p € a2 +141, gE be tib, s€ce2+1c1, ke ko +2 ki} 
= ((a2, boli, c2I2), ke) + ((a1, bh, e112), k1) 

(x2, ko) + (21, ke). 


[((a1, 61th, cra), ki) + ((ae, bey, e212), k2)] + ((a3, 6311, e312), ks) 
{((p, qh, sI2),k):p € a, +12, gE bi t1b2, sea tic, 

k € ky +2 ka} + ((a3, b3!1, e312), k3) 

{((p', qth, 8'I2),k') sp’ € p+iaz, gq €qt1b3, s'€ 8 +163, 

k! € k +9 ks} 

{((p', qth, s'I2), k’) sp! © (a1 +1 a2) +143, @! © (01 +1 62) +1 bs, 
s’ € (cy +1 C2) +13, k’ € (ki +2 ke) +2 kg} 

{((p', a’, 8'I2),k’) sp! € ay +1 (a2 +1 43), g! € 6, +1 (b2 +1 83), 
s’ © € +1 (cg +13), kh’ € ky +2 (ko +2 kz) } 

((a1, bli, c1I2), k1) + [((ae, bah, coz), ko) + ((a3, bhi, e312), ks)] 
(x1, ky) + [(x2, ka) + (a3, ks). 


We want to show that the element ((0,04,0J2),0;) is the neutral element in R(1y, Iz) x K. 


Where 0, is the neutral element in AK. Now, consider 
((0, OL,, O22), 0%) + ((a1,0141,¢1fo),k1) = {((p, 4h, tle), k):p€0+101,¢€0+, 01, t€0+1c, 


Similarly, we can show that 


k €E OK +9 ky} 
{((p, qh, tle), k)) :p € {ar},q € {bi},t€ {ar}, ke {ki} 
{((a1, bin, crI2), ki}. 


I 


((a1, bh, e112), ky) + ((0, Ol, Oh), OK) = {((a1, bh, 112), ky)}. 
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Hence, we can conclude that there exists a neutral element ((0,0/),0/2),0xK) € R(h, In) x K. 


(4) Existence of unique inverse: 


We want to show that there exist a unique inverse for any ((a@1, 611, c1J2),k1) € R(h, Ie) x K. 


Now, consider 
[((a1, 11, e122), k1) + 


Then we can say that 


((0, Ol, O12), 0K) 


((—a1, —b1h), e112), —k1)] 9 [((—a, —bhi, —cl2), —k1) + ((a1, bhi, e112), k1)] 
{((p, qf, tla), k) sp € a1 +1 (—@1), ¢ € bi +1 (—b1),¢ € e1 +1 (—e1), 

k € ky +2 (—k1)} 

NM {((m, ny, ul), k’) sm € —ay +1 ay, n € —b; +1 by,u € —c41 6, 

kl € —ky +2 ky} 

{((p, ali, tI2),k) :p € {O}, g € {0}, te {0}, ke {0x} 

N {((m, nfvul2), k’):m € {0}, ne {0}, u € {0}, kh’ € {Ox}. 


& (((a1, 014, e112), k1) -+- 


(( a, —b1h), e112), ky) M ((( a,,—-01;, C112), ky) + ((a1, bith, e112), ki) and therefore, 
—((a1, biti, c:Ig), k1) is the unique inverse of any ((a1, 01/1, e112), ki) € R(h, In) x K. 
(5) Let (a3, ks) E (a1, kx) + (x9, ke), 1.€., ((a3, b3I1, e312), ks) E ((a1, biti, e112), k1) + 


((a2, boty, e212), k2). Then 


((a3, b3l1, c312),k3) © 


{((p, qh, tl2),k) sp € ay +1 a2, q € by +1 bg, © ey +1 C2, k © ky +2 ka} 
{((p, af1, tia), &) : ag € —ay +1 p, by € —by +19, @ © —e1 +12, 

re ee 

{((@2, boli, C2l2), k2) : az € —ay +1 p, be bi +19, C2 cy +1 t, 
bet eky, 


So, we have ((ag, bey, col2), k2) € —((a1, 61h, e112), ki) + ((a3, 6311, e312), ks). 
Also, we can show that ((a1, biti, c:I2), ki) € ((a3, 03h, e312), k3) — ((a2, bah, coI2), ko). Hence, 
(x3, k3) € (41, k1) + (xe, ke) implies that (21, k1) € (x3, k3) — (xe, ko) and 
(x9, ko) € —(a1, k1) + (x3, kg). 


Accordingly, R(11, Iz) is a refined neutrosophic canonical hypergroup. 


Proposition 3.8. Let (R(1h, Ia), 


+1) and (K (th, Iz), +2) be two refined neutrosophic canonical hyper- 


group. Define for all (a1, ki), (v2, ke) € R(h, Ig) x K(hh, Iz) the hyperoperations "+" by 


(21, k1) + (a2, ke) = {(23, kg) : 3 € 1 +1 22, kg € ky +2 kp}. 


Where LiF (a;, 6:11, (Ie) and kj = (uz, Ul, 5,12) for a 1,2 oon. 


Then (R(Ih, Ig) x K(1h, Iz), +) is a refined neutrosophic canonical hypergroup. 


Proof. The proof is similar to the prof of Proposition [3.7]. 
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Lemma 3.9. Let R(I1,Iz) be a refined neutrosophic canonical hypergroup. A non-empty subset 
K(,I2) of R(i,I2) is a refined neutrosophic subcanonical hypergroup if and only if for ky = 
(p1, 041, $111), ke = (pe, gah, 82h) € K(h, Ie) the following conditions hold: 


(1) ky — ke C K(h, 1), 


(2) K(Ih, Ig) contains a proper subset which is a canonical hypergroup. 


Proposition 3.10. Let M(),I2) and N(Ih, Iz) be any two refined neutrosophic subcanonical hyper- 
groups of a refined neutrosophic canonical hypergroup R(11, Iz) and let K be a subcanonical hypergroup 


of R. Then, 


(1) M(h, Ie) + N(h, L2) is a refined neutrosophic subcanonical hypergroup of R(1y, 12). 
(2) M(h, I) N(h, 12) is a refined neutrosophic subcanonical hypergroup of R(I), 12). 
(3) M(h, Ig) + K is a refined neutrosophic subcanonical hypergroup of R(Iy, 12). 


Proof. (1) It is clear that (0,0%,,02g) € M(Q, Io) + N(h, 12) since M(h, Ig) and N(1i, 12) are 
refined neutrosophic subcanonical hypergroup. 
Let (x, yh, zI2), (u, vlwle) € M(h, In) + N(h, Ig). Where «& = 214+ %2,y=y1 + Yo, 
£= 2744 2,u = uy tueg,v = vy + vg and w = wy + we. With x1, 91, 21,U1,01,W1 € M and 


2, Y2, 22, U2, V2, W2 © N. Then 


(r,yh,2zl2)—(u,viiwle) = ((t1 +22), (yi + yo) hi, (41 + 22)I2)— 
(ui + uz), (vr + v2)ti, (wi + we) Ie) 
( 


( 
( 
= ((@1 +22) — (ui + U2), (Yi + 2) — (v1 + v2))h, 
( 
{ 


(p,q, rfz) : p € (a1 — ur) + (a2 — 2), g © (yr — U1) + (y2 — v2), 
re (21 — w1) + (22 — we)} 
C M(h,Io)+ N(h, Ie). 


Now, since the refined neutrosophic subcanonical hypergroups M (11, Jz) and N(1, Iz) contain 
a proper subset M and N respectively, which are canonical hypergroups. Then, + N is a 
canonical hypergroup which is contained in M(1,, Iz) + N(ih, Iz). Hence M(1y, Ig) + N(h, 12) 
is a refined neutrosophic subcanonical hypergroup of R(1, I2). 


(2) The proof is similar to the proof in classical case. 


(3) The proof follows the same approach as the proof of 1. 


Remark 3.11. It should be noted that if M(Jq, Iz) is a refined pseudo neutrosophic subcanonical hy- 
pergroup of a refined neutrosophic canonical hypergroup R(1, 2) and K is a subcanonical hypergroup 
of a canonical hypergroup R. Then M (I), I2) + K is a refined neutrosophic subcanonical hypergroup 
of R(y, 2). 
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Definition 3.12. Let R(1,, Iz) be a refined neutrosophic canonical hypergroup. The refined neutro- 
sophic subcanonical hypergroup M(J;, Iz) is said to be normal in R(J, Jz) if 


(a, bly, cI2) + M (fh, Iz) = (a, bly, clz) C M (fh, Iz) for all (a, bly, clz) € R(K, Ia). 


Definition 3.13. Let M(N, Iz) be a normal refined neutrosophic subcanonical hypergroup of a refined 


neutrosophic canonical hypergroup R(1q, Iz). The quotient R(I1, [2)/M(h, Iz) is defined by the set 
{r + M(h, Ip) a (2, yh, 212) € R(h, I2)}. 


Proposition 3.14. Let R(h, I2)/M (hh, 12) = {r + M (Nh, Iz) ey Aid (x2, yi, zI2) E R(K, I2)}. 
For TL + M(t, 2), 12 + M(t, [2) €E R(Nh, [2)/M (hh, Ie), if T1 + M (hh, I2) ial T2 + M (hh, Iz) x f) then 
Ty + M(t, Iz) =To+ M (hh, I2). 


Proof. Let rg € 11 + M(h, Ig) N re + M(h, Ia) ive, 
(a3, ysl, 2322) € (a1, yh, 21f2) + M(h, In) N (a2, yeh, z2I2) + M(h, Ia). 
Obviously, 
(x3, yshi, z3f2) € (a1, 1h, a2) + M(h, J2) and (x3, yshi, zsl2) € (2, yah, 2212) + M(H, fy). 


So, for my, = (ui, vii, tila), m2 = (ug, voli, tel2) E€ M (hh, I), with U1, U2, UZ, U1, V2, U3, t1, ta, 


ts € M, we have 
(x3, ys, z312) € (21, yi, 2102) + (ui, v1, tile) and (23, ysti, 2312) E (wo, yal, z2I2) + (ua, veh, tela). 
(v3, Ysti, 2312) € (ti tur, (Yi +01), (41 +t Ja) and (23, y3h., z3l2) € (to + U2, (Y2+ve2)h, (22+¢2)12), 


=> 13 EX + U1, Y3 E Yr $01, 23 € a +h and @3 © La + Ua, Y3 E Yo + Va, 23 € 22 + to. 


Since v3 € 21 + U1, y3 © Yr + U1, 23 © 21 + ty implies x, € x3 — U1, Y1 E y3 — U1, 21 © 23 — fh. 
Then we have 


£1 € £3 — Wy C (42 + U2) — 1 = 22 + (U2 — 1) C a2 +M, 
yi © y3 — U1 © (yo + v2) — v1 = yo + (ve — 01) CS yo + M, 
zy € 2g—t C (+t) -h=mt+le—-h)CawtM, 
=> (11, 91h, 2112) C (re, yo, Zale) + M(h, Ie). 


soy (a1, yi, 2112) + M (Kh, Iz) Cc (2, yeti, 2212) + M (hh, Iz) + M (hh, Iz) = (x2, yah, zaI2) + M (hh, 12). 


Similarly it can be shown that (x2, yal, zoo) + M(h, Ia) © (a2, yeti, zeI2) + M(h, In). Hence the 
proof. 
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Proposition 3.15. Let M(I,,I2) be a normal refined neutrosophic subcanonical hypergroup of a re- 
fined neutrosophic canonical hypergroup R(I), Iz). Let R(11, I2)/M(hh, Iz) be as defined in Proposition 
For all ry + M(hh, 2), 72 + M(h, In) € R(, I2)/M (hh, Iz) define the hyperoperation +’ by 


TL + M(h, Iz) a! T2 + M (1h, Iz) = (ry ae! 2) + M(t, Iz). 
Then, (R(Ih, I2)/M (hh, Iz), +’) is a neutrosophic canonical hypergroup if R/M is a canonical hyper- 
group. 


Definition 3.16. Let (R(,I2),+1) and (M(h, I2),+2) be any two refined neutrosophic canonical 
hypergroups and let 
@: Rh, I2) — M(h, 1) 
be a mapping from R(1, Jz) into M(t, J2). 
(1) ¢ is called a refined neutrosophic canonical hypergroup homomorphism if: 
(a) for all x,y of R(y, Ig), O(a +1 y) C O(x) +2 O(y), 
(b) (0,01, 012) = (0,0, 012), 
(c) d(x) = Ip for k =1,2. 
(2) ¢ is called a good refined neutrosophic canonical hypergroup homomorphism if: 
(a) for all x,y of RU, 12), O(a +1 y) = O(@) +2 O(y), 
(b) (0,01, 012) = (0,04, 012), 
(c) (Iz) = Ip for k=1,2. 
(3) ¢ is called a refined neutrosophic isomorphism if ¢ is a refined neutrosophic homomorphism 


and ¢7! is also a refined neutrosophic homomorphism. 


Definition 3.17. Let ¢@ : R(I1, Iz) —+ M(h, Iz) be a refined neutrosophic canonical hypergroup 
homomorphism from a refined neutrosophic canonical hypergroup R(J1, Iz) into a refined neutrosophic 
canonical hypergroup M (lh, I2). 
(1) The kernel of @ denoted by Ker@ is the set {(u,vl,,wla) € R(h, Ie) : o((ujvh,wle)) = 
(0,04, Of2)}. 
(2) The image of ¢ denoted by Im¢ is the set {O((u, vli, wl2)) : (u,v, wiz) € R(h, I2)}. 


Proposition 3.18. Let 6 : R(h,I2) —> M(h,lI2) be a refined neutrosophic canonical hypergroup 
homomorphism from a refined neutrosophic canonical hypergroup R(Iy, 12) into a refined neutrosophic 
canonical hypergroup M (Ih, Iz). 

(1) The kernel of ¢ is not a neutrosophic subcanonical hypergroup of R(Iy, 12). 

(2) The image of @ is a neutrosophic subcanonical hypergroup of M(N, Iz). 


Proof. (1) It can be seen from the definition of Kernel that Kerd is a subcanonical hypergroup and 


not a neutrosophic subcanonical hypergroup. 


(2) The proof is similar to the proof in classical case. 
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Remark 3.19. If ¢ in Proposition [3.18] is a good refined neutrosophic canonical hypergroup homo- 
morphism and P(J;, 2) is a normal refined neutrosophic subcanonical hypergroup of R(t, 2) then 
o(P(h, I2)) is normal in M(K, 12). Also, if QU, Iz) is a normal refined neutrosophic subcanonical 
hypergroup of M(Ii, Iz), then ¢~!(Q(h, I2)) is normal in R(K, I2). 


In what follows we shall establish the relationship between the refined neutrosophic canonical hyper- 
groups and the parent or any neutrosophic canonical hypergroups. Since every neutrosophic (refined 
neutrosophic) canonical hypergroup is a canonical hypergroup. Then, our task will be to find a classical 


map w say, such that 
w: Rh, I2) — RL). 


And for all (u, vl, wz) € R(Ih, Is) we define » by 
w((u, vy, wie) = (u, (v+ wt). 


Proposition 3.20. Let (R(y, Iz), +’) be a refined neutrosophic canonical hypergroup and let (R(I), +) 


be a neutrosophic canonical hypergroup. The mapping w defined above is a good homomorphism. 


Proof. It can be easily shown that w is well defined. 
Now, for (u, vl, wa), (p, qh, tl2) € R(h, Iz) then 
((u, vh, wie) +’ (p,gh,th)) = Y((u+p),(ut+@h, (w+ t)lr) 
= ((u+p),(v+q+wtdt)l) 
= ((utp),(v+w)l+ (q+?t)l) 
(u, (v + w)L) + (p, (q+ t)D) 


= ¥((u, 0h, wl2)) +" v((p, ah, ta). 
Hence w is a good homomorphism. 


Remark 3.21. The kernel of this map is given by 
kerb = {(u, vl, wl): w((u, vl, wl2)) = (0,0, 0L2)} 


=> {(0,vl,, (—v)I2)}. 
It can be shown that kerw is a subcanonical hypergroup of R(J1, Iz). 


4. Conclusions 


This paper studied refinement of neutrosophic canonical hypergroup and presented some of its basic 
properties. Also, the existence of a good homomorphism between a refined neutrosophic canonical hy- 
pergroup R(11, Iz) and a neutrosophic canonical hypergroup R(J) was established. We hope to present 
and study more advance properties of refined neutrosophic canonical hypergroup and its substructures 
in our future papers. 
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Abstract: Neutrosophic set is a branch of neutrosophy concerned with nature, the genesis, and 
breadth of impartialities, and also their interaction with various mental spectra. Neutrosophic sets 
constitute relatively new expansions of intuitionistic fuzzy. In a short period of time, numerous 
researchers have accepted neutrosophic reasoning. Many researchers have linked neutrosophic 
science and metaheuristics in various ways over the last ten years. Metaheuristic research has 
attracted a great attention throughout the literature, which covers methodologies, apps, comparative 
analysis; due to its higher intensities and fruitful implementations. Metaheuristic algorithms are 
used to introduce the best or the optimum solutions to a lot of optimization problems due to the 
behavior of these algorithms inspired by Nature and its ability to adapt to problems, as well as the 
possibility of integrating more than one algorithm to reach the best solutions. Based on the previous 
reason, many researchers used these algorithms with neutrosophic science to present many 
platforms in the recent years, which was the motivation to introduce this survey paper. This paper 
is introduced to cover the publications from 2010 to 2021 in order to draw a comprehensive picture 


of metaheuristic research integrated with neutrosophic theory. 


Keywords: Neutrosophic Set; Neutrosophy; Metaheuristic; Optimization 


1. Introduction 


Massive amounts of incomplete, vague, fuzzy, and inaccurate data are provided by real-world 
applications. Errors possession, lack of knowledge, or randomness can all contribute to uncertainty 
[1]. Several theories and methodologies have been proposed to deal with such ambiguous data, 
including probability theory[2], Theory of Para-consistent logic[3], Set theory with a fuzziness[4], 
and Fuzzy set theory with intuition[5]. Furthermore, such theories only can deal through one 
incorrect problem element at a time rather than the entire problem inside one paradigm; for instance, 
the fuzzy set theory can just handle imprecise and fuzzy data, not inconstant or unfinished issues in 
the same data. As a result, in attempt to settle such concerns in a unified framework, the 
neutrosophic methodology was introduced [6]. As a result, the neutrosophic methodology[6], which 
really is a philosophical subdivision incorporating philosophic awareness, set theory, intuitions, and 
probabilistic, can then be used to resolve these issues in a single framework. Neutrosophic 
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methodology is the foundation of neutrosophic logic, which indicates ambiguity and uses a new 
platform named Neut-A to tackle problems which fuzzy logic can't [7]. Fuzzy logic is typically 
known as a two-valued logic extension in which statements do not have to be true or untrue, and 
might have a truth degree in range of 0 and 1. In comparison to all other logics, neutrosophic 
reasoning and Fuzzy logic with intuition have a higher percentage of "indeterminacy". That's also 
owing to unexpected criteria which can also be concealed for some unknowingness or proposals, but 
a neutrosophic logic allows for every item (T, I, F) to be flooded (stirring) over 1, in other words be 
‘1+', or dehydrated, e.g. be ‘0', in order to distinguish among relative truth and actual truth, along 
with comparative falseness and ultimate untruth. 

Neutrosophic is considered a new area of study which investigates the origin, natural world, 
and context of impartialities, and also their ability to interact with various mental spectra, according 
to Smarandache. Traditional logic, probabilistic reasoning, and inaccurate probability are all 
specified by Neutrosophic, multiple value logic. Neutrosophic is more human-like in that it 
describes knowledge inaccuracy or linguistic inconsistency as determined by multiple observers. A 
neutrosophic set is considered a subset in neutrosophic that investigates neutrality's essence, origin, 
or context of impartialities, as well as its relationships. Each incident within neutrosophic set theory 
owns a degree of truth, falsehood, and ambiguity that must also be analyzed separately from one 
another [8]. 

A neutrosophic set has recently emerged as a general, prominent, and comprehensive strategy. 
Many researchers have submitted many research papers using neutrosophic science to solve many 
problems. Looking at the recent years, we find that a link has been made between neutrosophic set 
theory and metaheuristic science so as to produce the best proposed solutions for many research 
problems. Integration between the two previous sciences has been based on the importance of 
metaheuristic. 

The concept "metaheuristic" refers to higher-level methodologies that have been proposed for 
solving a wide range of optimization issues. A number of metaheuristic algorithms have recently 
proven successful in solving critical situations. The advantage of employing such algorithms to solve 
tremendous challenges would be that they produce a desired or optimum solution in a short time, 
even for problem sizes are large scale. 

In the last twenty years, new and innovative evolutionary approaches have emerged 
successfully, despite the progress of classical metaheuristic algorithms. During this period of 
metaheuristic algorithm research, a large number of new metaheuristic algorithms inspired by 
evolutionary or behavioral processes are introduced. 

Many of metaheuristic algorithms have been used integrated with neutrosophic science to 
answer a wide range of research issues. For instance, forest fires[9], document-level sentiment 
analysis[10],image segmentation[11, 12],breast cancer detection[13, 14], time series forecasting[15], 
Relief distribution and victim evacuation[16],modeling neutrosophic variables[17],CT image 
segmentation and two[18]... etc. 

The goal of this essay is to provide a detailed insight of the major metaheuristic algorithms that 
have been combined with neutrosophic set theory to introduce a number of efficient solutions or 
platforms to a variety of problems over the last decade, as well as a clear explanation of NS and 
metaheuristic concepts. 

The following is the structure of the survey on integration between meta- heuristics and 
neutrosophic. Sect. 2 introduces the concept and model of neutrosophic sets. Sect. 3 introduces the 


concept meta-heuristic algorithms. Sect. 4 introduces a global review on neutrosophic set 


Samia Mandour, Ibrahim el-henawy and Kareem Ahmed, Neutrosophic Sets Integrated with Metaheuristic Algorithms: A 
survey 


Neutrosophic Sets and Systems, Vol. 45, 2021 430 


incorporated with metaheuristic and its applications and platforms in different models. Finally, 
Section 5 concludes with a conclusion and recommendations for the future. 


2. Theory of Information 


In the neutrosophic scientific theory, every proposal is simulated to get the rate of reality (x), 


u 


indeterminacy rate o(x), and negation rate v(x). The theory of neutrosophy is a broadening of 
Uu u 


fuzziness and intuitionistic fuzzy sets as well as rational thinking. Neutrosophic theory is gaining 
momentum as a solution to a variety of real-world problems involving ambiguity, imprecision, 
vagueness, incompleteness, inconsistency, and indeterminacy[19, 20]The neutrosophic logic is used 
to deal with information that has a lot of uncertainty and irregularity. As a result, the neutrosophic 
theory is used in a variety of fields to address issues related to indeterminacy. To deal 
with uncertainty, we need some concepts to define the neutrosophic variable. The triple supports 


any value of a variable in a neutrosophic universe: 


u= (L(x), (x), V(x) } (1) 


Where (x) denotes fact membership, o(x) denotes indeterminacy membership, and v(x) 


u 


denotes untruth membership. Such three aspects are self-contained and quantifiable. According to 
the neutrosophic set description[21] ,every element x € X inside set u represented in Eq. 1 is 


falling under the upcoming constraints: 


0 <H#),00), va) <1 (2) 
Q <M) +00) + VQ) S3° 3) 
The following equations limit a type 1 neutrosophic fuzzy set: 

OQ <H#2),000), vO) <] (4) 
M(x) Ao(x) A V(x) < 0.5 (5) 
0 <u) +o) +V(X)<3° (6) 
The third classification, a neutrosophic intuitionistic set with type 2, is compelled with the upcoming 
formula: 

0.5 < u(x), 0(x), V(x) (7) 
M(x) A o(x) < 0.5, u(x) A V(x) < 0.5, 0(x) AV(x) < 0.5 (8) 
0 <u) + o(x) + V(x) <2 0) 
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In order to make certainty science an open field for working in environments of degree of truth, 
uncertainty, and error, a set of definitions of neutrosophic science is provided in the literature. 

Figure 1[9] depicts a typical neutrosophic decision-making aid. The system starts with a 
prepping process that converts traditional data from various repositories into rough set theory data 
that is then transferred via the neutrosophic platform. Aim of providing neutrosophic data ‘B,' the 
neutrosophic system applies system formula ‘U o R= B' toward a data of neutrosophic ‘U,’ during 
which R considers the group of neutrosophic laws pertaining that apply to the framework so as to 
provide the data ‘B.'. In addition, o represents the intermediate representation. The wisdom of 
neutrosophic is obtained by extracting knowledge from neutrosophic data. As a result of applying 
the decision support system procedure to neutrosophic data, the neutrosophic decision seems to be 


the ultimate destination. 


Neutrosophic Data 
Neutrosophic Data “Se 


Traditional 


Neutrosophic 


System R 


. 


Neutrosophic Knowledge 


UoR-B 


Neutrosophic 
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Figure 1. a typical neutrosophic decision-making aid 


Decision 


3. Overview on Meta-heuristic Algorithms 


A metaheuristic is an algorithmic structure that covers a lot of optimization issues with only a 
few tweaks to adapt to the specific problem. By studying the nature of the work of any metaheuristic 
algorithm, we find that, the harmonization of two search archetypes: the exploration and the 
exploitation is the reason for metaheuristics robust searching mechanism. Metaheuristics can be 
used with a variety of classification criteria. Consider how metaheuristics are classified according to 


the path they take, whether they use memory, what form of neighborhood exploration they use, or 
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how many existing solutions they carry from one iteration to the next. A lot of researchers 


introduced various metaheuristic categories. 


4. Integration of Neutrosophic Set and Met-heuristic Algorithms 

According to F Smarandache [6], neutrosophic set is basic paradigm which extrapolates with 
neutrosophic set and its variants, such as simplistic neutrosophic sets, single valued neutrosophic 
sets, fuzzy intuitionistic fuzzy sets, Interval-valued neutrosophic set, ragged neutrosophic set, 
intuitionistic neutrosophic set, interval neutrosophic set, neutrosophic soft set, neutrosophic hesitant 
fuzzy set. These variants have recently been integrated with meta-heuristic optimization algorithms 
and employed in a broad variety of topics, including computer applications, medical applications, 


image segmentation, clustering, text analysis, time series forecasting and more. 


4.1. Neutrosophic Set and Met-heuristic Integration on Image Segmentation 

Throughout the fields of photo processing and computer vision, accurately and efficiently 
segmenting images has always been critical. Biomedical image segmentation is a critical step in 
picture processing and style recognition that distinguishes objects from the background, 
determining the analysis’ quality. The image is frequently segmented to non-overlapping pieces 
during this process. Fuzzy theory, when applied to image segmentation, retains more information 
than strict segmentation techniques. Segmenting the data can potentially be a part of different 
clusters using FCM. The indeterminacy of every object in the series, however, cannot be described or 
assessed using the traditional set techniques. As a result, fuzzy sight has been used to deal with 
uncertainty. Neutrosophic integrated with meta-heuristic has recently been a popular tool for 
dealing with this problem. 

Image segmentation algorithms can also be divided into three categories according to the 
resemblance and incompleteness of gray levels: Integrating region-based segmenting, border 
segmenting, and segmentation approaches with specialized theoretical tools algorithms. The innate 
fuzziness of images, as well as the ambiguity during segmentation, is added to the complexity of 
image segmentation. Classical segmentation methods have a hard time keeping up with modern 
demands. For example, when a single monolithic sill is also utilized to segregate the objective from 
the surroundings in the limit picture segmentation approach, the impact cannot be optimal. In 
picture segmentation of region-based, it is generally more-segmented and babble-sensitive. If the 
image segmentation method is ineffective, the segmentation process will be of poor quality. In-depth 
image segmentation research is beneficial to enhance image processing follow-up performance. In 
recent decades, numerous researchers have conducted considerable picture segmentation research; 
however there isn’t presently absolutely clear a segmentation technique which is adequate over all 
images. Numerous image segmentation methodologies have been introduced that incorporate some 
particular theories and methods, like the FCM algorithm relies on cluster analysis, as a result of the 
emergence of several concepts and approaches in numerous sectors. The initial parameters of the 
FCM algorithm are extremely sensitive, and it may be necessary to manually adjust them to estimate 
the global optimum and strengthen segmentation speed. Furthermore, the conventional FCM 
methodology is vulnerable to noise or gray - scale discontinuities because it ignores spatial 


information. The region based segmentation method only considers information such as pixel 
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intensities, image boundary, and so on, and ignores the image's inherent indeterminacy, which can 
lead to erroneous picture segmentation findings. Although, because turbulence is unavoidable 
throughout images acquired, transportation, and storage, de-noising is emerged as a key research 
for image processing. A lot of academics have suggested many de-noising techniques. 

Benaichouche et al [22] boosted fuzzy c-means in 3 stages for solving image segmentation 
problems. First, particle swarm optimization algorithm (PSO) was incorporated to improve the 
initialization steps of fuzzy c-means method. Second, during cluster segmentation, the Mahalanobis 
space was also employed to limit the impact of geometric pattern upon the locative gray information 
incorporation of pictures. Ultimately, the clustered mistake had been rectified via redistributing 
potentially misclassified pixels, allowing the segmentation results to be refined. Canayaz et al [11] 
presented a segmentation method which could be applied to image processing. Image segmentation 
algorithms such as the Neutrosophic Set (NS), which is used to evaluate indeterminacy information, 
and metaheuristic algorithms have become popular. Both of these methods were used in this 
research. After transforming a picture into the neutrosophic domains, that has 3 subsets (Truth, 
indeterminacy, and Falsehood), after that, image pixels’ indeterminacy is removed, and meaningful 
features of the image are acquired. Then, using T, I subset, the coefficient matrix is found, and the 
thresholds which coincide to the values optimizing the entropy objective function are dictated using 
coefficient matrices. This is accomplished using the Cricket Algorithm. The picture will be 
represented by these thresholds, and indeed the picture will be segregated as a result. 

A new bandwidth image retrieval scheme is proposed by Rashno et al [23]. RGB images are 
first turned into two subgroups in the NS sector and then segmented for this job. Color features such 
as the dominant color descriptor (DCD), distribution, and statistical components are retrieved for 
each segment of an image. Wavelet characteristics are also retrieved from the entire image as texture 
features. A feature vector is created by combining all retrieved characteristics either from a 
fragmented or entire image. Feature vectors are offered for feature selection in ant colony 
optimization, which picks its most important features. For the final retrieval process, only a few 
features are used. 

Gehad et al [24] presented a composite segmentation strategy depending on a variant of 
watershed algorithm and Neutrosophic reasoning. Pre - processing stage, CT image translation to 
the Neutrosophic space, and post-processing are the three aspects of the proposed technique. 
Normalization and the median filter are employed in the preprocessing step so as to improve the 
clarity and brightness ratios of the hepatic CT picture while also reducing noise. Three membership 
sets transform and depict the improved CT liver picture in the Neutrosophic set domain. Finally, in 
the last phase, morphology with mathematical formula and a variant of watershed method are 
utilized to improve the generated truthful image out from the previous step and recover the liver of 
the CT image. 

Image segmentation of ultrasound breast cancer is a critical point; different studies were 
introduced to cover this area. For example, Zhang article [7] demonstrated segmenting of 
ultrasonography breast cancer imaging by defining a neutrosophic range, that is split into 3 subsets: 
T, L, and F, neutrosophic may be applied to image processing. The image is then segmented in the 
neutrosophic domain with the watershed technique. M Zhang et al [25]also introduced an approach 


for segmenting breast ultrasound pictures (BUS) using a neutrosophic approach and watershed 
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algorithm. According to M Zhang, First, a BUS picture is tied with the domain of neutrosophic. The 
image is then converted into a binary one using neutrosophic logic, and the resultant image is 
segmented using the watershed technique. The tumor is finally found in the segmental area. TS 
Umamaheswari et al [14] addressed the problem of simultaneously gene selection and robust breast 
cancer (BC) test categorization by displaying two crossbred algorithms, namely the enhanced firefly 
algorithm (EFA) and the adaptive neuro neutrosophic inference system (ANNIS), both of which 
have chosen attributes for CTC detection. It is divided into 3 distinct phases: The main phase is to 
eliminate fineness markers associated with paired cell composition separation. The second step 
proposes anew meta-heuristic method based on EFA to discern prescient features for BC prediction. 
FAs have been changed in the EFA algorithm by using the discontinuous domain as a continuous 
domain. The EFA flexibly balances research and abuse to swiftly identify the optimum solution EFA 
is a new calculation method based on the blazing lighting technique used by fireflies. In the gene 
space, the EFA can quickly determine the best or relatively close gene subset amplifying a given 
fitness work. 

Moving to histopathology, GI Sayed et al [13] presented an approach to histopathology slide 
imaging that uses neutrosophic sets (NS) and metaheuristic optimization algorithm 
called moth-flame (MFO) to detect mitosis automatically. The suggested method is divided into 
two primary phases: candidate extraction and candidate categorization. A Gaussian filtering is 
applied to the histopathology slide image during the candidate extraction stage, and the enhanced 
picture was transferred into the NS domain. The truth subset image was then subjected to 
morphological treatments in order to improve the image and focus on mitotic cells. Several 
statistical, form, textural, and echoes were retrieved from each candidate during the candidate 
categorization step. The greatest distinguishing properties of mitotic cells were then chosen using a 
meta-heuristic MFO algorithm principle. Finally, the characteristics that were chosen were supplied 
into the classification and regression trees (CART). 

In the field of image segmentation, Nondestructive testing (NDT) is a method of detecting a flaw in 
metal without destroying it. To detect the flaw from an NDT image by using an image 
segmentation-based technique, it is a difficult task. The problem arises as a result of uncertainties in 
the NDT image pattern. The uncertainty should be addressed effectively when segmenting an NDT 
picture. S Dhar [26] described a novel technique for segmenting an NDT picture while dealing with 
uncertainties using a neutrosophic set in this paper. The NS handles the uncertainty by dividing the 
image to three subsets: truth, falsehood, and indeterminacy. Two procedures - mean and 
augmentation - are required for appropriate NS value representation. The bat algorithm is 
integrated to identify the right values of and based on statistics of the image (BA). The method 
determines the best values for and in order to adequately manage the uncertainty. In comparison to 
the most recent methods, we found the proposed method to be pretty satisfactory in terms of 


performance. 


4.2. Neutrosophic Set and Meta-heuristic Integration on Time —Series-Forecasting 
Recent years, various time series forecasting models were introduced based on neutrosophic 
integrated with meta-heuristic. For example, P Singh research paper [27] introduced a new method 


for forecasting time series datasets that uses a neutrosophic-quantum optimization strategy. The 
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inherited uncertainty of a time series set of data was represented in this paper using neutrosophic set 
(NS) theory, which has three memberships: truthful, ambiguity, and falsehood. The term 
"neutrosophic time series" refers to these kinds of forms of time series datasets (NTS). NTS has also 
been used to model and forecast time series dataset. The success of the NTS molding technique is 
strongly reliant on the ideal picking of the discourse space and its related periods, according to the 
findings. The paper uses the quantitative optimization algorithm called QOA and aggregates, as 
well as the NTS molding technique to tackle this problem. By picking the global optimum universe 
of speech and its accompanying periods from a collection of local optimum solution, the NTS 
molding approach performs better with QOA. A new time - series model was suggested by P Singh 
et al [15] based on neutrosophic theory and the PSO algorithm. This suggested framework started 
with a time series set of data being represented in NS utilizing three separate NS subscriptions: 
truth, indeterminacy, and falsity. This NS representation of time series was given the label 
neutrosophic time - series data (NTS). The suggested model's predicting performance was 
discovered to be strongly dependent on the optimal universe of discussion of the time series set of 
data selection. In this work, the image segmentation problem was solved using the PSO method. 

P Singh et al [28]also presented another research that focused on three primary issues with time 
series datasets: depiction of time series datasets using NS, a number of three membership degrees of 
NS combined, and predicting outcomes production. This study recommended using a 
neutrosophic-neuro-gradient technique to overcome these three domain-specific issues. The 
uncertainty associated with time series datasets was represented using NS theory. Numerous 
decision rules with the style of IF-THEN principles were generated in NTS and dubbed 
neutrosophic entropy decision rules (NEDRs). The forecasting findings were evolved using an 
ANN-based structure with NEDRs as an input. This study also used the gradient descent approach 
to reduce the disparities among of computed and targeted outcomes values in during experiment in 
order to enhance the effectiveness of the ANN and create optimal prediction performance. 

For forest fires forecasting, M Gamal et al [9] introduced a platform that combines 
the measures of information theory with PSO to predict a neutrosophic parameter using empirical 
data. PSO is a meta-heuristic methodology for determining the best partitions for truth membership, 
indeterminacy, and falsity. For the wildfire temperature variable, the suggested methodology 
produced relatively similar function subsets, whereas the Fuzzy C-Mean obviously altered the 
function subsets. Estimating actual temperature vagueness in wildfire data will help to accurately 


forecast these fires. 


4.3. Classifying MANET’s Attacks Based on Neutrosophic and Meta-heuristic Integration 

A mobile ad hoc network (MANET) is an ad hoc system made up of mobile wireless servers 
with no permanent telecommunications infrastructure. This platform's evolution may be more rapid 
and unpredictable.. Because of MANETs' unique characteristics, an adversary can launch several 
attacks on ad hoc networks. The most pressing concern with MANETs is security, which is critical to 
the system's overall utility. Accessibility of system administrations, privacy, and data integrity can 
all be achieved by ensuring that security concerns are addressed. MANETs are vulnerable to security 
attacks on accounts due to their characteristics such as open medium, powerful topology change, 


lack of central monitoring and management, pleasant computations, and no obvious protection 
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mechanism. The battleground for MANETs vs. the security threat has altered as a result of these 
causes. Because of such traits, MANETs are more vulnerable to attacks from within the network. 
Remote connections also render MANETs more vulnerable to attacks, making it easier for an 
attacker to break into the system and gain access to the ongoing conversation. 

Routing table overflows, flooding assault, wormhole attack, Mitm attacks, and greedy node 
misbehaving are some of the risks that MANET can face. Nodes in MANETs are vulnerable to 
intrusion and assault because they lack specified architecture and mobility. Intruder Detection 
Learning Technology is used by designers to protect a computer system from unauthorized access 
such as hackers. It is a learning challenge to use an intrusion detector to generate a classifier. The 
detectors should really have the ability to tell the difference between "abnormal" connections, also 
known as invasions or threats, and "normal" contacts. 

Elwahsh et al [29] proposed an Intelligent System for Categorizing MANETs Attacks based on 
Neutrosophic and Genetic Algorithm (GA), which is a challenging step for categorizing MANETs 
threats. This framework is relying on two phases: the first is pre-processing and the second is 
classification for network invasions. In the preprocessing step, network characteristics are formatted 
in a classifying format. The data from the KDD network [30] is transformed to take the format of 
neutrosophic (Membership, Indeterminacy, Non-membership). The genetic algorithms 
(GA) searching technique is used to find a series of neutrosophic constraints to categorize MANETs 
assaults after transforming traditional KDD data to a neutrosophic data form. The GA starting 
population is made up of individuals who were chosen at random. A neutrosophic (if-then) 
categorization rule is represented by each individual. 

H Elwahsh et al [31]proposed another method for classifying MANET’s threats using a 
composite neutrosophic intelligent system with genetic algorithm. This study presents a hybrid 
framework of Self-Organized Features Maps (SOFM) and evolutionary algorithms for MANETs 
attack inference (GA). To construct the MANET's neutrosophic conditioned parameters, the hybrid 
uses the SOFM's unsupervised learning capabilities. The neutrosophic variables, as well as the 
training set of data, are given to the GA, which uses the fitness function to discover the most suitable 


neutrosophic set of rules from a series of original sub threats. This approach is intended to identify 
unknown MANET assaults. 


4.4, Job Shop Scheduling Based on Neutrosophic and Meta-heuristic Integration. 

Scheduling module schedules machines work for reducing the maximum completion time 
(make span) or meeting other criteria. The flexible job-shop scheduling problem (FJSP) with routing 
flexibility seems to be more challenging, and can be thought of it as an integrated making plans and 
job shop scheduling (IPPS) problem, in which the two significant roles of process planning and 
task shop scheduling are regarded as a whole and streamlined simultaneously in order to take 
advantage of versatility in a production system. Because of their intricacy, meta-heuristic methods 
are frequently used to tackle scheduling difficulties. L Jin et al [32] presented a study on the 
modeling and optimization strategy for the problem of IPPS with unpredictable process time. To 
describe unknown processing times, NSis initially presented. They created an enhanced 
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teaching-learning-based optimizing (TLBO) methodology to handle more resilient scheduling 
strategies owing to the complicated of the math modelThe scoring values of the unknown execution 
per each device are assessed and enhanced in the proposed optimization approach to achieve the 
most effective alternative. In [33] L Jin et al proposed a research focused the problem of IPPS with 
unpredictable process time in order to mitigate the inconsistency in make span in [36]. To simulate 
the unknown processing times, the innovative neutrosophic numbers are first presented. A 
mixed-integer linear programming (MILP) framework based on neutrosophic numbers is evolved; 
regarding the NP hardness and difficulty of estimating the model, the variable neighborhood search 
(VNS) embedded mimetic algorithm (MA) is formed to expedite extra efficient systems. The nominal 
make span criteria and the robustness requirement has been weighted summed in the suggested 
algorithm. 

4.5. Image Clustering Based on Neutrosophic Set and Meta-heuristic Integration 

Clustering is the division of a group of samples or items into a number of clusters with 
comparable common components. The fuzzy c-means (FCM) method is one of the most often used 
fuzzy clustering approaches. To acquire the data membership degrees in FCM, an iterative reduction 
of a cost function is done. This objective functions are subjected to a constraint for each data set, 
namely that combination of degrees of membership across bunches must equal one. The FCM 
approach, on the other hand, has some downsides, including the fact that, firstly its sensitivity to 
noise, secondly, it strives to reduce intra-cluster variance, thirdly, having a local minima, and fourth 
the outcomes are dependent on the beginning values. A group's number of noise points could be 
rather large. As a result, academics are interested in finding new approaches to address these issues. 
The NS was introduced to handle the uncertainties connected with the clustering based 
methodologies' parameters since it is a formidable strategy to cope with indeterminacy. 

Based on NS, PSO, and the fast fuzzy c-means (FFCM) approach, Anter et al [18] suggested an 
upgraded segmentation method for abdominal CT liver tumors. To reduce the noise and modify the 
image, the median filter method was used first. The abdominal CT image was then processed using 
the neutrosophic domain. The PSO algorithm developed to enhance the FFCM algorithm before 
utilizing the approach to fragment the neutrosophic image. Subsequently, using the abdominal CT, a 
segmentation image of the liver was acquired. 

Relying on PSO and FCM, Watershed image segmentation method was proposed by Yu et al 
[34], who used a new variant of PSO algorithm to obtain the accurate clustering core. They also 
segmented a tiny section of the original image with an accurate clustering core and enhanced fitness 
function, and acquired a segmentation results for the full image. 

To tackle the drawbacks of FCM, J Zhao et al [35] introduced a technique called an Innovative 
Neutrosophic Image Segmentation Improved Fuzzy C-Means Methodology (NIS-IFCM), in which 
they first de-noise the image by transforming it into a neutrosophic image. Then the study proposed 
anew method that combines the PSO and FCM algorithms to decrease the FCM algorithm's reliance 
on the initial value introduced an innovative methodology for tackling the problem of image 
segmentation. Another study presented by F Zhao et al [36], he provided an innovative solution for 
this problem of poor image border segmenting. The proposed study combined FCM with PSO 
algorithm to enhance the capability of global search to tackle the issue of neutrosophic image 
clustering. Hanuman et al [37]presented a hybrid FCM-PSO approach. FCM-PSO is a hybrid method 
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that combines the best aspects of FCM and PSO algorithms to solve the problem of local minima in 
FCM. 


4.6. Image Thresholding Based on Neutrosophic Set and Meta-heuristic Integration 

Image thresholding is a crucial step in segmenting and extracting objects from photos. In this 
area, a set of techniques have been offered. Typically, the indetermination every element in a crisp 
set, cannot usually be specified and assessed. The membership of fuzzy set N specified on universe 
A is traditionally represented by an actual number inside the traditional fuzzy set. The fuzzy sets 
methods, on the other hand, only evaluate the truthful membership that is substantiated and ignore 
the falsehood membership that is contradictory to the proof that is problematic in various situations. 
On the other hand, the NS combines the concepts of a variety of sets like the classic, interval valued 
fuzzy, fuzzy, interval valued intuitionistic fuzzy, and intuitionistic fuzzy into a single idea. In the 
NS, indeterminism is clearly measured, and truth (T), indeterminacy (I), and falsity (F) memberships 
are all independent. As a result, many experiments were conducted to increase the thresholding 
efficiency of NS. 

Based on NS and improved artificial bee colony (I-ABC) algorithms, K Hanbay et al [38] 
introduced a new synthetic aperture radar (SAR) algorithm for picture segmentation. Threshold 
value estimation is viewed in this approach as a search technique for a suitable value within a gray 
scale period. For getting the best threshold value, the I-ABC optimized procedure is provided. To 
develop an efficient and powerful fitness function for the I-ABC approach, the input SAR picture is 
translated into the domain of NS. After that, images of the neutrosophic T and I subsets are obtained. 
A co-occurrence matrices relying on neutrosophic T and I subset pictures is created, and the 
objective functions of the I-ABC algorithm is represented using a two-dimensional gray entropy 
function. Consequently, in the I-ABC algorithm, the occupied, bystanders, and scouting bees rapidly 
explore the best threshold value. 

M Nasef et al [39] introduced a study that is provided a multi-criteria adaptive strategy for 
brightening the dark parts of musculoskeletal scintigraphy images (NS) using the algorithm of Salp 
Swarm and the NS. Firstly, the task of improving the dark areas is turned into an optimization issue. 
The SSA is then used to identify the optimal enhancement for any image independently, and the 
neutrosophic algorithm is then used to calculate the similarity score for each image using adaptive 
weight coefficients produced by the SSA algorithm. 

On the other hand, because conventional image segmentation techniques for side scan sonar 
(SSS) images are typically inefficient or inaccurate, Jianhu et al [40]work proposes a new image 
thresholding segmentation approach called SSS relying on the NS and quantitate-behaved particle 
swarm optimization (QPSO) algorithms. To begin, the image grayscale co-occurrence matrix is built 
with respect to the NS space, expressing the precise texture of the SSS picture, which can increase the 
accuracy of SSS image segmentation. The optimal two-dimensional segmentation threshold vector is 
then rapidly and precisely generated using the QPSO method, based on the two-dimensional 
maximum entropy theory, which can increases the effectiveness and reliability of SSS picture 
segmentation. Ultimately, target segmentation of SSS images with high noise levels is accomplished 
with precision and efficiency. The algorithm's efficiency is demonstrated by segmenting SSS images 


including various objectives. 
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4.7. COVID-19 Diagnosing Based on Neutrosophic set integration with metaheuristic 

COVID-19, a rapidly spreading virus, created a tremendous demand for an accurate and quick 
testing approach. The well-known RT-PCR test is expensive and unavailable throughout many 
suspect instances. SH Basha et al [41] suggests a neutrosophic framework for diagnosing COVID-19 
patients. The suggested framework consists of five phases. The speeded up robust features called 
SURF methodology is first performed for every X-ray image in order to obtain resilient invariance in 
features. Secondly, three selecting sampling techniques are used to deal with the dataset's 
imbalance. Thirdly, a neutrosophic rule-based categorization scheme is presented, which generates a 
set of rules depending on three neutrosophic quantities <T; I; F>, which represent the truthful, 
indeterminism, and falsehood degrees. Fourth, improve the classification'’s performance, a genetic 
algorithm is used to pick the best neutrosophic set of rules. The classification-based neutrosophic 


logic is proposed in the fifth step. 


4.8. Integration of Neutrosophic Set and Meta-heuristic in other fields 

Document, sentence, and aspect level sentiment analysis are the three layers of sentiment 
analysis. The text gives polarity at the document and sentence levels, respectively, on the basis of the 
entire document and sentence. The text gives positive polarity for some aspects but negative polarity 
for others at the aspect level. A Jain et al [10] proposed a composite framework, which is concerned 
with document level analysis called "Senti-NSetPSO" to evaluate large text document. 
Senti-NSetPSO consists of two binary and ternary classifiers based on PSO and Neutrosophic Set 
hybridization. This approach is appropriate for classifying large text document with a file size of 
more than 25 kilobytes. The size of the swarm is created from large text can valuable metric for 
implementing PSO convergence. 

Another topic of study is the cloud environment. A feast of research papers was just given. 
Because the cloud environment is made up of distributed resources that are used in a dynamic 
manner, it is necessary to design optimal scheduling in the cloud environment to ensure that cloud 
consumers get the quality of service they want while cloud providers make the most money. 
However, the occurrence of inefficiencies when scheduling cloud resources poses a challenge to 
typical scheduling rules. The major goal of K Gurumurthy et al [42] research was to address 
ambiguity in cloud resource scheduling by developing a neutrosophic inference system for 
prioritizing incoming tasks and optimizing resource utilization using quantum cuckoo search cache 
management. The suggested study used neutrosophic representation to express the parameters 
involved in resource scheduling with the goal of reducing response and execution time while 


increasing throughput, which benefits the cloud service provider's profitability. 


6. Conclusion and Future Work 

Because many real-life decision-making problems entail imprecision, imprecision, ambiguity, 
inconsistencies, incomplete data, and indeterminacy, NS, meta-heuristics, as well as logic are 
becoming more prominent as answers. The research and applications of the neutrosophic- set, logic, 
measure, and probability are referred to as neutrosophic. The neutrosophic logic (NL) has 


traditionally been used to denote a mathematical formula of ambiguity, inconsistency, ambiguity, 
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incompleteness, and redundancy inconsistency based on non-standard analysis. It is regarded as a 
framework for assessing indeterminacy, truth, and falsity. In contrast, the NS quantifies 
indeterminacy directly, while T, I, and F memberships are all independent. This property is critical 
in a variety of applications, including data fusion to merge data from many sensors and other 
biomedical diagnosis scenarios. The NS concept is an innovative mathematical technique to dealing 
with uncertainty that has a lot of potential in a lot of different ways. Recently, NS has been combined 
with meta-heuristics to create decision schemes for a variety of applications such as processes on 
images as_ thresholding, clustering, segmentation and classification, medical image processing, 
cloud computing, job-shop scheduling, time series forecasting, forest fires forecasting, document 
level sentiment analysis, modeling neutrosophic variables, breast cancer detection, and other uses. 
Because no study has been done on the use of the NS and meta-heuristic integration in picture 
registration, compression, or restoration, this will be the future direction. As a result, it is 
recommended to use NS techniques in such activities rather than existing procedures. Furthermore, 
the FCM is the most clustering technique that can be coupled with the NS and meta-heuristic to 
reduce uncertainty. As a result, it is recommended that the NS and meta-heuristic be combined with 


other clustering algorithms. 
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Abstract: A single-valued neutrosophic set is one of the advanced fuzzy sets that is capable of 
handling complex real-world information satisfactorily. A development of single-valued 
neutrosophic set and fuzzy bipolar set, called a bipolar neutrosophic set, was introduced. Distance 
measures between fuzzy sets and advanced fuzzy sets are important tools in diagnostics and 
prediction problems. Sometimes they are defined without considering the condition of the inclusion 
relation on sets. In decision-making applications, this condition should be required (here it is called 
the inference of the measure). Moreover, in many cases, a distance measure capable of 
discriminating between two nearly identical objects is considered an effective measure. Motivated 
by these observations, in this paper, a new distance measure is proposed in a bipolar neutrosophic 
environment. Furthermore, an entropy measure is also developed by the similarity between two 
sets of mutual negation. Finally, an application to medical diagnosis is presented to illustrate the 
effective applicability of the proposed distance measure, where entropy values are used to 
characterize noises of different attributes. 


Keywords: neutrosophic distance; similarity measure; bipolar neutrosophic sets; entropy measure; 
medical diagnosis 


1. Introduction 


In 1965, the concept of a fuzzy set (FS) was introduced by Zadeh [1] to handle uncertainty of 
information in real-world inference systems. According to him, the degree of membership (positivity) 


of anelement u toaFSonauniverse U is one value s(u), where u(u)€ [0,1] . The theory of FSs 


has reached a huge amount of achievements in a variety of application areas. However, in many real- 
life problems, the presence of negativity cannot be ignored. In 1983, Atanassov [2] proposed the 
concept of an intuitionistic fuzzy set (IFS) by considering the membership degree (wu) as well as 
the non-membership degree v(u) with the condition on their sum which is s(u)+v(u)<1. The 


theory and applications of IFSs have been strongly developed such as studies on logical operators [3- 
5] and applications in decision making [6-10]. 

From a philosophical perspective on the existence of the field of neutrosophy, Smarandache 
considers that using IFSs to treat indeterminate and inconsistent is not satisfactory enough. In 1999, 
Smarandache [11] introduced the concept of neutrosophic set (NS). He named its three characteristic 
functions the truth membership function, the indeterminacy-membership function, and falsity- 
membership function, denoted by T(u), I(u), and F(u), respectively. Their outputs are real 
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standard or nonstandard subsets of ]0,1°[. From the requirement of practical applications about 
representing the featured degrees by real values, Wang et al [12] provided the definition of single- 
valued neutrosophic sets (SVNSs). Cuong [13] also proposed the concept of picture fuzzy set (PFS) 
as a particular case of NSs. Some results on PFSs can be found in [14-19]. Because of the independent 
existence between the considered property and its corresponding implicit antagonist, Deli et al. [20] 
introduced the concept of bipolar neutrosophic sets (BNSs). This is a generalization of SVNSs and 
bipolar fuzzy sets [21]. Ina BNSX, T"(u), I"(u), F'(u) represent the characteristic degrees of an 
element u¢U corresponding to X and T*(u), I~(u), F*(u) represent characteristic degrees of u 
to some implicit counter-property corresponding to X . Some research on NSs and BNSs and their 
applications can be found in [22-36]. 

The advanced fuzzy distance measures are known as effective tools for solving decision-making 
problems [6-10, 13, 37]. Some of distance measures of SVNSs were proposed such as Hausdorff 
distance [38], Cosine similarity measures [39], and the distance measures of Ye [40], Aydogdu [41], 
Huang [26], and Ngan et al. [42]. In 2018, Vakkas [43] et al. introduced similarity measures of BNSs 
and their application to decision-making problems. Vakkas's measure was defined without 
considering the condition of the inclusion relation on sets. In decision-making applications, this 
condition (in this paper, it is called the inference of the measure) should be required. Moreover, 
Vakkas's proposal does not imply cross-evaluation, which is necessary to distinguish the differences 
and was discussed in intuitionistic fuzzy and single-value neutrosophic environments [7,10,42]. 
Motivated by these observations, in this paper, a new distance measure set that includes cross- 
evaluation and the inference of the measure is first proposed in a bipolar neutrosophic environment. 
Furthermore, an entropy measure is also developed by the similarity between two sets of mutual 
negation. Finally, an application to medical diagnosis on the UCI dataset is presented to illustrate the 
effective applicability of the proposed distance measure, where entropy values of different attribute 
sets are used to characterize their noises. 

The next sections of the paper are distributed content as follows. Some basic concepts and the 
related measure formulas are presented in Section 2. In Section 3, the proposals on the distance 
measure, the similarity measure, and the entropy measure on BNSs are introduced. In Section 4, an 
application to medical diagnosis given to show the effectiveness of the proposed distance measure. 
Finally, Section 5 shows the conclusions of the study. 


2. Preliminaries 


Definition 1. [25] ANS X onauniverseset U is characterized by three feature functions including 
a truth-membership function, T,:U — ]0,1°[, an indeterminacy-membership function, I,: U 


— ]0,1'[, and a falsity-membership function, F,: U — J] 0,1°[, where 
“0 <supT, (z)+supI1,(z)+supF,(z)<3°,zeU. (1) 
u u u 
Definition 2. [20] ABNS X on U is defined by the form as follows: 


X= {< z,T2(z), 12.(z), Fo (z), Te (2), [3 (2), Fe (z) >I z€ u} or 


Mes yl es (2) 


OE OE EEX 
where Ty,Iy,F,:U—>[0,1], and Tz,Iz,Fz :U-—>[-1,0]. 
Denoted by BNS(U) the set of all BNSs on U. 


Definition 3. [20] Let X, and X, be two BNSs on U, then 
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e X, <X, if and only if 72st, Ol Bel Ob 2b OT O25 2 Os @, 
and F/*(z)<F,*(2). 

s Maxey at andonly ut TL a=HL eh Bat @5 Oak ol O=-Lot Oh @, 
and F*(z)=F,*(z). 

© X= \< z, F°(z),1-1°(z),T°(z), F*(z),-1-I*(z),T*(z) >1z€ u}. 


Definition 4. [43] A similarity measure of BNSs isa S: (BNS(u)) > [0,1] mapping satisfying 
i. “OSS(X,, Xe S1, 
2. Gx SS( Rx, 
3. $(X,,X,)=1 for X,=X,,where X,,X, ¢ BNS(U). 
In 2018, Vakkas et al. [43] proposed a similarity measure of BNSs as follows: 


S, (X,,X,)=aS,, (X,,X, )+(1-a) 5S, (X,,X,), (3) 


where @€ [0,1] : 


(TE (2)Ty, 2) +1, (21g, 2+ FE Fe 2) 
: ~(Ty (2, )Ty, (2) + 15, (2 i, (2) + Fe (Fe, @,)) 
a 2| (727(z,) +15, 2(z,) + Fe (z,)) + (12 2z,) +18 7,) +Fz7(z,)] 


-(T2) +) + Fee) (BE) +) +B) | 


y 


and 


(Ty (x,)Ty, (x,) +1, (@ TR, (a) + FS (x Fe, )) 
; -(T; (x, TE (x) +15 (x, UE, (a) + FE (x EE )) 


a 2 To ?(x,) +15, 2(x,) + Fe 2(x,) xf To 2(x,) + 2, 2(x,) + F(x) 
— fg) + T+ Fe) x fT, + + Fe | 


Note that: Vakkas’s proposal is without considering the condition related to the inclusion 
relation on sets. Some other measures are built based on the triangle inequality condition instead of 
the condition related to the inclusion relation on sets, such as the Hamming distance and the 
Euclidean distance [44, 45]. 


In 2021, by reasoning about the need for the cross-evaluation, Ngan et al. [42] defined the H- 


max distance measure on SVNSs by 
diy (X,,X,) 7 pie (2, [r, (z;) -T, (z,) +a, le (z;) —Ty (z,) + Qt; ie (z;) Fy (z;) 
i=l 


+a, 


max {Ty (Z,),lx, (2,)}-max{I, (2,),T,, @)} (4) 


+a, max|{T,, (Zz; ), Fy, (Zz; )} —max {Fy (Z;), T,, (Z; I) 


where @, € (0,1), Sa. =1 4w;,<¢€ Only v4, =1. 
k=l i=l 
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3. H-max bipolar neutrosophic weighted measure 


Now, the provided definition of distance measures of BNSs includes the inference condition. 
Furthermore, a specific distance measure, called H-max bipolar neutrosophic weighted measure, is 
introduced based on the formula of d,,, proposed by Ngan et al. [42]. 


Definition 5. For all X,,X,,X,€BNS(U) where U={z,,...,z,}, then a distance measure of BNSs is 
d:(BNS(U)) [0,1] mapping satisfying 

1. d(X,,X,)=d(X,,X,), 

2. d(X,,X,)=0 ifand only if X,=X,, 

3. If X,cX,cX,,then d(X,,X,)<d(X,,X,) and d(X,,X,)<d(X,,X,). 


Definition 6. Let X,,X, € BNS(U) where U = ee Z. 
> i \< z,Ty (2)1,, FE, @,Tz @T;, @),F; (2) >lze u} , 


\ and 


X, = \< z,Te (ly, (2),Fe, 2) Te, (2), Tz, 2), Fe (2) al z€ u} 
Then, the formula of H-max bipolar neutrosophic weighted distance measure between X, and X, 


is as follows 
yee (X,,X,)+(1-A) dy ayo (X,,X,) ? (5) 


where 
n 


x 2 ve (2 


tys-ay1 (XX) = Ky, (2,)— 1, 2) +08 [Fe (2,)- Fe, ;)] 


Ty, (2;)—Ty, (@)| +29 
+a) max {Ty (z;), I, (z,)} — max {I', (Z;), Ty. (zt 


max{Ty. (Z,), es (Zz, )t —max {Fy (z,), Ty (z, )} 


) 


dy-avo(Xy-X2)= Do ay (at [TE @,)-Te + of |, @)-G, + a5 [FEF 
i=1 


) 


where a ,a, €(0,1), Ya; =1, +a, =1, ta <[ 0,1], Yah and 4 < (0,1). 
i=1 


5 5 
k=1 k=1 


a 
+a, 


min {Tz (z,),15, (z,)}~min {Ty (,),Te, (2) 


min{T; (z,), Fe, (z,)}-min{F; (z,),Tz, (z,)} 


+a, 


+a, 


Proposition 1. d satisfies the following properties for all X,,X,,X, € BNS(U) : 


H-BN 

L. OG (XS), 

2. dy-sy(X,,-X,)=0 ifand only if X,=X,, 

Bis: Adige XG Eis (2 Sy 

4. dy py (X,,X,)< ana (X,,X,) and dy, ay {X57X,) Aan (X,,X,) if X,cX,cX,. 
Proof 


1. Apparently, forall 7=L...,n, 


he ed-T els | @)=t.e) 


y 


» (Fe @)-F,@)| € [01], 
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max {Ty (2,), Ty, @,)}—max {I (z,), Te (z,}| e[0,1], 


max {72 (2,), Fe, (z,)}-max {Fe (z,), Te, @,)} e[0,1], 


and 
[rz @)-Te, @)) Me, 2-1, 2] |Fs 2) Fe, @)| [01], 
lmin {T (2,),1z, )}-min {15 (2,),Ts, @)}] €[0.1], 
hmin {Tz (2), Fx, (2,)}-min{F; (z,), Tz, @)}| € [0,1]: 
Hence, 0<dy_ yy (X,,-X,)S<1. 
yey By ev 
2. Clearly, dy yy (X,,X,)=0 ly aly, Ty, =, @ X, =X, 
Fl = FU Fs = Fe 


3. Itcanbe seen that d has the symmetry property. 


H-BN 


4. Let X,cX,cX, then forall i=1,..,n, 
L@jJ=t, Get ag eek G2, @): 
F@)2hG@)2h @)4, @)2t @)25, &), 
Ty (2) ST, (2,) $y), and Fy (2;) $ Fy (2) s Fy @)- 
These lead to 
bes -T) | < (re, -T. Aes -1) | < IE, -1). Bi Fe | < IFe, -Fi , 
hes -T; | < bes -Tz Bes — I | < Us, -I Bis Fy | < IF, Fr , 


Moreover, 
max {Ty oly \ > max {Ty Ay. \ > max {Ty ty, \ > max {Ty ee \, 
min {Tz ,I;,}<min{Tz I, }<min{Tz 1;,}<min{T; 1;,}, 
max {Ty as \ > max {Ty rey \ > max {Ty oe > max {Te je 2 
min {T; ,F; | <min{Ty Fy }<min{Ty Fy} <min {Ty ,F; }. 
Hence, 
lmax{Ty. I, \ —max|{Ty, ay \ < lmax|{Ty, yg ; —max{Ty ie \ - 
lmin {Ty T;,|-min{T; , 1, |< lmin {T; he | -min{T; ie | } 
lmax{Ty fe \ = max{T? P ee \ < lmax {Ty P is } 7 max{Ty. ee | 
min {T, /Fz |—min{Ty , Fy, \ < hmin {Ty /F;,\-min{Tz ,F; 
Thus, dj, py(X,,X)<dy_py(X,X3)- Similarly, dy yy (Xp/X3)<4y- gy (X/X) is proven. 
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Definition 7. Let X,,X, < BNS(U) where Uta 5..52, . Then, the formula of H-max bipolar 


neutrosophic weighted similarity measure between X, and X, is as follows 


Si Pe 0.6% X,)= 1-dy py (X,,X). 


Proposition 2. s satisfies the following properties, for all X,,X,,X, € BNS(U) : 


H-BN 
Ly: O5Ss 5 (XX )S1 

2. Sug (X,,X,)=1 if and only if X,=X,, 

Baza Mi Seige ee 

A Beeps (MG 7G.) 2S NG, and Ba 5X, GSS gd (ee) dat eX, eX 


(6) 


Remark 1. The proposed distance measure overcomes the limitations of the Hamming distance, the 


Euclidean distance [44, 45], and Vakkas's proposal [43]. Specifically, 


e The proposed measure d includes cross-evaluations: 


H-BN 


max}Ty (z,),ly (2) )}- max {I (2,),Ty, (Z;) : 


{Ty @), 
(h 


Ty, (2,),Fy, (@,)}—-max {Fe (z,), Ty, ,)}L, 


Xx, 1 


max 


min {Ty CAR ERCA )} - min {Ij (2,),Tz, (2)}), 


min {Tz (2,),Fy, (2,)}-min {Fe (2,), Ty, (2) 


e The proposed measure satisfies the property related to the inclusion relation, i.e., the 


property 4 in Proposition 1. 


Example 1. Let U= eae . Put 
X, = <0,,,0.01,,,1,,,-0.15,,,0,,,-0.8,, >, 


X, = <0.79,,,0.01,,,0.61,,,-0.79,,,0,,,-0-61,, >, 
X, = <08,,,0,,,0.6,,,-0.8,,,0,;,-0.6,, >- 


Then, X,,X,,X,¢BNS(U) and X, <X, CX,. By the similarity measure of Vakkas et al. [43] and 


choosing specific values for the parameters, we have 
1 


1 

Sy (X,,X;) = phaa (X.X3)+5 $2 (as) 
1 1 

Sy (X,,X,) = Avi (XX )+55y2 (X9%,) 


where, 


(00.8 + 0.01x0+1%0.6)—((—0.15)(-0.8) +0+(-0.8)x(-0.6)) _ 


Sy (Xi %s)= 2| (0? +0.017 +17) + (0.8 +0° +0.6”) 


-((-0.15)" +0° +(-0.8)')-((-0.8) +0? + (-0.6)") 


(00.8+0.01x0+1x0.6)—((-0.15)(-0.8)+0+(-0.8)x(-0.6)) 


Oy (Xge) e 


2| vo +0.012 +12 x V0.8? +0? +0.67 
-,|(-0.15)' +07 +(-0.8) x (08) +0°+ (-0.) | 
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— (0.79 x0.8 +0.01x0 +0.61x 0.6) —((-0.79)x(-0.8)+0+(-0.61)(-0.6)) 
$a (%%)= 2| (0.79° +0.01° + 0.61") +(0.8? +0° +0.67) ae 
-((-0.79)' +0* +(-0.61)'}-((-0.8)' +0* +(-0.6)" ) 

(0.79 x0.8 + 0.010 +0.61x0.6)—((-0.79)x(-0.8)+0+(-0.61)(-0.6)) 


2| v0.79" +0.012 +0.612 x V0.8? +07 +0.6” 


—,|(-0.79)' +0? +(-0.61)’ x (-08) +07 +(-0.)' | 


Sy {X,-X5) = =0. 


The obtained calculation results are S,, (X,, X,) =0 and S, (2) =0. 


Now, from Definition 6 and choosing specific values for the parameters, we have 


1 1 
ssi (X,,X,) = 5 tn-an (X,,X, ) a 5 ana (6) 


1 
d X,,X,)+=dy ayo (GX); 


1 
X,,X,)=5d 5 


H-BN ( H-BN1 ( 


where 


1 
diay (XX) = =(|0-0.8| + |0.01-0]+ [1 -0.6} 


+max {0,0} —max {0.01, 0.8}|+|max{0,0.6} - max {1,0.8}]) = 0.482, 


d 


wna (XX) = 3 [015 0.8|+|0 -0| +|0.8 -0.6| 


+|min {-0.15,0}—min {0,-0.8}|+|min {-0.15,—0.6} — min {-0.8,-0.8}]) = 0.34, 


dy pv (Xp/X5) = = ([0.79 —0.8|+|0.01—0|+|0.61—0.6| 


+|max {0.79,0}—max {0.01,0.8}|+|max {0.79, 0.6} ~max {0.61,0.8}|) = 0.01, 


d 


naa (XarX)= = (0.79 0.8] +|0 -0| +|0.61-0.6| 


+|min {-0.79,0}—min {0,—0.8}|+|min {-0.79, -0.6}—min {-0.61,-0.8}]) = 0.008. 


Hence, 
dy oy (XX) =0.411> dy gy (X_-X; ) = 0.009 


(S:5_ay (X1/X5 ) = 0-589 <8, oy (Xq-X3)= 0.991). 


H-BN 


In this case, by observation we can also see that X, and X, are almost the same. In addition, 
since X, ( X, c X,, it can be deduced that the difference between X, and X, is greater than the 
that between X, and X,. The proposed distance measure is likely to properly represent this 


assessment and inference and overcomes the limitation of the proposal of Vakkas et al. [43]. 


Example 2. Let U= ave . Put 
X, = <04,,,0,,,0.4,,,-0.8,,,0,,,-0.8,, >, 
X, = <0.5,,,0,,,0.5,,,-0.7,,,0,,,-0-7,, >, 
X,= <04,,,0,,,0.6,,,-0.6,,,0,,,-0.8,, >. 
Then, X,,X,,X,¢BNS(U), X,¢X,,X,¢X,, and X,cX,. 
The Hamming distance [44, 45] on BNS (u) can be defined as follows: 
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de (X/Xa) = 5D ((FE Te, +], G8, Gd] |F @)-FE 
+[Te @)-Tz + | @ Fe, @)|+ [Be @)-Fe @))}- 


The Euclidean distance [44, 45] on BNS (u) can be defined as follows: 


doa (%%)= (HIB ()-T2@)f +18,@)- 8 @ +E @)-F &)) 


1 
2 eof We ote 5 ee eR 
- ee (z;) -Ty, (z,) " I, (2,)- Ty, (z,) + ea (z;) —Fy (z,) )} . 
Some of the calculation results obtained are as follows: 


Ham 


4 
Fron (X,/X,) =d (X,,X,) oe , 


a 


Feet (X,/X,) = Fey (X,,X,) - 3" 


diy py (X,X_) =0.06 <d,,_ gy (Xz/X) =0.08 


Clearly, in this case, because of cross-evaluations, the proposed measure can distinguish the 


H-BN ( H-BN ( 


difference better than two related measures. 


Definition 8. For E: BNS(U) > [0,1] mapping, if the following conditions are satisfied then E is 

an entropy measure of BNSs. 

1. E(X)=0 ifandonlyif X or X° isacrisp set, 

2. E(X)=E(X‘); E(X)=1 ifandonlyif X=X°, 

3. \EQG)S:EGG)* If AyD xX, Le}. if te <Ty. j 1 a oe , Tl 2, A sk, for ea SF, j 
Ty, 2s ibs = Ty, =0.5,, I =I, =-0.5,; and he za Be Y i a , Ti ST, Fy 2Fy for 


on pi Se sa 0b =F S06 a 


x 


Proposition 3. Let X € BNS(U), where U = ay ae then s,, ,y(X,X°) is an entropy measure of 


xX. 
Proof. 

1. If X be a _ crisp set, ie, y Gee Bees book cok | 0 ie ea 0 es cine EO 
i is 0, Fy LT 14, =F, =0,, then, §,, gy(X,X°)=0. Similarly, if X° is a crisp 


set, then s$,, ,/(X,X°)=0. If s,, ,,(X,X°)=0, then it's not hard to show that X or X° isa 
crisp set. 

2. From Proposition 2, we obtain that E(X)=E(X‘); s,, ,,(X,X°)=1 ifand only if X=X*. 

8. “Let 25 Pay assume that Tai, Ee ye ele a SE tort ere a ee 


ly = iy =05,, Ty, =I, =-0.5,,, then 


" 
max|{T;. /0.5,,} < max{Ty. Oe < max {Fy 05, < max|{ Fe 05 
min{T; ,-0.5,,} > min{T; ,-0.5,,}> min{F; ,-0.5,,} > min{F; ,-0.5,, 
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Oo 
diya (X X= AQ ae (af +} +08 )ITy (z,)-Fy (2) +o; max {Ty (Z,),0.5} 


a —max{0.5,F; (z;)} 
; in{T* (z,),0.5 
(1-4) 27 | (oF +05 +03) |te e)-F )]+or a ( i :F 11,2, 


Therefore, dy, py (X,,X,') a ee (Xs) and then 5s, py (X,,X ) = Baie ar) 


Similarly, the remaining case is proved. 


4. An application of the H-Max Bipolar Neutrosophic Distance Measure to medical diagnosis 


4.1. The H-BN method 
A diagnostic problem is stated as follows: 
e A medical dataset includes 
* m records of m corresponding patients P,i=1,2,....m, 
=n attributes (symptoms) A, , ]=1,2....1,o0fadisease D, 
« _k disease classes labeled C,, t=1,2,...,k, of D. 


e The problem is to build a diagnostic system with 
«the inputs are the symptoms of a patient, 
«the output is a disease label. 


The proposed method: 


Inspired by the diagnostic method introduced in [42] by Ngan et al, the proposed method (H- 
BN) includes four steps as follows. 


e Step 1. Built two relation matrices in the bipolar neutrosophic environment: 
«Matrix 1 (M1) presents the relations between the symptoms and patients (P, and A, 


are the ittrow and the j*column of M1, respectively, 1=1,...,m;]=1,....1), 
«Matrix 2 (M2) shows the relations between the symptoms and the disease or the 
classification results. Specifically, M2 is a kxn matrix (C, is the tt row of M2, 


t=1,..,k). 
e Step 2. Find the entropies E (A,) of the symptoms A,. 
e Step 3. Calculate the similarity s,,_,, (P,C,) between the symptoms of P. and the disease 
classes C,, where E (A,) is put in the weight of A,. 


e Step 4. Diagnose the it patient by finding the highest similarity value 
Sa Pe ese BO, t, <[1,k]. The outputis t,. 


4.2. Numeric example 


In this section, we use the data in the numerical example in [42] on 5 male patients (aged about 
30) of Indian Liver Patient Dataset (ILPD) taken from UCI. In the dataset described in Table 1, there 
are 2 diagnosis labels which are La-I (liver patient) and La-II (non-liver patient). In Table 1, the 
considered attributes (A, - A,) are Alkaline Phosphotase, Alamine Aminotransferase, Aspartate 


Aminotransferase, Total Bilirubin, Direct Bilirubin, Albumin, and Albumin and Globulin Ratio. 
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Table 1. Data of 5 male patients of the ILPD dataset. 


A, A, A, A, A, A, A, Class 
P, 13 0.4 482 102 80 3.3 0.9 La-l 
P, 0.8 0.2 198 26 23 4 1 Lal 
P; 0.9 0.2 518 189 17 2.3 0.7 Lal 
P, 3.8 15 298 102 630 3.3 0.8 Lal 
P; 0.8 0.2 156 12 15 3.7 11 Lal 


The steps of the proposed algorithm are implemented as follows: 
e Step 1: Input data is fuzzified by the following fuzzification functions selected by experts. 


0 z<a 1 zZ<a' 
Z-a z-B' 
R* .(z)=,——._ a<z<fB, L, .(z)= a'<z< fp 
s0@)=15— B Ca pee 
1 B<z 0 p'<z 
-1 zZspe 0 z<p' 
zt zZ- ¥ ' 
R. (2) = hae p<2sl, Dg (Z) = op pi<zs< 
0 L<z -1 L'<z 
1 
Ris 
0 > 2 
a B 
p' ¢ Z 
1 0 
Ree c., 
0 Z =! 
a B 


Figure 1. The fuzzification functions are illustrated by graphs. 


Specifically, the symptoms on patients are represented as the following BNSs. 


A, =<Ti2(2),15 (2),E2 (2), (Le (Ef (2) > = 


= er (Z), Liss (2), Dies (z), Roos(2), Leas (z), Di sas(Z) > 


A, =< ig (z), i? (Zz), Ee (z),T,*(2),1,° (2), F(z) >= 
=< Rs (2), Doia(2), Dinan (2), Ryo o(2), La vs (2), Das (2) > 
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Ae T(z) be), Gs (ely (2, 2) = 


= Rass (Z), Lae (Z), Lion ao (2s Rigas hes Lisp sin (2)y Lian (z) > 


A, = <T2(2),1,2(2),E (2,7, (2,1, (2,E, (2) > = 


ais Re iis (Z), ee (Z), Ln (2), Rs (Z), Liz (z), Ene (z)> 


A, = < Te (2), 12 (2), Feo (2), Ts (21s (2, Ee (2) > = 


=s Raion (Z), is (Z), Le (Z), Ria) (Z), jen C4) D3,95(2) > 


A= <1 (21, hte Qa, Gh kh es= 
a< Le), Ke, (2), RZ) Ele) Be adl2), Koa go(4) > 


AH=<T 2) OE BL ©) @)F Hse 
=< Diil2) pel) Ria) Leia Rape: Rozaat2) > 


Two bipolar neutrosophic relation matrices M1 and M2 are placed in Tables 2 and 3. 


Table 2. The relations between the symptoms and patients are presented. 


(M1) A, A, A, A, A, A, A, 
ica <0.02,0.6, <0,0.6, <0.9,0, <0.8,0, <0.7,0.1, <0.1,0.6, <0.2,0.5, 
0.8,-0.9, 0.8,-0.9, 0,0, 0,0, 0.2,-0.3, 0.1,-1, 0.08,-0.6, 
-0.3,-0.2> -0.2,-0.06> -1,-1> -1,-1> -0.9,-0.8> -0.4,-0.8> -0.1,-0.9> 
P, <0,0.7, <0,0.8, <0.1,0.3, <0,0.6, <0,0.8, <0,1, <0,0.5, 
0.9,-1, 0.9,-1, 0.6,-0.7, 1,-1, 1,-1, 0.5,-1, 0.1,-0.8, 
-0.1,-0.1> 0,0> -0.5,-0.3> -0.3,0> -0.2,0> -0.05,-0.5> 0,-0.85> 
P, <0,0.7, <0,0.8, <1,0, <1,0, <0,0.9, <0.9,0.1, <0.6,0.3, 
0.9,-1, 0.9,-1, 0,0, 0,0, 1-1, 0,0, 0,-0.2, 
-0.1,-0.1> 0,0> -1,-1> -1,-1> -0.09,0> -0.9,-1> -0.4,-1> 
P, <0.6,0, <0.5,0, <0.4,0, <0.8,0, <1,0, <0.1,0.6, <0.4,0.4, 
0.05,-0.3, 0,-0.3, 0.3,-0.4, 0,0, 0,0, 0.1,-1, 0,-0.4, 
-1,-0.8> -1,-0.7> -1,-0.6> -1,-1> -1,-1> -0.4,-0.8> -0.25,-0.95> 
P, <0,0.7, <0,0.8, <0.04,0.5, <0,0.8, <0,0.9, <0,0.8, <0,0.6, 
0.9,-1, 0.9,-1, 0.8,-0.9, 1,-1, 1,-1, 0.3,-1, 0.2,-1, 
-0.1,-0.1> 0,0> -0.3,-0.1> -0.03,0> -0.06,0> -0.2,-0.6> 0,-0.8> 


Table 3. The relations between the symptoms and the classification results are shown. 


(M2) A, A, A, A, A, A, A, 

La-I <1,0,0, <1,0,0, <1,0,0, <1,0,0, <1,0,0, <1,0,0, <1,0,0, 
0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 0,-1,-1> 

La-I <0,1,1, <0,1,1, <0,1,1, <0,1,1, <0,1,1, <0,1,1, <0,1,1, 
-1,0,0> -1,0,0> -1,0,0> -1,0,0> -1,0,0> -1,0,0> -1,0,0> 
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e Step 2: Finding the entropies EF (4,) = 5. ¢a(A 
oe ee 1 
O: = 0; ae (,4:=1,459)\ and: 2 = 
E(A,)=0.27, E(A,)=0.2, E(A,)=0.33, E(A,)=0.08, 
E(A,)=0.13, E(A,)=0.55, E(A,)=0.68 . 
(P,(La-I)) and S(i-I)=s,_,y (P,,(La-1)) 
1 E(A, 
with O; = 0; == GH li) s ae and aa = 4; me 
E(A,) 
J 
j=l 
include: 7," =0.12, 7," =0.09, 7, =0.15, v7," = 0.035, v," =0.06, v7," =0.245, 7," =0.3, 
S(1—I) = 0.49 > S(1—-II) = 0.475, S(2—I) =0.2 < S(2—II) =0.75, 


S(3—1) = 0.642 > S(3—- I) =0.327, S(4—I) =0.63 > S(4— II) =0.33, 
S(5—1) =0.186 < S(5—II) = 0.788. 


e Step 3: Calculating the similarities S(i—I) =s 


H-BN 


The obtained results 


e Step 4. The outputs are decided as follows: The outputs of P.,P,,P,,P,, and P, are La-I, La- 


Ph 2 BC ay 5 


IL, La-I, La-I, and La-II, respectively. These decisions and the last column of Table 1 are the same. 


4.3. Experiment 


In this part, we test the proposed method on the ILPD dataset on Matlab programming with the 
evaluation criteria on accuracy is Mean Absolute Error (MAE) and the speed of the algorithms is 
measured in seconds (sec). Also on this data, Ngan et al. [8] tested 14 other diagnostic methods, 
denoted by M,,,,, M M M M VA gg Vg IME ey Neg Mg 9 MI og VL 


SK1-3/ 
M-opm, and M based on the considered intuitionistic fuzzy distance measures (see Table 4). 


SK1-2/7 SK1-4/ SK2/ SA’ H—max ’ 


P-QDM ’ 


Table 4. MAEs and Sec of the considered methods on the ILPD dataset. 


Methods MAE Sec 
eee 0.3195 0.6177 
Mioaels 0.3158 0.4427 
Mis 0.3316 0.4827 
Mei a 0.2918 0.4602 
Mi 0.2902 0.6527 
Myx 0.3227 0.4427 
My 0.2893 0.5552 
M,, 0.3096 0.5602 
M,, 0.2915 0.8452 
M, 0.289 1.2077 
NA 0.3031 0.8102 

Mis os 0.2848 0.51 
Moni 0.2836 0.155 
ME soi 0.2831 0.469 
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H-BN 0.2729 0.559770 


In Table 4, it can be observed that the MAE value of the proposed method (H-BN), which is 
0.2729, is less (better) than those of the other algorithms on the ILPD datasets. Figure 2 shows the 
MAE values of the considered methods on the ILPD dataset, where the heights of the vertical bars 
present the MAE values of the corresponding algorithms. The heights of the H-BN method (green 
bars) are lower than those of the remaining bars, that means, it is the best algorithm in terms of 
accuracy of the considered algorithms on the ILPD dataset. We note that the computation time of our 
algorithms is very close to the computation time of the other methods. 


0.35 
0.3 
0:25 
0.2 
0.15 
0.1 
0.05 
0 
ee” gm wr S ys ee CNS SF 


Figure 2. MAEs of the considered methods on the ILPD dataset. 


5. Conclusions 


In this paper, based on the H-max distance measure on IFSs and SVNSs, a new distance measure 
on BNSs is introduced to overcome the limitations of the related measures by including cross- 
evaluations and satisfying the condition of inference of a distance measure. Furthermore, a bipolar 
neutrosophic entropy measure and its basic properties are presented and proven. In addition, an 
application to medical diagnosis is shown to illustrate the effective applicability of the measures. 
There, the proposed diagnostic method called H-BN, a numerical example and real experiment are 
clarified in detail. In the future, we will test the proposed diagnostic method on other real datasets 
taken from UCI. Furthermore, we will develop the distance measure for interval-valued bipolar 
neutrosophic sets. 


Funding: This research received no external funding. 


Conflicts of Interest: The authors declare no conflict of interest. 


Appendix 


Source code and dataset of this paper can be found at this link: 


https://sourceforge.net/projects/hbn-datasets-code/. 
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Abstract. In 2018, the study of neutrosophic triplet cosets and neutrosophic triplet quotient group of a neutro- 
sophic extended triplet group was initiated with a follow up of the establishment of fundamental homomorphism 
theorems for neutrosophic extended triplet group. But some lapses in these earlier results were identified and 
revised through the introduction of special kind of weak commutative neutrosophic extended triplet group 
(WCNETG) called perfect neutrosophic extended triplet group. Furthermore, neutro-homomorphism basic 
theorem has been established for commutative neutrosophic extended triplet group. In this current work, the 
generalization and extention of the above results was done by investigating neutro-homomorphism in singular 
WCNETG. This was achieved with the introduction and study of some new types of NT-subgroups that are 
right (left) cancellative, semi-strong, and maximally normal in a singular WCNETG. For any given non-empty 
subset S and NT-subgroup H of a singular WCNETG X, some of these new NT-subgroups were shown to exist 
as non-empty neutrosophic triplet normalizer, generated subset and centralizer of S, closure of H, derived subset 
of X and center of X. With these, the first, second and third neutro-isomorphism and neutro-correspondence 
theorems were established. This finally led to the proof of the neutro-Zassenhaus Lemma (Neutro-Butterfly 


Theorem). 
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1. Introduction 


. After the emergence of generalized group (completely simple semigroup), which is an alge- 
braic structure with deep physical background in the unified guage theory and also has direct 
relation with isotopies (Adeniran et al. [2}), some other algebraic structures which general- 
ize generalized groups have evolved and have been studied alongside with their applications. 
Among these are neutrosophic triplet group (NTG); Smarandache and Ali and Jaiyéola 
and Smarandache (12), neutrosophic extended triplet group (NETG); Zhang et al. [10], neu- 
trosophic triplet loop (NTL); Jaiyéola and Smarandache [3], Quasi neutrosophic triplet loops; 
Zhang et al. [3], Jaiyéola and generalized neutrosophic extended triplet group; Ma et 
al. . A summary account of these past efforts was compiled and reported by Smarandache 
et al. [15]. 

Smarandache and Ali |7| introduced neutrosophic triplets in 2016 while Smarandache 
introduced neutrosophic extended triplets in between 2016 and 2017. The studies of neutro- 
sophic extended triplet group and neutrosophic extended triplet loop became more fascinating 
with the recent studies of Abel-Grassmann neutrosophic triplet group (loop) and Bol-Moufang 
types of quasi neutrosophic triplet loops (Fenyves BCI-algebras) by Zhang et al. [20], Wu and 
Zhang and Jaiyéola (12/13). The captivating discoveries in these studies are the facts that: 


(1) a groupoid is a neutrosophic extended triplet group if and only if it is a completely 
regular semigroup; 

(2) a groupoid is a weak commutative neutrosophic extended triplet group if and only if 
it is a Clifford semigroup (a type of completely regular semigroup); 


(3) there are 540 varieties of Bol-Moufang type quasi neutrosophic triplet loops. 


These discoveries established that: the theory of neutrosophic extended triplet group is asso- 
ciated with the theory of semigroup, the theory of weak commutative neutrosophic extended 
triplet group is associated with the theory of clifford semigroup and the theory of quasi neu- 
trosophic triplet loops is expansive. Shalla and Olgun (5}|6) studied neutrosophic extended 
triplet group action and the Burnside’s lemma, and their direct and Semi-direct products. 
We now switch to the definition of a neutrosophic extended triplet group and related struc- 


tures. 


Definition 1.1. (Neutrosophic Extended Triplet Set-NETS) 
Let X be a set together with a binary operation * defined on it. Then, X is called a 
neutrosophic extended triplet set if for any x € X, there exist a neutral of ‘x’ denoted by 


neut(x) and an opposite of ‘x’ denoted by anti(x), with neut(x), anti(x) € X such that: 


xx neut(x) =neut(r4)*x=a2 and xx anti(x) = anti(x) * x = neut(z). 


T. G. Jaiyéola, K. A. Olurdédé and B. Osoba, Some Neutrosophic Triplet Subgroup 
Properties and Homomorphism Theorems in Singular Weak Commutative Neutrosophic 
Extended Triplet Group 


Neutrosophic Sets and Systems, Vol. 45, 2021 461 


The elements x, neut(x) and anti(x) are collectively referred to as neutrosophic triplet, and 


denote by (x, neut(x), anti(x)). 


Remark 1.2. Ina NETS X, for any x € X, each of neut(x) and anti(a) may not be unique. 
This is because, in a neutrosophic triplet set (X,*), an element y (resp. z) is the second 
(resp. third) component of a neutrosophic triplet if there exist 1,z € X (x,y € X) such that 


exy=y*xx=xandrxz=z*x=y. Thus, (2,y,z) is the neutrosophic triplet. 


Definition 1.3. (Neutrosophic Extended Triplet Group-NETG) 

Let (X,*) be a neutrosophic extended triplet set. Then, (X,*) is called a neutrosophic 
extended triplet group if (X,*) is a semigroup. If in addition, (X, *) obeys the commutativity 
law, then (X,*) is called a commutative extended neutrosophic triplet group (CNETG). 


Remark 1.4. Ina NETG X, it was shown by Zhang et al. (9| that neut(«) is unique for each 
x € X. But, the same is not necessarily true for anti(x). Thus, the set of opposites for « € X 


is usually denoted by {anti(x)}. 


Definition 1.5. (Weak Commutative Neutrosophic Extended Triplet Group-WCNETG, Def- 
inition 4, Zhang et al. [9]; Singular NETG, Definition 6, Zhang et al. [10}) 
Let (X,*) be a neutrosophic extended triplet group. (X,*) is called a weak commutative 
neutrosophic extended triplet group (WCNETG) if a * neut(b) = neut(b) « a for all a,beE X. 
A NETG is said to be singular if |{anti(x)}| = 1 for all « € X. 


Definition 1.6. (Neutrosophic Triplet Subgroup or NT-Subgroup) 

Let (X,*) be a neutrosophic extended triplet group and let H C X. H is called a neutro- 
sophic triplet subgroup (NTSG) of X if (H,*) is a neutrosophic extended triplet group and 
this is expressed as H < X. Furthermore, for any fixed x € X, H is called z-normal NTSG of 
X, written H <, X if ry anti(x) € A for all y € H. 


Lemma 1.7. (Proposition 2, Zhang et al. [20)) 
Let (X,*) be a neutrosophic triplet group and let H C X. H is a neutrosophic triplet 
subgroup of X if and only if the following conditions are true. 
(1) (H,*) is a groupoid; 
(2) anti(x) € A for alla € H. 


We now state some important results on singular NETG and WCNETG which are of im- 


portance to this work. 


Theorem 1.8. (Proposition 2, 3, Zhang et al. [9 
Let (X,*) be a NETG. Then (X,*) is a WCNETG if and only the following conditions are 
true. 
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(1) neut(a) * neut(y) = neut(y) * neut(x) for alla,y EX. 
(2) neut(x) * neut(y) *x =axx*neut(y) for all x,y EX. 


Hence, neut(x) * neut(y) = neut(y * x) and anti(x) * anti(y) € {anti(y * x)} for allz,yEeX. 


Theorem 1.9. (Theorem 6, Zhang et al. [10j) 
Let (X,*) be a singular NETG. Then 


(1) neut(x) * anti(a) = anti(x) * neut(x) = anti(x) for alla € X. 
(2) anti(neut(x)) = neut(x) for alla € X. 

(3) anti(anti(x)) =a for allxe X. 

(4) neut(anti(x)) = neut(x) for alla € X. 


Hence, neut(x) « neut(y) = neut(y * x) and anti(x) « anti(y) € {anti(y * x)} for allaz,yeX. 


Here are two methods of constructing a WCNETG as recently described. These new con- 
structions will be of judicious use for illustrations and as examples in order to justify some of 


the results in this study. 


Theorem 1.10. (First WCNETG, Zhang et al. [20)) 
Let (G1, *1) and (G2, *2) be two groups, with identity elements e, and eg respectively, such 


that Gy G2 =. Let G= G, UG», and define the binary operation * on G as follows: 


x*y, x,yeG; 
x*oy, if x,y € Go; 
x, fx Ee Gi, y € Go; 
Y, fx eGo, yEG 


LY = 


Then, (G,*) is a WCNETG. 


Theorem 1.11. (Second WCNETG, Zhang et al. [20)) 
Let (G1, *1) and (G2, *2) be two groups, with identity elements e, and eg respectively, such 


that Gy Gp =. Let G= G1 UG», and define the binary operation * on G as follows: 


cx,y, ifxr,yeG; 
xrx2y, if x,y © Go; 
Y, ifxe€ Gy, y € Go; 
x, ifx eGo, ye Gy 


v*Ky= 


Then, (G,*) is a WCNETG. 


Remark 1.12. For easy reference, the WCNETG in Theorem and WCNETG in Theo- 
rem for any chosen pairs of groups will be called first WCNETG and second WCNETG 
respectively. It must be noted that both are singular WCNETGs. 
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TABLE 
3. First 
WCNETG 
™ (G, x) of 
‘ABLE 
(Gi, *1) and 
TABLE 2. Group (Go, *2) 
25 *2 
1. Group (Go, *2) 
(Gi, *1) elelfa c/1/2/3)4/5]/6 
elela clelfe/lelelelle 
*, |e} a c 1 }/1/2/3/4]/5)/6 
alalelc|blalalala/jala 
e j/ela Cc 2 1/2/1/6/5) 4/3 
blb|c}le]la}]b]b]b/b)b]/ b 
a jale|c|b 3./3/5}/1/6] 2) 4 
clce}|blafe/|c}|c}{[c|\clelle 
b | b/clejsa 4 /4/6])/5/1/3/2 
ljejalbic]1/2/3/4/5/6 
c |e}|blale 5 15)/3}4/2]/ 6)1 
2ilelalbi/ce/2/1}/6/5/4]/3 
6 16/4/2}3]1)5 
38lelfalb/c/3/5}/1/6|2] 4 
4tejla}/b\/c}]4/6]/5]1]3]/ 2 
5lefalbj/e/5}3}4/2]/6] 1 
6lefalb/ce|6}4})2})3]1] 5 


Using the groups (Gi, *1) and (G2, *2) with multiplication Table|1] and Table |2| Zhang et 
al. constructed a WCNETG (G,*) with multiplication Table [3] 

Bal et al. initated the study of neutrosophic triplet cosets and neutrosophic triplet 
quotient group of a neutrosophic extended triplet group. This work was then followed up with 
the establishment of fundamental homomorphism theorems for neutrosophic extended triplet 
group by Celik et al. (23). But, Zhang et al. identified some lapses in these earlier articles 
and revised the results in question by introducing special kind of WCNETG called perfect 
NETG. On the other hand, Jaiyéola and Smarandache also established an homomorphism 
for NETG which they jointly revised with some other authors in Zhang et al. based on some 
observations in Zhang et al. (9}. By using a neutrosophic triplet subgroup of a commutative 
neutrosophic triplet group, Zhang et al. established a new congruence relation, and then 
constructed the quotient structure induced by neutrosophic triplet subgroup to establish the 
neutro-homomorphism basic theorem. 

. The aim of this current work is to generalize and extend the results in Zhang et al. 
by investigating neutro-homomorphism in singular WCNETG. This will be done with the 
introduction and study of some new types of NT-subgroups that are right (left) cancellative, 
semi-strong, and maximally normal in a singular WCNETG. For any given non-empty subset 
S and NT-subgroup H of a singular WCNETG X, some of these new NT-subgroups are shown 
to exist as non-empty neutrosophic triplet normalizer, generated subset and centralizer of S, 
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closure of H, derived subset of X and center of X. With these, the first, second and third 
neutro-isomorphism and neutro-correspondence theorems are established. And finally, the 


neutro-Zassenhaus Lemma is established. 


2. Main Results 
2.1. Some new results on first and second WCNETGs 


In this subsection, we shall discuss some results associated with the first and second WC- 
NETGs, introduced in Theorem and Theorem|1.11} which shall be found useful as exam- 


ples for illustrations in latter subsections. 


Lemma 2.1. Let (G,*) be the WCNETG of the groups (G1, *1,e1) and (G2, *2,e2) in The- 
orem or Theorem Let hi : Gi > Gi, 1 = 1,2 be mappings and leth: G > G be 
defined as 


ho(x), ifxEe Ge 
(1) If hi, « = 1,2, are endomorphisms of (Gj,*i,e;), i = 1,2, then h is an neutro- 


h(x) = hi(x), ifxEe Gi; 


endomorphism of (G,*). 

(2) h is a neuto-monomorphism (neutro-epimorphism) of (G,*) if and only if hi, i= 1,2 
are monomorphisms (epimorphisms) of (Gi, *i,e:), t= 1,2. 

(3) h is a neuto-automorphism of (G,*) if and only if hy, i = 1,2 are automorphisms of 
(Gi.%n 22); 4 = 1,2. 


Proof. This is easy. 


Lemma 2.2. Let (G,*) and (G,o) be the WCNETGs of the pair of groups (G1,*1) and 
(G2, *2), and pair of groups (G1, °1) and (G2, 2) respectively in Theorem|1.10| or Theorem|1.11} 
Let hi: Gi; > Gj, i= 1,2 be mappings and leth: G— G be defined as 
h(z) = baie aay 
ho(x), ifr eGo 
(1) If hi, t= 1,2, are homomorphisms of (Gi, *i), 1 = 1,2 to (Gi, oi), i= 1,2, then h is 
a neutro-homomorphism of (G,*) to (G,o). 
(2) h is a neuto-monomorphism (neutro-epimorphism) of (G,*) to (G,o) if and only if 
hj, 1 = 1,2 are monomorphisms (epimorphisms) of (Gi, *i), 1 = 1,2 to (Gi,o;), i = 
1,2. 
(3) h is a neuto-isomorphism of (G,*) to (G,o) if and only if hj, i = 1,2 are isomorphisms 
of (Gi.%)5-4 = 1,2 fe (G;,%;), += 1,2. 
(4) ker h = ker hi Uker hg and Im(h) = Im(h1) U Im(h2). 
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Proof. The proof of this is a generalization of the proof of Lemma 2.1] 


2.2. Some new subgroupoids and NT-subgroups of a WCNETG 


We shall now introduce some new N'T-subgroups of a NETG and study them in singular 


WCNETG. 


Definition 2.3. (Neutrosophic Triplet (Lormalizer, Mormalizer, Normalizer)-NTL, NTM, 


NTN) 
Let X be a NETG and let 9A SCX. 


(1) The neutrosophic triplet lormalizer (NTL) of S in X is the set defined as L(S) = {x € 


Ales antile) = 3}. 
(2) The neutrosophic triplet mormalizer (NTM) of S in X is the set defined as M(S) = 


{x € X|neut(x) S = S}. 
(3) The neutrosophic triplet normalizer (NTN) of S in X is the set defined as N(S) = 


L(8)n M(S). 


Lemma 2.4. Let X be a singular WCNETG andQ@ AS CX. 
(1) If L(S) #9, then L(S) is a subgroupoid of X. 
(2) If L(S) £0, then for any x € L(S), neut(x) € L(S) = anti(x) € L(S) = neut(x) S = 
S. 
(3) If M(S) £0, then M(S) is a NT-subgroup of X. 


Proof. 
(1) Let z,y € L(S). Then, 
(xy)S' anti(xy) = (xy)S anti(y)anti(x) = «(yS' anti(y)) anti(x) = «S anti(x) = 8. 
So, zy € L(S). 
(2) neut(x)S anti(neut(x)) = neut(x)S neut(x) = neut(x)neut(x)S = neut(«)S while 
anti(x)S anti(anti(x)) = anti(x)xS' anti(x)anti(anti(x)) = neut(x)S neut(anti(x)) 


= neut(x)neut(anti(x))S = neut(anti(x)x)S = neut(neut(x))S = neut(x)S. 


By these two arguments, neut(x) € L(S) = anti(x) € L(S) & neut(x) S = S. 
Let x,y € M(S). Then, neut(ry)S = neut(y)neut(x)S = neut(y)S = S > ry € 
M(S). If z € M(S), then neut(anti(x))S = neut(x)S = S. So, going by Lemma|1.7], 


— 
w 
ma 


M(S) is a NT-subgroup of X. 
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Example 2.5. In the singular WCNETG (G, *) represented by Table [3| let S = Go = {e, 1}. 
Then, L(Go) = {1,2,3,4,5,6} = Gy and (G2, *) is a subgroupoid of (G,*). Furthermore, 
M(Go) = {1, 2,3, 4,5,6} = G2 and (G2, *) is a NT-subgroup of (G, *). 


Theorem 2.6. Let H and K be NT-subgroups of a singular WCNETG X. Then, HK is a 
NT-subgroup of X if and only if HK = KH. 


Proof. Let HK = KA and let a,b € HK. Then, a = hyky,b = hake for some hy, hg € H and 
ki,ko € K. So, ab = hikihokg = hihzk3k2 = hakg © HK where h3k3 = kihe. Let a = hk, 
then, anti(a) = anti(hk) = anti(k)anti(h) = k’h' = h"k" € HK. So, HK is a NT-subgroup 
of X going by Lemma|1.7| 

Conversely, let HK be a NT-subgroup of X and let a € KH. Then, a = kh for some k € K 
and h € H. So, anti(a) = anti(kh) = anti(h)anti(k) = h'k’ ¢ HK => KH C HK. Let 
b € HK, then anti(b) € HK. Thus, anti(b) = hk, h € H,k € K, and so b = anti(anti(b)) = 
anti(hk) = anti(k)anti(h) =k’h' € KH > HK CKH... HK =KH. 


Example 2.7. Consider the singular WCNETG (G, *) represented by Table [3] 

(1) (G1, *1) and (Go, *2) are groups represented by Tableland Table|2|respectively. Hence, 
they are NT-subgroups (G1, *) and (G2, *) of (G,*). Now, take H = G; and K = G2, 
then GyG2g = Gy = G2G}, and hence, Theorem [2.6] is true. 

(2) Go = {e,1} is a NT-subgroup but not a subgroup of G. Now, take H = Gop and 
K = Gj), then GoG1 = G, = G1G5, and hence, Theorem [2.6] is true. 

(3) G§ = {e,1,2,3,4,5,6} is a NT-subgroup but not a subgroup of G. Now, take H = Go 
and K = Gg, then GoG2z = G5 = G2Go, and hence, Theorem [2.6] is true. 


Theorem 2.8. Let X be a singular WCNETG, 04S C X and H a NT-subgroup of X. 
(1) If N(S) 40, then N(S) is a NT-subgroup of X. 
(2) N(Af) is the largest NT-subgroup of X in which H is a x-normal NT-subgroup. 
(3) If K is a NT-subgroup of N(H), then H <, HK. 


Proof. 

(1) N(S) 40 <= L(S), M(S) £0. Since N(S) = L(S)N M(S), then the fact that N(S) is 
a NT-subgroup of X follows from Lemma|2.4] 

(2) Let H be a NT-subgroup of X. Then, hH anti(h) = H for allh € H. Thus, H C N(#) 
and H is a NT-subgroup of N(#). By definition, cH anti(x) = H for all x € N(#). 
Hence, H <,, N(H). Let K be an arbitrary NT-subgroup of X such that H <, K. 
Then, kH anti(k) = H for all k € K, which implies that K C N(H). Thus, N(#) is 
the largest NT-subgroup of X in which H is a x-normal NT-subgroup. 
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(3) Let kK be a NT-subgroup of N(#H), then for all k €¢ K, kH anti(k) = H. Hence, 
kA anti(k)k = Hk > kA neut(k) = Hk > k neut(k)H = Hk > kH = Hk > HK 
KH. Hence, by Theorem [2.6| KH is a NT-subgroup of N(#H) and H Cc KH (since 
neut(k) H =H, k © K C M(A)). Consequently, H <a, HK. 


Example 2.9. By Example with S = Go = {e,1}, N(Go) = L(Go)N M(Go) = 
{1,2,3,4,5,6} = Gy and (G2, *) is a NT-subgroup of (G, *). 


Definition 2.10. (Normal Neutrosophic Triplet Subgroup) 

Let X be a NETG and let N be a NT-subgroup of X. Let neut(x)N = N for all x € X, 
then N is said to be a normal NT-subgroup of X if «N anti(x) C N and this represented by 
NX. 


Lemma 2.11. Let X be a singular WCNETG, 04S CX. If <S > is generated by S in X, 
1.€. 


n 
<S>= {[] == stat | 2; € S or anti(a;) € S, 1 sisal, 
i=l 
then < S > is a NT-subgroup of X which contains S. 


Proof. S C<.8 >. So,< S>7 0. If a, €< S >, then a= [J], 7 and b= ||, 1%. So, 


ab = ESE E< S> and anti(a) = anti( T]-) — ] [ enti (@m—is1) E< S> 
i=l 


i=1 i=l i=l 
Let Y be any NT-subgroup of X containing S; then for all x € S, x € Y. So, anti(x) € Y, 
and Y contains all finite product []}_, 7; such that x; € S or anti(x;) € S,1<i<n. Hence, 


<S>cy. 


Theorem 2.12. Let X be a singular WCNETG and N a be NT-subgroup of X. If neut(x)N = 
N for allx € X, then the following are equivalent: 

(1) NaXx. 

(2) <N anti(x) = N for allxe X. 

(8) cN = Nz for allxe X. 

(4) «NyN = (ay)N for all z,yE xX. 


Proof. 


1>2: Let N a X and « € X. Then, cN anti(x) C N. Since anti(x) € X, then 
anti(x)N anti(anti(z)) C N => anti(x)N x C N. Now, a(anti(x)N x)anti(x) = 
(xz anti(a))N(ax anti(x)) = neut(z)N neut(xz) = N neut(x) = neut(z)N = N. So, 
N = a2(anti(x)N x)anti(x) C tN anti(x) > N CaN anti(x). Hence, <N anti(x) = 
N. 


T. G. Jaiyéola, K. A. Olurédé and B. Osoba, Some Neutrosophic Triplet Subgroup 
Properties and Homomorphism Theorems in Singular Weak Commutative Neutrosophic 
Extended Triplet Group 


Neutrosophic Sets and Systems, Vol. 45, 2021 468 


2=>3: £N anti(z) = N => Na = (aN anti(z))z& = 2N anti(z)z = aN neut(r) = 2N > 
Nz=caN. 

3>4: cNyN = 2(Ny)N = 2(yN)N = (ry)NN. Now, NN CN since N is a groupoid. 
On the other hand, N = e(n)N C NN for some n € N. Hence, NN = N. .. eNyN = 
(xy) N. 

4=>1: cN anti(x) = tN neut(n)anti(z) = «N anti(x)neut(n) C «N anti(x4)N = 
(x anti(x))N = neut(x)N = N=>N anti(x) CNSNAX. 


Remark 2.13. Note that neut(x) € N for all x © X = neut(x)N C N but the con- 
verse is not necessarily true. For example, in the first WNCETG of Table |3} neut(7)Gy = 
neut(x){e, a,b,c} = Gy, but neut(x) ¢ G; for all x € Go. 


Definition 2.14. (Closure of a set) 
Let X be a NETG and @ 4 S C X and Y < X. The closure of S in H will be defined by 
Cly(S) = {x € H|xzS = S}. If H = X, then this will simply be expressed as C1(S). 


Lemma 2.15. Let X be a singular WCNETG and H a NT-subgroup of X. Then 
(1) Cl(H) #0 and Cl(H) is a NT-subgroup of X. 
(2) Cl(A) is a NT-subgroup of N(H). 


Proof. 
(1) Cl(H) 40 -- HC Cl(A). Let x,y € Cl(A), then (xy)H = c(yH) = cH =H => 
sy € Cl(f). 

Let x € Cl(H), then cH = H = (neut(z)z)H = H = neut(z)(cH) = H => 
neut(x)H = H => neut(x) € Cl(H). Furthermore, neut(«)H = H => (anti(x)x)H = 
H => anti(x)(cH) = H = anti(xz)H = H = anti(x) € Cl(H) and so, Cl(A) is a 

NT-subgroup of X. 
(2) Let x € Cl(#), then by (1), neut(x)H = H. More so, H = neut(x)H = H neut(x) = 
Hx anti(x) = H anti(x) => H = A anti(x). Thence, rH anti(x) = H anti(x) = H. 
.. Cl(H) is a NT-subgroup of N(#). 


Example 2.16. For the singular WCNETG (G, *) in Table [3] Go = {e, 1} < G, even though 
Go is not a subgroup in (G,*). Cl(Go) = {1} < G. Furthermore, by Example with 
H = Go = {e,1}, N(Go) = L(Go) N M(Go) = {1,2,3,4,5,6} = Go and (Go, *) is a NT- 
subgroup of (G,*). So, Cl(Go) < (Go, *). 


Definition 2.17. Let X be a NETG. 
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(1) fOAS CX, the set Cx(S) = {a € X|xs = sx V s € S} will be called the centralizer 
of Sin X. 

(2) The set Z7(X) = {x € X|xy = yx V y € X} will be called the center X. 

(3) Let Y < X. Then, Y is called a complete NT-subgroup of X if neut(g)y € Y for all 
gE xX andyeyY. 


Lemma 2.18. Let X be a singular WCNETG. 

(1) For anyO 4S CX, Cx(S) £0 and Cx(S) is a complete NT-subgroup of X for which 
neut(g) € Cx(S) for all g € X. Furthermore, neut(g) € Cl(Cx(S)) if and only if 
Cx(S) C neut(g)Cx(S) for allg EX. 

(2) Cx(X) = Z(X) aX & Z(X) C neut(g)Z(X) for allg € X. 


Proof. 
(1) Consider neut(g) € X, for any g € X. Observe that neut(g)s = s neut(g) for all 
s € S implies that neut(g) € Cx(S) for any g € X. So, Cx(S) 4 @. Furthermore, 
neut(g)Cx(S) C Cx(S) for any g € X. So, neut(g) € Cl(Cx(S)) = Cx(S) C 
neut(g)Cx(S) for all g € X. 
Let x,y € Cx(S), then xs = sx and ys = sy for all s € S. 


(xy)s = x(ys) = x(sy) = (ws)y = (sx)y = s(xy) > xy € Cx(S). 
anti(x)s = anti(x)neut(anti(x))s = anti(x)neut(x)s = anti(x)s neut(x) = 
anti(x)sx anti(x) = anti(x)xs anti(x) = neut(x)s anti(x) = s neut(x)anti(x) = 
s neut(x)anti(x) > anti(x) € Cx(S). 


So, Cx(S) is a complete NT-subgroup of X. 

(2) Cx(X) = {x € X|zg = gu Vg € X} = ZX). Let x € Z(X) and g € X, then 
gz anti(g) = xg anti(g) = x neut(x) € Z(X). So, Cx(X) = Z(X) a XS ZX) C 
neut(g)Z(X) based on 1. 


Example 2.19. Consider the singular WCNETG (G, *) represented by Table[3| 

(1) Let S = Go = {e,1} < G. Ce(Go) = G < G and so, neut(g) € Ce(Go) for all g € G. 
Cl(Cg(Go)) = Cl(G) = G2 < G. Observe that neut(g) € Cl(Cg(Go)) for some g € G 
and so, neut(g) € Cl(Cg(Go)) for all g E G. 

(2) Furthermore, Z(G) = {1} UG, < G, Now, xZ(G) anti(x) C Z(G) for all « € G. 
For all  € Go, note that neut(x)Z(G) = 1- Z(G) = Z(G) but for all x € Gi, 
neut(x)Z(G) = e- Z(G) C Z(G). So, neut(x)Z(G) #4 Z(G) for all  € G. Hence, 
Z(G) AG. 
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(3) Given any group G with subgroup H and normal subgroup K, G is a WCNETG with 
complete NT-subgroup H and normal NT-subgroup K. 


Definition 2.20. Let X be a NETG. 
(1) If neut(a)b = neut(a)c implies that b = c for all a,b € X, then X is said to be 


neutro-left cancellative. 

(2) If b neut(a) = c neut(a) implies that b = c for all a,b € X, then X is said to be 
neutro-right cancellative. 

(3) Let H be a NT-subgroup of X. H is said to be right self cancellative in X if rH = H 
implies x € H for all x € X. This will sometimes be represented as H <ygc X. 

(4) Let H be a NT-subgroup of X. H is said to be left self cancellative in X if Hx = H 
implies x € H for all x € X. This will sometimes be represented as H <j X. 

(5) Let H be a NT-subgroup of X. H is said to be a semi-strong NT-subgroup of X if 
neut(x) € H for all x € X. This will sometimes be represented as H <,. X. 

(6) For Y,Z < X, Y will be said to be Z-neutro-solvable in X if for any x € X andy € Y, 
neut(x)yE ZSyeE Z. 


Remark 2.21. In a WCNETG, neutro-left cancellation and neutro-right cancellation are 
equivalent. In a NETG, left self cancellation and right self cancellation are equivalent for any 
given normal NT-subgroup. The use of ’semi-strong’ in Definition [2.20] is based on the use of 
’strong’ in Definition 5 of [9]. 


Example 2.22. Consider the singular WCNETG (G, *) represented by Table[3| 


(1) Based on Table [1] representing (G1, *1), (Gi, *) is a subgroup (hence, NT-subgroup)of 
(G,*) but Gi Lise G because rG) = G, #A x EG, for all x € G. Similarly, Gi Lise G. 
On the hand, based on Table |2| representing (G2, *2), (G2,*) is a subgroup (hence, 
NT-subgroup) of (G,*). Whereas, G2 <rse G and G2 <is- G. These difference between 
G and G2 shows that the notions of right self cancellation and left self cancellation 
NT-subgroup is peculiar in NETG and not trivial from the point of view classical 
group. This is because, even though, Go = {e,1} is not a subgroup of G, it is right 
self cancellative and left self cancellative. 

(2) G, and G» are subgroups (hence, NT-subgroup) of (G,*), but they are not semi- 
strong NT-subgroup of G because neut(x) ¢ G, for all x € Go and neut(x) ¢ Go for 
all x € G,. Thus, the concept semi-strong NT-subgroup is peculiar in NETG and not 
trivial from the point of view classical group. This is because, even though Go = {e, 1} 
is not a subgroup of G, it is a semi-strong NT-subgroup of G. In addition, despite the 
fact that G{ = {1} UG, and G§ = {e} UG» are not subgroups of G, Gi <,, G and 
eee! 
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(3) Since G2 <rsc G, then it can be observed that Cl(G2) = Go. 
(4) We shall now see that the notion of ’neutro solvability’ in NETG is not subgroup biased 
as the case is in classical groups. 
(a) Even though Go = {e, 1} is a NT-subgroup of X and not a subgroup of X, it is 
both G§-neutro solvable and G}-neutro solvable in G. 
(b) G, and G2 are subgroups of G: Gy is not G,-neutro solvable in X, but Gj is 
Go-neutro solvable in G. 
(c) Gt and G§ are not subgroups of G: G§ is not G}-neutro solvable in G, but G} is 


G-neutro solvable in G. 


Lemma 2.23. Let X be a NETG such that Y,Z < X. 
(1) Y <rse X if and only if CUY) CY. 
(2) CUY)NCUZ) CCIY NZ) eaYNaeZ=2(Y NZ) for allae X. 
(3) Let X be a singular NETG. If any of the following is true: 
(a) Y is Z-neutro-solvable in X and Z <a X or Z <5, X or neut(x) € Cl(Z) for all 
rex; 
(b) Z is Y-neutro-solvable in X and Y < X or Y <s, X or neut(x) € CU(Y) for all 
rE xX; 
then, sY NaZ=2(Y NZ) for alla e X and CUY)NCUZ) CCUY NZ). 


Proof. 


(1) Let Y <yge X, then for any x € X,Y = Y >aeY. Let x € Cl(Y), then 
gY=a=Yoore Y. So, Gly) cy: 
Conversely, let x € Cl(Y), then xY = Y. Since Cl(Y) CY, then, x € Y. Thus, for 
any EX, cY =Y>xEClKY)>a2€Y. Thence, Cl(Y) CY. 
If CUY)NCUZ) C ClYY NZ), then x € CLYY)NCI(Z) > « € CLIYY NZ). So, 
zeEClY)sa2Y =Y andre Cl(Z)>22Z=Z forallxe X andc(YNZ)=YNnZ 
for alla € X. Thus, c(YNZ)=YNZ=2cYNaeZ=YNZ forallce x. 
Conversely, let rY¥NxZ = x(YNZ) for alla € X, thenz € CUYY)NCI(Z) > YnaZ = 
YZ for all x € X will give c(Y NZ) =YOZ foralece X >xEeClYnNZ). 
Therefore, CI(Y) N CUZ) C CLUY NZ). 
(3) The proof of 2(Y NZ) C £Y N xZ is routine while the proof of sY Nx#Z C «(YN Z) 


— 
i) 
ar 


requires the conditions in (a) or (b). The last part follows from 2. 


Example 2.24. 
(1) As mentioned in Example [2.22] Go = {1,e} <rse X and Cl(Go) = {1} C Go. 
(2) Cl(G§) = Gz and Cl(G}) = {1}, so Cl(G}) AN CU(G$) = {1} = Cl(Go) = CLU(G}.N G§). 
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(3) By Example [2.22(2)(4): Go = {e, 1} is both G§-neutro solvable and Gt-neutro solvable 
in G, and, G} <s. G and G§ <s. G. So, rY NavZ = x(Y NZ) for all x € X and 
CUY)N CUZ) C Cl(Y A Z) for the pairings: Y = Go and Z = Gt; Y = Go and 
Z=G%. 


2.3. Neutrosophic Triplet Group Homomorphism 


Let X and Y be NETGs and let 6: X > Y. Then, ¢ is called a neutro-homomorphism 
if d(xy) = o(x)d(y) for all x,y € X. If a neutro-homomorphism is a mono (epi), then , 
it is called a neutro-monomorphism (neutro-epimorphism). If a neutro-homomorphism is a 
bijection, then , it is called a neutro-isomorphism. In such a case, X and Y are said to be 


neutro-isomorphic (or simply isomorphic) and this will be written as X = Y. 
ker d = {x € X|¢(x) = neut(y) for some y € Y} and Im(¢) = {y € Y|¢(x) = y for some x € X}. 


Theorem 2.25. Let X be a singular WCNETG and N < X. Then 

(1) X/N = {xN|x € X} is a group. 

(2) The mapping 6: X > X/N t x 2N is a neutro-epimorphism. 

(3) Let NT(X) and NT(X/N) represent the set of all NTs of X and X/N respectively, 
1.€. 

NT(X) = {(a, neut(x), anti(x)) | ce X} and 
NT(X/N) = {(aN,neut(2N), anti(zN)) | cN € X/N}. 

Then, there exists a binary operation © on NT(X) and NT(X/N), and a mapping 
a: NT(X)—> NT(X/N) such that 
(a) NT(X) is a singular WCNETG and NT(X/N) is a group. 
(b) a is a neutro-epimorphism if X/N is an abelian group. 


(4) ker ¢ = C1(N) and 
ker a = (CUN), neut(CU(N)), anti(CUN)) ) = (ker d,neut(ker 4), anti(ker 4) ). 


Proof. 


(1) Closure: By Theorem 4), cNyN = (ay)N for all x,y € X. 

Associativity: By repeated use of Theorem [2-12{4), (cNyN)zN = aN(yNzN) for 
all x,y,z EX. 

Identity: Let neut(zN) = neut(x)N = N. Then, neut(zN)xN = neut(x)NaN = 
(neut(x)x)N =a2N and tN neut(zN) =2N neut(x)N = (x neut(x))N = aN. 

Inverse: Let anti(xN) = anti(x)N. Then, anti(azN)aN = anti(z)N«N = 
(anti(x)z)N = neut(xz)N = N and «N anti(cN) = £N anti(x)N = 
(x anti(x))N = neut(x)N = N. 
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., X/N is a group. 
(2) By definition, ¢ is onto and for all z,y € X, o(xy) = (ay)N = cNyN = (2) O(y). 
Thus, ¢ is a neutro-epimorphism. 
(3) Define © on NT(X) as follows: 


(x, neut(x), anti(x)) © (y, neut(y), anti(y)) = (vy, neut(y)neut(x), anti(y)anti(z)). 


Closure: (x, neut(«), anti(x)) © (y,neut(y), anti(y)) = (ay, neut(xy), anti(xy)) € 
NT(X). 


Neutral and Opposite: Define the neutral of (x, neut(x), anti(x)) as follows: 
neut(x, neut(x), anti(x)) = (neut(x),neut(x), neut(x)). Then 
neut(x, neut(x), anti(x)) = (neut(«), neut(neut(x)), anti(neut(«))) € NT(X). 
On the other hand, define the opposite of (2, neut(x), anti(a)) as follows: 
anti(x, neut(x), anti(x)) = (anti(x), neut(x), x). Then, 
anti(x, neut(x), anti(x)) = (anti(x), neut(anti(x)), anti(anti(x))) € NT(X). Now 
LHS = (x, neut(x),anti(x)) © neut(x,neut(x), anti(x)) = (x, neut(x), anti(x))© 
(neut(x), neut(neut(x)), anti(neut(x))) = (x neut(x), neut(x neut(x)), anti(x neut(zx))) 
= (x, neut(x), anti(x)). Similarly, 

RHS = neut(z, neut(x), anti(x)) © (a, neut(x), anti(x)) = (x, neut(x), anti(z)). 
LHS = (x, neut(x), anti(x)) © anti(x, neut(x), anti(x)) = (x, neut(x), anti(x)) © 
(anti(x), neut(anti(x)), anti(anti(x))) = (x anti(x),neut(x anti(x)), anti(x anti(x))) 
= (neut(x), neut(neut(x)), anti(neut(x))) = neut(x, neut(x), anti(x)). Similarly, 
RHS = anti(x, neut(x), anti(x)) © (a, neut(x), anti(x)) = neut(zx, neut(x), anti(z)). 
Z ((. neut(x), anti(ax)), neut (x, neut(a), anti(x)), anti(x, neut(«), anti(e))) 


forms a neutrosophic triplet for (x, neut(x), anti(x)) € NT(X) and so, NT(X) is 
a neurotrophic triplet set. 


Associativity: LHS = ((x,neut(2), anti(x)) © (y, neut(y), anti(y)) )@ 
(z, neut(z), anti(z)) = (xy, neut(zy), anti(zy)) © (z,neut(z), anti(z)) = 
(xy - z,neut(xy - z), anti(zy-z)). Similarly, RHS = (x, neut(x), anti(x))© 


((y. neut(y), anti(y)) © (z,neut(z), anti(2)) ) = (a- yz, neut(x - yz), anti(x - yz) 
So, NT(X) is a NETG. 
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Weak Commutativity: 
LHS = neut(«, neut(«), anti(x)) © (y,neut(y), anti(y)) = 
(neut(x), neut(neut(x)), anti(neut(x))) © (y, neut(y), anti(y)) = 
(neut(x)y, neut(neut(a)y), anti(neut(x)y)) = 
(y neut(x), neut(y neut(x)), anti(y neut(a))) = (y,neut(y), anti(y))© 
neut(x, neut(x), anti(x)) = RHS. 
Singularity: anti(z,neut(x),anti(x)) is unique for each (x,neut(x),anti(x)) € 
NT(X). 
-, NT(X) is a singular WCNETG. 
(4) ker @ = {x € X|G(x) = neut(yN), yN € X/N} = {a € X|b(x) = neut(y)N = N, ye 
X} =Cl(N). 


ker a = { (w,neut(x), anti(x)) € NT(X)|(a, neut(x), anti(x)) = neut(x, neut(z), anti(x)) } 
= { (2, neut(x), anti(x)) € NT(X)|(xN,N,anti(eN)) = (N,N, ny} 


= { (w,neut(x), anti(x)) € NT(X)|2£N = N and anti(xN) = n} 


= { (2, neut(x), anti(x)) € NT(X)|xz € CI(N) or x € ker o} 
= (CIN), newt(CU(N)), anti(CI(N)) ) = (ker d, neut(ker ¢), anti( ker) ). 


2.4. Isomorphism Theorems for Singular WCNETG 


We are now ready to establish the first, second and third neutro-isomorphism theorems, 
neutro-correspondence theorem and the neutro-Zassenhaus Lemma (Neutro-Butterfly Theo- 


rem). 


Theorem 2.26. (First Neutro-Isomorphism Theorem for Singular WCNETG) 
Let X and Y be singular WCNETGs and let 6: X > Y be a a neutro-homomorphism. 

(1) (a) ker ¢ is a complete NT-subgroup of X. 
(b) ker dy X for alla Ee X. 
(c) kerr? <a X & kerd C neut(x) ker d for alla eX. 

(2) Im(¢) is a NT-subgroup of Y and if K is a NT-subgroup of Y, then0#A¢-1(K) is a 
NT-subgroup of X. 

(3) If Y is neutro-left (neutro-right) cancellative and ker @ C neut(x)ker@ for all x € 
X, then X/kerd = Im(¢). Hence, if in addition, ¢ is a neutro-epimorphism, then 
X/kero@=yY. 


Proof. Let ¢: X + Y be a neutro-homomorphism, then ¢(xy) = ¢(x)¢(y) for all x,y € X. 
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(1) Put y = neut(x) in d(xy) = o(x) oy) to get o(x neut(x)) = $(a)9(neut(x)) > g(x) = 
o(x)(neut(«)). Also, put y = neut(x) in d(yx) = o(y)d() to get o(neut(x)x) = 
o(neut(x))o(a) = (x) = G(neut(x)) d(x). Thus, d(neut(x)) = neut(¢(x)) for all 
xe X. So, ker dF 9. 

Let a,b € ker ¢, then ¢(a) = neut(g) and ¢(b) = neut(h) for some g,h € Y. Then, 
(ab) = o(a)d(b) = neut(g)neut(h) = neut(gh) = ab € ker ¢. 

Put y = anti(x) in (xy) = d(z)d(y) to get $(x anti(x)) = d(anti(x)) > 
o(neut(x)) = o(x)e(anti(r)) > neut(9¢(x)) = o(x)o fe ie put y = 
anti(z) in d(yx) = $(y)¢(x) to get d(anti(x)x) = o(anti(x))o(x) => o(neut(x)) = 
o(anti(x)) d(x) > neut(o(x)) = o(anti(x)) d(x). Thus, d(anti(x)) = anti(¢(x)) for all 
LEX. 

Now, let x € ker ¢, then $(x) = neut(y) for some y € Y. Using the above result, 
d(anti(x)) = anti(d(x)) = anti(neut(y)) = neut(y) > anti(x) € ker¢ for all x € X. 
Thus, ker ¢ is a NT-subgroup of X. Furthermore, for any g € X and x € ker @, 


(gx anti(g)) = $(9)o(x)d(anti(g)) = o(g)neut(y)anti(d(g)) = neut(y)d(g) anti((g)) 
= neut(y)neut(o(g)) = neut(yo(g)) = gx anti(g) € ker ¢. 


Also, for any g € X, ¢(neut(g)) = neut(o(q)) = neut(g) € ker¢. Thus, ker¢ is a 
complete NT-subgroup of X, ker@ <, X for all x € X and therefore, keré d X © 
ker  C neut(x) ker ¢ for all g € X. 

(2) For any g € X, ¢(neut(g)) = neut(¢(g)) € Im(¢). So, Im(¢) 4 0. Let 2’, y/ € Im(4), 
then x’ = (x) and y! = d(y). Thus, 2! anti(y’) = $(x)anti(d(y)) = o(x)d(anti(y)) 
g(x anti(y)) € Im(¢). So, Im(¢) is a NT-subgroup of Y. 

If K is a NT-subgroup of Y, then 0 4 ¢-1(K) = {x € X : d(x) € K}. 
Let x,y € @ '(K), then there exist 2’,y’ € K such that 2’ = ¢(x) and y’ = 
o(y). Thus, a! anti(y’) = o(x)anti(o(y)) = o(x)o(anti(y)) = (x anti(y)) ¢ K => 
x anti(y) € d-'(K). So, ¢7!(K) is a NT-subgroup of X. 
(3) Let p: X/kerd + Im(¢) t ~(xker¢) = (2) for each z € X. 
Well Defined: For any x,y € X, 


xzker @ = yker 6 > anti(y ker d)x ker ¢ = anti(y ker d)y ker d => 
(anti(y)a) ker @ = ker @ > anti(y)xr = 8, r,s € ker ¢ > $(anti(y)ar) = (s) > 
¢(anti(y)x) o(r) = $(s) > $(anti(y)x)neut(r’) = neut(s’), r,s! EY > 
o(anti(y)x)neut(r’)anti(neut(r’)) = neut(s')anti(neut(r’)) > 
@(anti(y)x)neut(r’) = neut(s’)neut(r’) > ¢(anti(y)x)neut(r’) = neut(s'r’) > 


antt (d(y)) d(x)neut(r’ ) = neut(s'r’) > o(y)anti (d(y)) o(x)neut(r’) = 
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o(y)neut(s'r') => neut(o(y))d(x)neut(r’) = d(y)neut(s'r’) > 
o(x)neut(d(y))neut(r’) = ¢(y)neut(s'r’) > o(x)neut(d(y)r’) = ¢(y)neut(s'r’) 
b(x) = oy) > o(aker 6) = o(yker 4). 


without out loss of generality, we take neut (o(y)r’ ) = neut(s’r’) and because H 


is neutro-left(or neutro-right) cancellative. 


One to one: 


v(x ker ¢) = o(yker ¢) > $(x) = o(y) > o(a)anti(d(y)) = o(y)anti(e(y)) > 


o(a anti(y)) = neut (d(y)) => x anti(y) € ker¢@ > x anti(y)y € ykero@> 
x neut(y) € yker 6 > x neut(y) ker 6 = xker @ C yker ker ¢ = yker 6 > 
xzker d C yker d 


Similarly, it can be shown that y ker ¢ C xker ¢. Thus, x ker ¢ = y ker ¢. 
Onto: This is obvious. 


neutro-homomorphism: 


(a ker d+ yker d) = (ay) ker d) = o(xy) = 6(x)6(y) = U(x ker 6)(y ker 6) 


.. X/ker d = Im(@) and if ¢ is a neutro-epimorphism, then X/ker¢ = Y. 


Example 2.27. In Lemma consider the WCNETGs (G,x*) and (G,o) of the pair of 

groups (G1, *1,e1) and (G2, *2,e2), and pair of groups (G1, 01) and (G2, 02) respectively. Let 

hy : (Gi, *i:) 4 (Gi,o;), i = 1,2 be homomorphisms, then h : (G,*) — (G,o) is a neutro- 
homomorphism. 

(1) Recall that kerh = kerh; Ukerhg. So, kerh < (G,x*) since kerh; and ker hg are 
subgroups of (G1, *1) and (G2, *2) respectively. We need the facts that kerh; = {g € 
Gilhi(g) = ei} for i = 1,2 and {e1,e2} < kerh. Let Y = kerh, then for all g € G and 
any ye Y: 

e; € kerh, if g € Gi, y € kerh;, t = 1, 2; 
h(neut(g)y) = ; a oe 
e; € kerh ore; €kerh, if g € Gi, y € kerh;, i,j € {1,2}, 45 

Then, neut(g)y € kerh for all g € G and any y € Y. Whence, kerh is a complete 

NT-subgroup of (G, *). 

(2) krhdG<#kerh C neut(g) kerhV g € Gif and only if kerh C neut(g) kerh Vg € G1 
and kerh C neut(g)kerh V g € Go if and only if kerh C e; x kerh V g € G; and 
ker h C eg * kerh. 

(3) Recall that Im(h) = Im(h1) UIm(hg). So, Im(h) < (G,o) since Im(h1) and Im(h2) are 
subgroups of (G1, 01) and (G2, o2) respectively. 
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Theorem 2.28. (Second Neutro-Isomorphism Theorem for Singular WCNETG) 

Let X be a singular WCNETG with NT-subgroups H and K such that K is right self 
cancellative in H, hK = Kh and neut(h) € Cl(H),Cl(K) for allh € H, and neut(k) € Cl(K) 
for allk eK. Then, 

(1) KAHK <X. 
(2) HOK,K aH. 
(83) H/HOK = HK/K. 


Proof. 
(1) hk = Kh for all h € H implies that Hk = KH. So, by Theorem [2.6] HK isa 
NT-subgroup of X. Let hk € Hk, h € H and k € K. Then, for any ky € K, 
(hk)ky anti(hk) = h(kky anti(k))anti(h) = hkg anti(h) = h anti(h)k3 = neut(h)kg € 
K since neut(h) € Cl(K) for all h € H. So, (hk)ky anti(hk) € K. Also, neut(hk)K = 
neut(h)neut(k)K = neut(h)kK = K. Thus, Kd HK < X. 
(2) Letz € HONK, then z € A andz€ K. So, for allh € H: ha anti(h) = yh anti(h) = 
y neut(h) = neut(h)y € K and hax anti(h) € H. Furthermore, neut(h)(HN Kk) = 
neut(h)H ON neut(h)K = HK since neut(h) € Cl(H) for all h € H. Consequently, 
HK <8. 
For all k € K,h € H, hk anti(h) = k’h anti(h) = k’ neut(h) = neut(h)k’ € K and 
neut(h)K = K. Thence, K <j H. 
Let ¢:H > HK/K + o(h) = (hK)K for allh € H andk € K. K is rsc in H implies 
that k € Cl(k), and so, ¢(h) = hK for all h € H. So, ¢ is obviously well defined. By 


Theorem [2.12] 
o(hyh2) = (hihg)K =hKhK = (hy) b(h2) Vv hy, ho CH. 


— 
w 
er 


Also, ¢ is onto. Thus, ¢ is a neutro-epimorphism. HK/K is neutro-right (neutro-left) 
cancellative by Theorem A 


ker 6 = {h € H|¢(h) = neut(xK) for some rk € HK/K}={he A|hK =K}= 
{he H|he K}=HNK. 
Therefore, by Theorem |2.26(3), H/HN K = HK/K. 


Remark 2.29. Theorem |2.28}can be visualized as diamond lattice structure and termed the 


Diamond Neutro-Isomorphism Theorem for singular WCNETG. 


Theorem 2.30. (Third Neutro-Isomorphism Theorem for Singular WCNETG) 
Let X be a singular WCNETG and let H, K < X be right self cancellative in X such that 
K CH. Then, (X/K)/(H/K) = X/H. 
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Proof. Consider the map ¢: X/K > X/H + ¢(aK) = <H for all « € X. ¢ is well defined 


since K is right self cancellative: 
aK = yH = anti(cK)«K = anti(«K)yK => (anti(x)y)K = K = (anti(x)y) «eK > 
(anti(x)y) € H > a(anti(x)y) € cH => (neut(x)y) € cH => (neut(«)y)H C «HH => 
(y neut(x))H C cH = yH C aH. 
Similarly, it can be shown that cH C yH. So, cH = yH => ¢(2K) = ¢(yK). By Theo- 
rem [2.12] 


o(cKyK) = $((ry)K) = (ey)H = cHyH = 6(xK)9(yK) 
and ¢ is surjective. Hence, ¢ is a neutro-homomorphism. Since 4H is right self cancellative, 


then 


ker 6 = {aK € X/K|¢(aK) = neut(xH) for some cH € X/H} = {xk € X/K|cH = H} = 
{eK € X/K|cH = H} = {eK € X/K|z € H} =H/K. 
For any x € H and based on the fact that K is rsc in X implies that k € Cl(k), 
neut(eK)H/K = K-H/K = K{hK|h € H} = {k(hK)|h © H} ={k(Kh)|h € H} = 


{(kK)h|h € H} ={Khlh € H} = {hK|h € H} =H/K. 


Therefore, by Theorem 3), (X/K)/(H/K) = X/H. 


Remark 2.31. Theorem is termed the double quotient Neutro-Isomorphism Theorem 
for singular WCNETG. 


Lemma 2.32. Let X1 and X2 be singular WCNETGs and let Ny < X1, Nz <1 X2 such that 
N, and No are right self cancellative in X, and X2 respectively. Then, (X1 x X2)/(M x No) = 
(X1/N1) x (X2/No). 


Proof. X1, x X2 is a singular WCNETG since X; and X2 are singular WCNETGs. Since 
N, < Xy, No < Xo, then Ny x No d Xy x Xp. By Theorem [2.25] X1/N, and X2/No2 are 
neutro-right (neutro-left) cancellative singular WCNETGs. Thus, (X1/M1) x (X2/N2) isa 
neutro-right (neutro-left) cancellative singular WCNETG. 

Let @: X1x Xo > (X1/M1) x (X2/No). Based on Theorem|2.1| ¢ is a neutro-epimorphism 
and ker ¢ = N, x No using the hypothesis that N, and No are right self cancellative in X; and 
X» respectively. For any (#1, 22) € X1 x Xo, 


neut((#1,%2))Ni x No = (neut(x1), neut(x2)) Ni x No = neut(x1)N1 x neut(x2)Noq = Ni x No. 
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Therefore, by Theorem 3), (X1 x X2)/(M1 x No) = (X1/M1) x (X2/No). 


Corollary 2.33. Let {X;}"_, be a family of singular WCNETGs and let N; < X; be right self 
woncellaiwe in Xs, 1 <1 < mx Then, [4 Xe) = Ns = Tt = a 


Proof. This is the generalization of Lemma 


Theorem 2.34. (Neutro-Correspondence Theorem for Singular WCNETGs) 
Let X and Y be singular WCNETGs and let 6: X > Y be a neutro-epimorphism. 
(1) G< X implies o(G) < Y. 
(2) H <Y implies ¢-1(H) < X. 
(8) GA X implies o(G) <Y. 
(4) H <Y implies @-1(H) aX. 
(5) G <nse X and ker ¢ C G implies o7! (#(@)) 2g. 
(6) There is a 1-1 correspondence between the set of right self cancellative NT-subgroups 
of X that contain ker ¢, and the NT-subgroups of Y. 
(7) Normal NT-subgroups of X correspond to normal NT-subgroups of Y . 


Proof. 
(1) Let G < X. Then, for all a,b € G, ¢(a)d(b) = (ab) € O(G) and anti(d(a)) = 
g(anti(a)) € d(G). Thus, 6(G) < Y. 
(2) Let H < Y. Then, for all a,b € G, (ab) = 6(a)d(b) € H => ab € ¢ 1(A) and 
d(anti(a)) = anti(¢(a)) € H = anti(a) € ¢7'(A). So, 6 1(H) < X. 
(3) Let G < X, then neut(z)G = G for all x € X. Thus, ¢(neut(x))d(G) = 
neut($(x))o(G) = o(G) => neut(y)(G) = (G) for all y € Y, where y = ¢(z). 

For each y € Y there exists « € X such that y = g(x). Let d(g) € ¢(G). Then, 
yo(g) anti(y) = $(x)d(g)anti(d(x)) = o(xg anti(x)) € ¢(G) since xg anti(x) € 
From these two arguments, ¢(G) <Y. 

(4) Let H ad Y. Then, neut(y)H = H for all y € Y. For each y € Y, there exists x € X 
such that y = ¢(x). So, 


neut(¢(xz))H =H => o(neut(x)) (61H) =f => o(neut(x)o"(H)) =H => 


neut(x)6-1(H) = 6-1(H). 
Let g € ¢-'(H) = d(g) € H. Let x € X, then (xg anti(x)) = (x) d(g)anti(¢(x)) € 
H since H < Y. Thus, 6(xg anti(g)) € H => xg anti(x) € d-'(H). Whence, 
@ \(H) <X. 
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(5) Trivially, Gc 6-*(9(@)). Let G <me X and ker @ c G. 
If x € *((@)), then ¢(x) € 6(G) > (x) = ¢(g) for some g € G. So, 


o(x)anti(o(g)) = o(g)anti(o(g)) = neut(d(g)) > O(a anti(g)) = neut(d(g)) > 


x anti(g) € ker¢ > x anti(g) € G=> 2 anti(g)g€ Gg CG > 2 neut(g) €GSareG. 


Hence, o*(6(@)) C G and therefore, ¢~! (#(@)) =G. 

(6) Letty: V={G< xX :ker@CG<.., X}—~ W ={H < Y} be define as 7(G) = ¢(G). 
Let HEW>H<Y,s0 that ¥(G)=H>G=¢1(H) €Vie. kerdc od lH) < 
G. Going by (5), o(¢-1(H)) = H. So, w is surjective. 

W(Gi) = (G2) > o(G1) = o(G2) > o1(6(G1)) = 671 (G(G2)) > Gi = Gy. So, 

w is a bijection. Therefore, there is a 1-1 correspondence between the set of right self 
cancellative NT-subgroups of X containing ker ¢, and the NT-subgroups of Y. 

(7) This follows from (3). 


Corollary 2.35. Let X be a singular WCNETG and let N < X. Given any Y < X/N, 
there exists a unique G <ps- X such that Y = G/N. Furthermore, G < X if and only if 
G/N a X/N. 


Proof. By Theorem |2.25} ¢: X — X/N defined by ¢(a) = «N is a neutro canonical homo- 
morphism. By Theorem ),(6), there is a unique G <;s¢ X containing 
ker @ = {x € X|¢(x) = neut(xN)} = {& € X|cN = neut(xN)} = 
{cE X|gN=N}={xreEX|reN}=HN 


such that Y = ¢(G) = G/N. 
Furthermore, by Theorem|2.34(3), Gax => ¢(G)dX/N=>G/N < X/N. Conversely, by 
Theorem|2.34(4), G/N 4 X/N > $-1(G/N) =G<X. 


Definition 2.36. Let X be a NETG. 


(1) The neutral of X ie. NEUT(X) = X?** will be called the set of the neutrals of 
elements in X: NEUT(X) = X™* = {neut(x) : x € X}. 
(2) The neutral set, relative to x € X ie. NEUT(x) = X2°"* will be the set of the neutral 
of x € X: NEUT (x) = XB = {neut(x)}. Note that |NEUT(x)| =1 for alze X. 
(3) A normal NT-subgroup N of X will be called a maximal normal NT-subgroup if 
(a) NAX 
(b) ¥ Se X ond YON SY HN or Y= xX. 
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(4) A singular NETG X will be said to be neutro-simple if X has no proper normal NT- 
subgroup; i.e. X has no normal NT-subgroup except NEUT(x) for any x € X or 
NEUT(X) and X. 


Lemma 2.37. 

(1) Let X be a singular NETG, then NEUT(x) < X for eachax Ee X. 

(2) Let X be a singular WCNETG. 
(a) NEUT(x) < NEUT(X) for eachu Ee X. 
(b) NEUT(X) is commutative and NEUT(X) <ss X. 
(c) NEUT(X) < X and NEUT(X) is a NT-subgroup of any semi-strong NT- 

subgroup of X. 

(d) NEUT(X) is the smallest semi-strong NT-subgroup of X i.e. NEUT(X) = 


() 4. 


H<ssX 


Proof. This is easy. 


Corollary 2.38. Let X be a singular WCNETG and let N a X. N is a maximal normal 
NT-subgroup of X if and only if X/N is neutro-simple. 


Proof. Let X be a singular WCNETG and let N < X. If N is a maximal normal NT- 
subgroup of X, then N # X and, Y <;5. X and Y DN => Y=WN or Y = X. Thus, by 
Corollary [2.35] YaxX=s=Y/NdAX/N=>N/N AX/N or X/N A X/N > {N} 9 X/N or 
X/N a X/N => {neut(xN)|x € X} or X/N a X/N => X/N is neutro-simple. 

Conversely, if X/N is neutro-simple, then X/N has no normal NT-subgroup other than {N} 
and X/N. Thus, going by Corollary [2.35} if Y <yscss X and Y D N such that Y/N < X/N, 
then Y < X. Now, Y/N < X/N implies that Y/N ={N}=N/N or Y/N=X/N>Y=N 


or Y = X. So, N is a maximal normal NT-subgroup. 


Corollary 2.39. Let X be a singular WCNETG and let Y, Z be maximal normal NT-subgroups 
of X such that Y,Z <rsess X. Then 


(1) YO ArgeeeX 
(2) YNZ is a maximal normal NT-subgroup of Y and of Z. 


Proof. 


(1) By Theorem |2.12| yZ = Zy for all y € Y implies that YZ = ZY. Thus, by Theo- 
rem [2.6] YZ < X. Now, since Y, Z <4 X, then, for alla eX, ye Y, z€ Z, 


z(yz) anti(z) = a2 neut(x)yz anti(x) = xy neut(x)z anti(c) = 
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(xy anti(x)) (xz anti(z)) € YZ and neut(z)YZ =YZ. 
~ Y24 YZ X (1) 


Now, for any x € X, neut(x) = neut(x)neut(z) Ee YZ S> YZ <gg X. For all z,y € X, 
we already know that xY = Y is equivalent to cY = YY and yZ = Z is equivalent to 
Ua] 27. SCV ASA ay HY See Y CYA SHE YZ. Oh YZ ge X: 
Therefore, YZ <rsesg X- 

Since Z is a maximal normal NT-subgroup of X, then YZ = Z or YZ = X. But, 
YZ=2Z => /Y C Z, a contradiction to the fact that Y is a maximal normal NT- 


subgroup of X. Hence, YZ = X. Similarly, since Z is a maximal normal NT-subgroup 
of X, this also leads us to YZ = X. 

From Theorem 2.28} Y/YNZ2YZ/Z. So, Y/YAZ = X/Z and Z/YNZ& X/Z. 
Hence, by Corollary [2.38] since Y and Z are maximal normal NT-subgroups of X, then, 
X/Z and X/Y are neutro-simple, whence, Y/Y NZ and Z/Y MZ are neutro-simple. 


Thus, Y 9 Z is a maximal normal NT-subgroup of Y and Z. 


Definition 2.40. Let X be a singular NETG. 


(1) 


(2) 


A neutro-isomorphism a: X — X will be called a neutro-automorphsim of X and the 
set of such mappings will be denoted by Aut(X). 

For any fixed g € X, the mapping a : X — X defined by IJ,(x) = ga anti(g) for 
all « € X will be called a neutro-inner mapping of X at g € X and the set of such 
mappings will be denoted by Inn(X). 


Theorem 2.41. 


(1) Let X be a singular NETG. Then, Aut(X) is a group 
(2) Let X be a singular WCNETG that is neutro-right (neutro-left) cancellative. 


Proof. 


(1) 
(2) 


(a) Inn(X) <rse,s5 Aut(X). 
(b) Inn(X) is a subgroup of Aut(X) if and only if X is a group. 
(c) If Z(X) C neut(x)Z(X) for all x € X, then X/Z(X) = Inn(X). 


This is routine. 
(a) For any fixed g € X and for all x,y € X, the following shows that J, is an 


neutro-homomorphism. 
I,(xy) = g(zy) anti(g) = g neut(g)xy anti(g) = gx neut(g)y anti(g) = 


gx anti(g)gy anti(g) = Ig(x)Ig(y). 
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I, is 1-1 based on the following arguments. 
Iy(x) = Ig(y) => gx anti(g) = gy anti(g) => gx anti(g)g = gy anti(g)g = 
gx neut(g) = gy neut(g) => g neut(g)x = g neut(g)y > gx = gy => anti(g)gxz = 


anti(g)gy => neut(g)x = neut(g)y > «= y. 


Using a similar argument, it can be shown that I, is onto. So, Inn(X) C Aut(X). 
For any fixed gi,g2 € X and for all « € X, the following shows that Inn(X) is a 
groupoid. 


Ig, 1g. (2) = Ig, (goa anti(ge)) = gigex anti(g2)anti(g1) = giger anti(gig2) = 
Tq, 9 (2) = 15, Lg = T9492 = Inn(X). 
So, neut(Ig) = Ineut(g) € Inn(X) for each g € X. Thus, Inn(X) 4 0. Now, 


Iglanti(g) (x) = g anti(g)x anti(anti(g))anti(g) = neut(g)x anti(neut(g)) = 


Ineut(g)(£) = Iglanti(g) = Ineut(g)- 
Similarly, Jonti(g)lg = Ineut(g) and so, anti (Ig) = Tanti(g) € Inn(X). Hence, 
Inn(X) < Aut(z). 
Let o € Aut(X) and let I, € Inn(X). Then, 
C1 on) = a(ga~'(x)anti(g)) =(g)x anti(o(g)) = 
To(g)(x) => olga = Ig¢g) € Inn(X) and II,(x) = I,(x) => II,(x) = I, € Inn(X). 

So, Inn(X) <rsc,ss Aut(X). 

(b) Inn(X) is a subgroup of Aut(X) if and only if Ineut(g) = I. Now, Ineut(g) = 
I => Tneut(g)(%) = I(x) Vx © X = neut(g)x anti(neut(g)) = x => neut(g)r = 
x and x neut(g) = « => neut(g) = neut(x) Vz,g € X = X isa group. Conversely, 
if X is a group, then neut(g)x anti(neut(g)) = 2 > Ineut(g) = I. So, Inn(X) is a 
subgroup of Aut(X) if and only if X is a group. 

(c) Let 6: X — Aut(X) with d(x) = Jy. For any x1,22,4% € X, ¢ is a neutro- 


homomorphism because 
O(21H9)(4) = Ipia. (LT) SH Wire antiei Ts) — xieom-antile)anti(2) = 


eh Maen a) = dole) Or te) = Ja Tee. 


ker 6 = {g € X|$(g) =I} = {9 € X|6(9)(@) = 2 forall ee X}= 
{g € X|¢(g) (x) =a forall e X}={g € X|gx anti(g) =x forallxe X}= 


{g € X|gx neut(g) = xg forallxe X}={gE X|gx =-2g forallxe X}=Z(X). 
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Going by Theorem 3), X/Z(X) = Inn(X). 


Theorem 2.42. (Neutro-Zassenhaus’ Lemma for Singular WCNETG) 
Let X be a singular WCNETG such that 


B,C <prse X, Bo A B, Co dC, Bo( BNC), Co(CNBo) <rse BNC and BNCo, CNBo < Cl(BNC). 


If neut(x) € Cl(B), CU(C) for alla €e BNC, then 

Bo(BNC) ~ Co(CnB) 

Bo(BNCo)  Co(CN Bo) 
Proof. Let K = BNC and H = Bo(BMCp). Since Bo J B, bBo = Bob for all b € B. 
So, since K C B, then kBo = Bok for allk € K. Also, Co CS BNCABNCHK 
since neut(b)(BM Co) = neut(b)B NM neut(b)Co = BNC for allb € BNC = K. Hence, 
k(BNCo) C (BN O>)k for all k € K. Thus, 


Hk = Bo(BNCy)k = Bok(BN Cy) = kBo(BN Cy) =kH > HR=kHV EEK. 


Let us now find HK and HN K. Thus, HK = KA based on the following argument. 

Since BNC» < Cl(BNC), then (BNCp)(BNC) = BNC, and so, HK = Bo(BNCo)(BNC) = 
Bo(BNC). 

LetyEe HANK Ssye A andye K. Now, y € H = Bo(BNC) = y = bod, bo € Bo, DE 
BNC. Let bbb= de BNC=K. Then, d€ C. Since BNCo C C, then b € C. Now, 
bob = d => bo neut(b) = d anti(b) EC > bb € C since bE BNCo S> bE B= neut(b) € B 
and C is right self cancellative. Hence, bp) € By NC => bob € (Bo NC)(BNCo) > HNK C 
(Bo NC)(BN Cp). 

On the other hand, By NC C K, BNCo C K = (BoNC)(BNCo) C K. Since Bo NC C Bo, 
then (Bo NC)(BN Co) CHNK. Thus, HN K = (BoNC)(BNC). 

Going by Theorem if X is a singular WCNETG, with H,kK < X, H <is. K and 
Hk =kH, neut(k) € Cl(K), Cl(H) for all k € K, and neut(h) € Cl(#) for all h € H, then 


HK/H=K/HNK (2) 


Substituting H,K,HK and HN K in we get 

Bo(B N GC) a Bnd 
= (3) 
B(BNCo) (BoNC)(BN Co) 
On interchanging the roles of B and C in 3). we get 

Co(CNB) _ CNB (4) 
Co(CN Bo) — (CoN B)(C'N Bo) 

Since Bo NC, BNCo A BNC, then (By NC)(BNCo) = (BN Co)(BoNC). So, the right 


} Bo(BNC) . Co(CNB) 
: f mn 1. Th = 
and sides of (3) and (4) are equa MS Bo(BNCpo) ~~ Co(CN Bo) 
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FiGurRE 1. The Neutro-Butterfly 


Remark 2.43. In Figure |1| the quotients given by the blue lines (by pairing) are neutro- 
isomorphic to each other based on and (4). thus proving the Neutro Zassenhaus’ Lemma. A 
black line indicates that the NT-subgroup that lie below is NT-normal in the NETG connected 
to it above in the plane of the figure. Also, the red (green) line indicates that the NT-subgroup 
that lie below is right self cancellative (closure-contained) respectively, in the NETG connected 
to it above in the plane of the figure. We acknowledge Kannappan Sampath |4| for adapting 
his IATRX codes for Zassenhaus’ Lemma for groups to generate Figure [I] 


3. Conclusion 


In this paper, we have been able to establish the homomorphism theorems (first, second 
and third neutro-isomorphism and neutro-corresponding theorems) and some other associated 
theorems (neutro-Zassenhaus Lemma) in singular WCNETG with the aid of newly introduced 
NT-subgroups such as: right cancellative, semi-strong, and maximally normal NT-subgroups. 
These results generalize their classical forms in group theory. 
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